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A generalization of Nehari&apos;s univalence criterion

Brad Osgood and Dennis Stowe

This note is a sequel to our paper [OS] where we generalized the Schwarzian
derivative to conformai mappings of Riemannian manifolds. There we found that
many of the phenomena familiar from the classical theory hâve counterparts in the

more gênerai setting. Hère we advance this another step by giving a generalization
of the well known univalence criterion of Nehari [N]. Despite its relatively
advanced âge, this resuit continues to generate interest, see [L]. The argument used

hère in the gênerai case, if specialized to the situation considered by Nehari, gives
a somewhat différent and a more géométrie proof of his theorem than is often
presented.

We want to keep this note short, since the proof of the Theorem is really quite
simple, and also fairly self-contained. We shall need a number of facts from our
earlier paper and we collect them hère with very little additional discussion. We
refer the reader to that paper for more détails.

1. Background

Let M be an n-dimensional Riemannian manifold, n ^ 2, with metric g and
Riemannian connection F. If g e2&lt;pg is a conformai metric we define a (0, 2),

symmetric, traceless tensor field

B(q&gt;) Bg(q&gt;) Hess(&lt;p) -dq&gt; ® dq&gt;~- {Acp - ||grad &lt;p |

where Hess is the Hessian operator. Recall that Wess{q&gt;)(X, Y) X(Yq&gt;) - {VxY)q&gt;

for a pair of vector fields X, Y. If / : (M, g) -+ (AT, g&apos;) is a conformai local
diffeomorphism between Riemannian manifolds with f*g&apos; e2tpg, q&gt; =log\\df\\,
then we define the Schwarzian tensor of / to be y(/) Sfg(f) Bg((p). If / is

analytic on a domain in C with/&apos; ^ 0 then, Computing with respect to the Euclidean
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metric in standard coordinates, one finds

where S(f) (/&quot;//&apos;)&apos; - ^f/f&apos;)2 is the usual Schwarzian derivative of an analytic
function.

By ||«^(/) || we mean the norm of &lt;9^(/), with respect to g, as a bilinear form on
each tangent space, that is

Y)\ : ||JT|| || Y\\ 1}. (2)

In the case of analytic functions and the Euclidean metric ||^(/)|| |S(/)|, from
(1).

If Bg((p) 0 then g e2(pg is said to be a Môbius metric (with respect to g). The

most gênerai Môbius metric on R&quot; conformai to the Euclidean metric has

cp(x) _log (a\x\2 + b • x -h c), a, c e R, b e R&quot;, (3)

where b • x is the Euclidean inner product. Thèse metrics hâve constant curvature
4ac — \b\2. In particular, the Poincaré metric

on the disk (Gaussian curvature -4, scalar curvature -8) and the spherical metric

2

on R&quot;u{oo} (sectional curvatures 1, scalar curvature n(n — 1)) are Môbius metrics.

The most important property of the tensor Bg(&lt;p) that we use hère is the way it
changes when there is a conformai change in the metric g. Thus if g e2(pg and if
g is any smooth function on M then

Bg(q&gt;+a)=Bg((p)+Bg(c). (4)

This is entirely équivalent to the formula

(4)&apos;
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for the composition of two conformai local diffeomorphisms (M, g) -^-+

(M\ g&apos;) (AT&apos;, g&quot;). Equation (4)&apos; is a generalization of the well known classical
formula.

One conséquence of this is that if /: (Af, g)-?(AT, g&apos;) is conformai and if
g =ze2&lt;pg is a Môbius metric (hère &lt;p is not necessarily log \\df\\) then
&amp;*g(f) &amp;*§(/)&gt; A second conséquence that we need has to do with Môbius
metrics on the sphère, but before stating this we make one more gênerai remark.
The substitution u e~&lt;p converts the équations B(cp) 0, B(cp) p into the linear
équations

(a) Hess (ii) H —

(5)

(b) Hess (m) + up (—

respectively. (Note that in the second équation p is a symmetric (0, 2) tensor field
of trace zéro.) We let %(M) be the space of solutions to (5a). If ue&lt;%(M) with
w &gt; 0 then B( -log u) 0.

Let Sn be the sphère and let g0 dénote the standard round metric. Using
stereographic coordinates we write g0 as 4( 1 -h \x\2) ~2\dx\2 e2&lt;Po (eue) on Rw u {oo}.
Since, as mentioned, B(cp0) 0 with respect to the Euclidean metric, we find from
(3) and (4) that the gênerai solution of BgQ(q&gt;) 0 is of the form

cp(x) -1

in thèse coordinates, and a gênerai u e &lt;%l(Sn) is of the form

A\x\2 + B&apos;X + C

Then u~2g0 has curvature AC — \\B\2. We see from this that if u~2g0 is liât then u

vanishes at precisely one point in R&quot;u {oo} Sn and hence is otherwise of one sign.
This is the fact we shall use later and we state it as follows.

LEMMA. For each p e Sn there is a us %(Sn) such that u(p) =0, u &gt; 0 on

Sn\{p} and u~2g0 isflat.

We need one more formula. For a metric g on M let k (n(n — l))~l scal (g),
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where scal is the scalar curvature. If g e2&lt;pg and £ is the corresponding quantity
then

(6)e~24k -\*&lt;P- r~L ||grad &lt;p\\2\.

2. Injectivity criterion.

We may now state

THEOREM. Let (M, g) be a Riemannian manifold of dimension n^.2 and

f : (M, g) -+ (Sn, g0) a conformai local dijfeomorphism. Suppose that the scalar curvature

of M is bounded above by n(n — \)Kfor some K eR9 and that any two points in

M can be joined by a géodésie of length &lt;ô for some 0 &lt; ô ^ oo. If

ô 2

then f is injective.

Proof Let q&gt; - log \\df\\, so that/*g0 e2q&gt;g g. Let x e M, p =f(x) and choose

a function u e %(Sn) which vanishes at /?, which is otherwise positive and is such

that u~2g0 is flat. Define

w (m o/)^&quot;^

on M. Then

is a flat metric on M\f~&apos;(/&gt;). Using (4) we find that

Bg( -log w) £,(&lt;? - log (« of)) fig(&lt;p) + fi^( -log (m

Hence from (5b) we may write

Aw
g. (7)

(Equation (7) holds on ail of M.)
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Let k be (n(n — l)&quot;1 times the scalar curvature of g. Since the metric w~2g is

flat, équation (6) gives

0 k — A( — log w) ||grad log w ||2
n n

n w w2

The assumption on the scalar curvature then implies

Now let y : [0, /) -&gt; M, / ^ &lt;5, be a unit speed géodésie for g with y(0) *. Write
for w evaluated along y. Then w(0) 0 and w(t) &gt; 0 for small positive t. From

(7), (9) and the bound on ||^(/))|| we obtain, whenever w(t) &gt;0,

Hess (w)(y, y) - w^(/)(y, y) + —
n

s —1

2n2 1 (w&apos;)&apos;)2

We write this as

n2
(10)

To summarize, w(0) =0, w(t) &gt;0 for sufficiently small positive t and (10) holds
whenever w(t) &gt; 0. Since l &lt;&gt;ô, the simplest Sturm comparison theorem (see

e.g. [BR, p. 23]) guarantees that w(t) cannot vanish again. But then/(y(0), t e (0, /)
cannot equal f(x) and the theorem is proved.

Remark. Observe that we hâve actually proved a more gênerai statement, to the
effect that if the hypothèses are satisfied along a géodésie of length &lt; à then / is

injective along that géodésie.
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3. Concluding remarks

We easily deduce Nehari&apos;s original theorems as a corollary.

COROLLARY. (Nehari) Iff is analytic and locally injective in \z\&lt;\ and if
either

(a) lS(/)(*)l^(1Jjz|2)2, or

(b) \\
then f is injective in \z\ &lt; 1.

Proof. In both cases we apply the Theorem with M the unit disk. For (b) we use
the Euclidean metric, for which S 2 and K 0. The condition is then

||S(/)|| ^ ti2/2, which is (b).
For (a) we use the Poincaré metric (1 - Izl2)&quot;1^]. Then à oo and K= — 4

and the condition is ||^(/)|| ^ 2. To see that this translates to (a) we recall first
that the Poincaré metric on \z\ &lt; 1 is a Môbius metric, so that the Schwarzian
tensor is the same in either the Poincaré or the Euclidean metric. Second, the norm
is with respect to the Poincaré metric, so if X is a unit tangent vector at z in the
Euclidean metric then (1 — \z\2)X is a unit vector in the Poincaré metric. Thus

and (a) follows at once.
Of course one can deduce other such criteria. For example, if we consider the

disk with the spherical metric 2(1 -f Izl2)&quot;1^!, then S n and K 1. Again since

this is a Môbius metric the condition ||^(/)|| ^ 3/2 translates to

as a sufficient condition for injectivity. This is sharp, as shown by

Nehari&apos;s theorems are also sharp.
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We can also phrase thèse kinds of conditions differently by stating, for example,
that if either

or

n2

for \z\ &lt; 1 then / is injective in any disk D in \z\ &lt; 1 of hyperbolic or Euclidean
diameter ô respectively. Similarly, if Q is a convex domain with its Euclidean metric
then

is a sufficient condition for injectivity. This is a sample. In his Stanford Thesis (in
progress) M. Chuaqui has shown how to dérive ail of the known univalence criteria
of this type from the gênerai theorem.

Finally, we would like to offer one more proof of part (a) of Nehari&apos;s original
theorem. It too is brief and uses an auxiliary function u e $t(S2) provided by the
Lemma. But it is not a differential équations argument and it is unlike any other
proof of this resuit we know; in particular the constant 2 enters in a rather différent

way. Although we hâve not yet been able to use this reasoning in a more gênerai
setting, we feel it may be of independent interest.

Suppose, then, that/is analytic and locally injective in \z\ &lt; 1 and satisfies

there. Let z0 be a point in the disk and choose u e &lt;%(S2) as in the Lemma with
w(/(z0)) 0 and u &gt; 0 elsewhere. Let Dr {\z\ &lt; r}, 0 &lt; r &lt; 1 and dénote by

the Poincaré metric for Dr. Choose r &lt; 1 so that z0 € Dr and consider the conformai

maps

where i is the inclusion map.
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We follow the proof of the Theorem up to équation (8). Thus we define a flat
metric on Dr\{z0} by

where we compute the conformai factor w to be

w is defîned on Dr and we want to show that it can vanish only at z0.
We hâve that Sfgr(i) 0, whence by (4)&apos; Srgr(f&lt;&gt; i) =ygi(/), and we may

write (7) as

Hess(vv) -H^,(/)+^gr. (12)

(In (12) Hess (w) and Aw are computed with respect to gr.) Equation (8) becomes
in this case,

— 4w2 — ||grad w\2gr + w Aw 0.

The argument now takes a différent turn. At a critical point of w which is not
a zéro we hâve Aw 4vv, so

Hess (w) -wST8l(f) + 2wgr. (13)

By hypothesis \&amp;gx(f)\8x &lt; 2 and it is easy to check that then \^f8x(f)\gr&lt;2.
Therefore Hess (w) is positive definite at such a critical point, and the point is a
local minimum. On the other hand w a positive except when it is zéro, hence ail
critical points are minima.

Now from (11), w -&gt; oo as \z\ -&gt;r, so on a slightly smaller disk grad w gives an
outward pointing vector field along the boundary. Hence the sum of the indices of
the vector field grad w at the critical points in Dr is 1, the Euler characteristic of a
closed disk, (see, e.g. [H]). But each critical point is a local minimum and so has

index 1. Therefore there is exactly one critical point, z0, the point where w vanishes.
We now let r -+1 and the resuit is proved.
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