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Complète minimal surfaces with index one and stable constant
mean curvature surfaces

Francisco J Lopez and Antonio Ros

Introduction

Minimal surfaces and surfaces with constant mean curvature in the Fuclidean

space R3 are cntical points of vanational problems In the first case the surfaces
hâve cntical area for ail variations with compact support In the second one their
area îs cntical for compactly supported variations that leave constant the signed
volume &quot;enclosed&quot; by the surface

So problems on stabihty and index of their Jacobi operator anses naturally
Do Carmo, Peng [2], Fischer-Colbrie, Schoen [4], and Pogorelov [11], hâve

proved independently that the plane îs the only stable complète minimal surface

m R3 Quite recently Fischer-Colbrie [3], and Gulliver, Lawson [6], [5] showed
that a complète orientable minimal surface has finite index (in the sensé that the
index of the Jacobi operator on every bounded domain has a uniform upper
bound) if and only if ît has finite total curvature The study of the stabihty for
surfaces with constant mean curvature was made, in the compact case, by
Barbosa and do Carmo [1] They proved that the sphère îs the only compact
hypersurface immersed m a Euchdean space with constant mean curvature, which
îs stable

In this paper we first prove that

&quot;The Catenoid and the Ennepefs surface are the only orientable complète minimal
surfaces in R3 with index equal to one&quot;

This gives a new charactenzation of thèse famous examples
Our second resuit gives a complète solution to the global stabihty problem m

the constant mean curvature case Concretly we will prove the following fact

&quot;The only orientable complète surfaces with constant mean curvature in R* which
are stable, are the plane and the sphère&quot;

We also observe that a complète surface with constant mean curvature has
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finite index if and only if it is compact or a minimal surface with finite total
curvature (examples of compact surfaces other than sphères are constructed by
Wente [12]).

Finally we prove two properties of the Gauss map for complète surfaces in R3

with non-zero constant mean curvature, which generalize a resuit of Hoffman,
Osserman and Schoen [9].

The methods that we use in this paper are based, for the most part, on
Fischer-Colbrie&apos;s work [3].

Preliminaries

Let (M, ds2) be a complète Riemannian surface. We dénote by K&gt; A and dA
the Gaussian curvature, the Laplacian and the canonical measure corresponding
to the metric ds2. Given a smooth function q.M^R we consider on M the

operator L A + q. We dénote by Q the quadratic form associated to L, that is

Q(u,u) -l (Lu)udA=\ [\Vu\2-qu2]dA,

where u has compact support on M. For any bounded domain Q in M, we dénote

by Ind (L, Q) the index of Q restricted to H(l2(&amp;). By définition, the index of L,
Ind (L), is the supremum of the numbers Ind (L, Q). Given a minimal isometric
immersion of M in /?\ &lt;/&gt;:M—&gt;/?\ we consider on M the Jacobi operator
L A + |or|2, o being the second fundamental form of the immersion. We define
the index of M as Ind (M) Ind (L). If Ind (M) 0 we say that M is stable.

If (p.M^R^ is a isometric immersion with constant mean curvature //, we
consider also the Jacobi operator on M, L A + \a\2. Given a bounded domain
Q in M we define the signed volume enclosed by Q as

1J (4&gt;,N)dA

where N:M-^S2(1) is the Gauss map of M.
As surfaces with constant mean curvature hâve critical area for variations

which préserve the signed volume, the operator L and the quadratic form Q,
hâve géométrie meaning only for functions u e //? 2(£?) satisfying jMu dA 0, see
détails in [1]. So we define a new index for Q, Ind()(L, Q), as the index of Q
restricted to the space {k €//?,2(O)/JqK&lt;£4 =0}. We define the index of M, as
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surface with H const., by

Ind0 (M) - sup {Ind0 (L, Q)IQ bounded domain in M).

Finally we say that M is stable, as surface with // const., if Indo(M) 0.

Observe that for minimal surfaces we hâve defined two différent indices, Ind (M)
and Ind0 (M).

1. Minimal surfaces with index 1

Let M be an orientable complète minimal surface in R3, and N:M-*S2(l) the
Gauss map. If Ind (M) is finite then, from the resuit of Fischer-Colbrie [3],
Theor. 2, M has finite total curvature, and so there exist a compact Riemann
surface X, such that M is conformally équivalent to E - {plf p2, • &gt; pn}y Pk 6 S,
k 1,.. n. Moreover the Gauss map extends to {pb pn) as a meromor-
phic map iV1:2l-»S2(l), see Ossermann [10], Chapter 9.

Let ds\ be a metric on 1 compatible with the Riemann structure. We define
the operator Lx on 21 by

L^^ + IÏWI2, (1.1)

where Ax and Vx are the Laplacian and the gradient of the metric ds\. From [3],
Corol. 2 we hâve

Ind (L,) Ind (M) (1.2)

we dénote by Qx the quadratic form associated to Llt i.e.

(w, «) ~| uLxudAi, for ail ueHlt

Finally we will need the following slight extension of a resuit of Hersch [7].

LEMMA 1. Let p:Z-+R be a positive smooth function and W:I-^S2(Ï) a

non-constant meromorphic map. Then there exists a conformai transformation
g:S2(l)-»S2(l)) such that

where dA { is the canonical measure associated to ds2.
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THEOREM 2. Let M be a complète orientable minimal surface in R3. Then

Ind (M) 1 if and only if M is either the Catenoid or the Enneper&apos;s surface.

Proof If M is the Catenoid or the Enneper&apos;s surface it is proved in [3], p. 132

that Ind (M) 1.

Suppose now Ind (M) 1. Then by (1.2) we hâve Ind (Lx) 1. Let p be the

first eigenfunction of Lx. Recall that p is positive everywhere. By hypothesis for
ail m e C\S) such that $zpu dAx 0, we hâve

Qi(u,u)^0 (1.3)

the equality holding if and only if Lxu 0.

Let W:I-*S2(1) be a non-constant meromorphic map. Using Lemma 1 we
hâve a conformai transformation, g, of 52(1) such that W =g° W:I-+S2(l)
satisfies

ff 0 (1.4)

On the other hand

^{\VxW\2-\VxNx\2)dAx

8J7[degree (W) - degree (Nx)],

which combined with (1.3) and (1.4) say that

degree {W) degree (W) ^ degree (Nx), (1.5)

the equality holding if and only if AXW + \VXNX\2 W 0. But as W is a

meromorphic map we hâve AXW + IPitf&apos;l2 ^ 0. So the equality (1.5) implies
| Vx W\2 | VXNX\2 everywhere.

Now we discuss the foliowing cases:

a) lis a sphère.

Taking ^as the identity map, from (1.5) we conclude that degree (Nx) 1. So

taking into account Osserman [10], Chapter 9, we conclude that M is the
Catenoid or the Enneper&apos;s surface.

b)
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Recall that degree(Ar1)^genus(2&apos;) + 1, see Hoffman and Osserman [8], p.
75. If the inequality is strict, we construct via the Riemann-Roch Theorem a

meromorphic map W, with degree(^) genus(2l) +1, and (1.5) gives a

contradiction.
If the equality holds, let p e 2 be a regular point of Nx which is not a

Weierstrass point of S. Again from the Riemann-Roch Theorem we obtain a

meromorphic map, W, of the same degree than Nx which has p as a point of
ramification of order genus^H-1. Then we-baveLihe equality in (1.5) and so
\VAW\2 \VXNX\2 everywhere. But \VxW\2(p) 0 and \VxNx\2(p) *0. This is a

contradiction and the theorem is proved.

2. Stable constant mean curvature surfaces

Let (M, ds2) be a complète Riemannian surface. Fischer-Colbrie has proved
the foliowing results.

THEOREM 3 [3]. // the operator L A + qhas finite index on M, then there

exist a compact set C in M and a positive function u on M with Lu 0 on M — C.

THEOREM 4 [3]. Let C be a compact set in M and c a positive constant. If
there exists a positive function u on M such that Au — Ku 4- cu^O on M — C, then

M is compact.

Theorem 4 is not explicitly stated in [3]. A conséquence of this resuit is

mentioned at the introduction of her paper. The proof follows from a simplification

of the arguments given in Theorem 1 of [3]. For completeness we give some
hints how the proof of this Theorem should be modified in order to yield
Theorem 4.

Suppose that M is not compact. Following the proof of Theorem 1 in [3], and

using the differential inequality Au — Ku + cu^ 0, instead of inequality Au —

Ku^O used in [3], we transform the least intégral inequality of p. 127 in [3], into

f [(t/&gt;&apos;)2 + 2W + cy&gt;2](u o y)(s) ds g 0, (2.1)

for any smooth function tp : [0, &lt;»)-» R vanishing for large 5, with i/;(0) 0 where
y(s):[0, qo)—? M — C is a certain curve paramefrized by arc length.
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Given a &gt; 0 we consider the function xjja : [0, oo)-* R defined by

Ils
\pa(s) sin— if Oês^fl,

a

ipa(s) 0 if a ^5.

It is clear that (2.1) remains true if we take ty t//a. Then we hâve

f[/72 2JZs / 2J72\ 2IZsl
-^-cos \-[c ~- sin — \u°yds^0.

h la2 a \ a1 a \

As u°y is positive, taking a large enough we obtain a contradiction. So M is

compact.
The following is the main resuit of this section.

THEOREM 5. Let M be a orientable complète surface with constant mean

curvature in R3. Then M is stable (as surface with constant mean curvature) if and

only if M is a plane or a sphère.

Proof It is clear that the plane and the sphère are stable.

Let L A + \o\2. Then we hâve easily that

l + Indo(Af)êInd(L) (2.2)

So from the hypothesis L has finite index on M, then from Theorem 3 there
exists a positive solution of the équation Lu 0 outside of a certain compact set
C in M. The Gauss équation says that i |cr|2 2H2 - K, so

0 Lu Au - Ku + (2H2 + \ |a|2)u è Au - Ku 4- 2H2u,

on M - C. If the mean curvature is non-zero it follows by Theorem 4 that M is

compact. In this case from the resuit of Barbosa and do Carmo [1] we conclude
that M is a sphère.

If M is minimal by (2.2) we hâve the following alternative:
i) Ind (L) 0, and so M is a plane, [4] or [2].
ii) Ind (L) 1, and from Theorem 2, M is the Catenoid or fhe Enneper&apos;s

surface.

We conclude the proof of Theorem 5 taking into account the following
lemmas.
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LEMMA 6. The Catenoid is unstable (as surface with constant mean
curvature).

Proof. The Catenoid is given by

X(u, v) (cosh v cos m, cosh v sin u&gt; v), v e R, u e [0, 2/7]

So the induced metric and the Gaussian curvature are given by

ds2 cosh2 v(du2 + dv2), K -1/cosh4 v

If the Catenoid were stable, then for any Lipschitz function f(u, v) =f(v)
with compact support on R, satisfying

£ f(v) cosh2 v dv 0, (2.3)
c

we will hâve

f f{vfdv^\ (2/cosh2v)f{vfdv (2.4)
J—oc J —oc

So the Lemma is proved if we can construct a function /, which satisfies (2.3)
but not (2.4). Given 0&lt;a&lt;b we consider the function fab:R-+R defined by

fa,b(v) \ if \v\£a,
fatb(v) (\v\-b)/(a-b) if a^\v\^b
/a,,(t,) 0 if b£\v\

Observe that |/;&gt;(t;)|Sl/(6-&lt;i). For fci^O we take / 2fa,b -fa+k,b+k. If
k 0 or k oo, the intégral in (2.3) is positive or — o° respectively. So there exists
fc such that/vérifies (2.3). We call this function fab.

Then we hâve easily that fa&gt;b(v) l if \v\£a, \ffûtb\ g 2/(6 - a), and the
subset of /? on which f&apos;ab#0 has length not greater than 4(6 — a).

Putting/i,£ in (2.4) and taking limit when b goes to +oo we obtain a
contradiction. Q.E.D.

LEMMA 7. The Ennepefs surface is unstable (as surface with constant mean
curvature).

Proof Via the Weierstrass représentation, the Enneper&apos;s surface is para-
metrized by the whole complex plane.
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The mduced metnc and the Gauss curvature are given by

ds2 [1(1 + \z\2f \dz\\ K -[4/(1 + \z\2)2)2

In a similar way than in Lemma 6, we consider functions m polar coordinates

/(r, 6) =f(r) If the Enneper&apos;s surface were stable, then

for any Lipschrtz function, vanishing for large r, such that

Using an argument as in Lemma 6, we get a contradiction Q E D

Now we will prove some simple but relevant results

PROPOSITION 8 Let M be a complète orientable surface immersed with
constant mean curvature in R3 Then Ind0 (M) is finite if and only if M is either

compact or a minimal surface with finite total curvature

Proof If Indo(M) is finite, reasoning as in the proof of Theorem 5, we
conclude that M is compact or minimal In the minimal case we hâve from [3]
Theor 2, that M has finite total curvature

The nontnvial part of the converse assertion follows also from [3], Theor 2,
and the mequahty Ind0 (M) ^ Ind (M), which holds clearly for minimal
surfaces Q E D

The followmg resuit is an mteresting conséquence of Theorem 4

COROLLARY 9 Let M be a complète, non compact, Riemannian surface,
and q M-*R a smooth function on M such that q^c everywhere, for some
positive constant c

Let u be a solution of the équation Au - Ku +qu 0 on M Then m&apos;^O) is a

non-compact set in M

Proof On M - u~l(0), \u\ is positive and satisfies A \u\ - K \u\ + c \u\ § 0 If
u~l(0) is compact, modifying \u\ m a bounded neighborhood of u~l(0) we get a
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positive function on M which satisfies the above differential inequality outside of
a compact set. So theorem 4 gives a contradiction. Q.E.D.

The study of the Gauss map is one of the fundamental problems in the
classical theory of surfaces. For surfaces with constant mean curvature we hâve
the following resuit.

THEOREM 10. Let M be a complète, non-compact, surface immersed in R^

with non-zero constant mean curvature. Let N be the Gauss map of M,
N:M-+S2(1). Then N~l(Sl) is a non-compact set in M for any equator S1 in
52(1).

Proof. We recall that AN + \o\2 N 0 on M, or equivalently, for any vector a

in 52(1) the function u (N, a) satisfies the équation Au — Ku + (2H2 +
\ \a\2)u =0. If S1 is the equator in 52(1) orthogonal to a, then N~\SX) u&quot;!(0).

So the resuit follows from Corollary 9. Q.E.D.

Note that if X is a Killing vector field in /?\ the function u (N, X) on
surfaces with constant mean curvature satisfies the équation Au + \o\2 u 0. So

for thèse functions we hâve the corresponding version of Theorem 10.

Finally, we state the following extension of a resuit in [9].

THEOREM 11. Let M be a complète, non-compact, surface immersed with

non-zero constant mean curvature in R3, and let N:M —»S2(1) be its Gauss map.

If N(M - C) lies in a closed hémisphère of 52(1), for some compact set C in M,
then M is a circular cylinder.

Proof. Suppose that the hémisphère is given by {x e S2(l)/(x, û)èO}, with a

in S2(l), Then the function u (N, a) is non négative and satisfies the équation
Au + \o\2u 0 on M — C. From the maximum principle the function u is

constantly zéro or everywhere positive on M - C. In the first case we conclude

using the unique continuation property that u 0 on M, and so M is a circular
cylinder, see [9].

In the second case, Theorem 4 gives a contradiction. Q.E.D.

Added in August of 1987. A. M. da Silveira and B. Palmer hâve obtained
independent proofs of Theorem 5. Also S. Y. Cheng and J. Tysk has announced
a proof of Theorem 2 in the embedded case.
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