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Stable splittings associated with Chevalley groups, II
Mark Feshbach and Stewart Priddy*

Introduction

This is the second in a séries of papers which studies the stable splittings of the
classifying spaces of certain 2-groups E of symplectic type, namely those which
are associated to quadratic forms Q over F2. Thèse groups are central extensions
of elementary abelian groups by a group of order 2. Examples are the
extra-spécial 2-groups. The corresponding groups of outer automorphisms which
fix the center are the orthogonal groups of the form Q. Since their commutator
subgroups are Chevalley groups, their groups rings over F2 contain Steinberg
idempotents. In [FP1], hereafter referred to as I, we calculated the image of the
resulting stable summands of BE if the quadratic form is of real type. In this

paper, we calculate the image in the other two cases, where the quadratic form is

of complex or quaternionic type. We refer to I throughout this paper for notation
as well as for background material on the structure of the Steinberg idempotent.

In Section 1 we compute the cohomology of eBE in case the associated

quadratic form is of complex type, i.e., Q xl + xlx^1 + • • • +xmjt_m. We also

détermine the cohomology of eBV for the underlying vector space V of Q. In
Section 2 we extend thèse results to the quaternionic or Arf invariant one case,

i.e., Q =Jt1;c_1 + • • • 4- Jtm*_w + x2m+#lm. The proofs in this case are strikingly
more complicated since the associated Chevalley groups are twisted. We begin
with m&gt;\ since E(l)~ is the quaternion group of order 8 treated in [MPI].
Section 3 is devoted to describing explicit splittings for BE(3) and BE(4)~.

AU spaces are localized at 2 and ail cohomology groups are taken with simple
coefficients in F2.

§1. The complex case

Recall from I that V (Z/2)n has basis {v0, v±t, i 1,... m) with dual basis

{*oj x±i, i 1,..., m} where n 2m + 1. The extension

* The authors are partially supported by NSF Grants.
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Stable splittings associated with Chevalley groups, II 497

is given by the quadratic form Q =^o+ EHi*r*-i- From I (3.5) we hâve that the

image of the Steinberg idempotent e e F2On(F2) equals the intersection of the

images of the idempotents et, i 1,..., m. We refer to thèse and ail other

idempotents that correspond to the nodes of a Dynkin diagram as nodal
idempotents. Similarly, the corresponding subgroups are called nodal subgroups.
Recall that ocm E x&apos;^x&apos;1 • • -x~J where iy ±j and the number of minus signs is

even, and j8m E x&apos;1 • • -*&quot;1 where i, ±j and the number of minus signs is odd.

LEMMA1.1. (a + p)e (oc + /S).

Proof. ocet oc and pet )8 for i 1,. m - 1 by the proof of Lemma 4.3 in
I. Hence we need only check that (a + j8)em a + j8 where em (1 4-umm)(l +
amm). (Hère amm is given by x±m^&gt;xTm and the identity on ail other generators.
um,m is given by Jco»-^JCo + jc_m, xm*-*xm +Jt_m and the identity on ail other
generators.)

Hence

(or + P)em (a + /3)(1 + «m&gt;m)(l + am,m)

««-^Jt-1 + xZlm) + pm-!(x-1

+ JC_m)&quot;1 + JC=i.) + a^x-1 + jcli.)
+ xZl) + am^((xm + x.J&apos;1 + X&apos;1)

+)-i + x-1)

Let Cm F2&lt;5qr71 / admissible, /(/) m,im&gt;2).

LEMMA 1.2. Suppose Sq&apos; e Cm. Then Sq&apos;(xo(am + j8m» e Un (e).

Proof. Let &lt;5 (am^ + pm.x).

X0(0£ +

- ôfroix-1 + xZlm) + (x0 + x-m)((xm + x^T1 + xZlm)]

+ [xoix&apos;1 + XZÎJ + (x0 + xm)((xm + x.m)~l + xZlm)]
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Since 5^7&lt;5 0 by degree considérations, we hâve SqI(x0(a + j8)) eimem. Since

every élément in et fixes x0 for i 1,. m — 1, and or + /S € im en we hâve
S^OtoCûf + 0)) e im e by I (3.5).

Remark. Sq£(xo(a 4- j8)) only contains terms with nonnegative exponents.
(This follows from [Kl, Prop. 2.12].)

THEOREM1.3. Forn 2m + l
i) H*(eBE) [Cm(a + p) © Cm(x0(* + 0))] ® FJoi^.]
ii) /f*(eBV) [Cm(a + j8) © Cm(jc0(ar + /S))] ®

Proa/. We recall from I (1.4) that iln is the unique irreducible représentation
of E which is nontrivial on bl. Its Stiefel-Whitney classes are therefore invariant
under 0n(F2). Similarly Q is invariant. Hence one inclusion follows from lemmas
1.1 and 1.2. We now set about proving the other inclusion.

Let S (b0, bu bm) be the top row subgroup of E. Then S Tx (b0)
where (bu bm) T (Z/2)m and &lt;&amp;0&gt;=Z/4. Hence H*(BS)
Z/2[su sm, y] ® £(jc) where deg^f 1, degjc 1, degy 2. Hère jc0

restricts to jc, jc, restricts to sn i 1,. m, and *_, restricts to 0, i 1,. m.

PROPOSITION 1.4. The image ofH*(eBE) in H*(BS) is [Cm(sîl• • -s&quot;1) 0
xCm(sîl • • -s&quot;1)] ® F2[ft&gt;2&apos;w+1] &gt;v/iere a&gt;2«.+i w the image of a&gt;2»»+i.

Proof. Let Ç:S-»/s be the inclusion. Since jcq, jc_, 6 ker £*, we hâve

There is an inclusion of GLm in 0n(F2) given by the hyperbolic map H (see I,
§2; 0^ is included in 0n in the natural way). Since GLm normalizes the top row
subgroup S, the following diagram commutes for i 1, m — 1:

H*(BT)®H*(B{b0)) -*-* H*(BT)®H*(B(b0))

H*(BE) -^ H*(BE)

Hère /, is the Steinberg idempotent for the ith node in the Am.x diagram. By
Kuhn [K], H im /, (im St) ® H*{{b0)), where St is the Steinberg idempotent for
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GLm. HencetheimageoiH*(eBE)iscontained in #*(M(m)) ®H*{B{b0)), where

H*(M(m)) F2&lt;5^/(^&quot;1 • • -s-1) | /(/) m, ix &gt; 1&gt; by [MP].
Now consider the last idempotent em. A simple calculation shows that the

restriction of imem to H*(BS) lies in the idéal generated by sm. (This uses the
relation xi EHixtx^t.) Note that every term in Sq^sï1 • • -s&quot;1) is divisible by sm

iff ix&gt;2. Thus the restriction of ime to the top row subgroup lies in

Proofof Theorem 1.3 (Conclusion). We now show that the Poincaré séries of
H*(eBE(n)) equals that of D [Cm(a + ]8) 0 Cm(x0(or + 0))] ® F2[ct&gt;2w+i]. The
method used is a variation of the argument given in I, §4. We note the main
différences.

Let R H*(BE(n)) and R1 F2[ct)2m+i, &lt;w2m+i_2,.. ft)2*,] c /?, where {œ2m+\)

co2m+i_2i} are the Stiefel-Whitney classes of An. Let S H*(BV) and

P F2[fi, ^ç^, 5^2ml • • -Sq&apos;Q]. By [Q], {ai*., ai^..}

is a regular séquence in /? and {Q, Sq2&quot;1 • • -Sq1Q} is a regular séquence in 5.

As in I, §4, it follows that the Poincaré séries of the Steinberg summand is given
by F(Re;t) g(t)F(R&apos;;t) where g(t) is a polynomial with positive coefficients

satisfying g(l) 2m(m+1)/2+1. Similarly F(D;t)=f(t)F(R&apos;;t) where f(t) is a

polynomial with positive coefficients satisfying /(l) g(l). Since F(D;r)&lt;
F(Re; r) we need only show that f(t) &lt; g(t). But this is clear since by Proposition
1.4. Any élément in Re differs from one in D by an élément which restricts

trivially to the top row subgroup; and ft&gt;2/»+i_2* restricts to the square of the
Dickson invariant û&gt;2m_2«-i (reg), where reg is the regular représentation of
(bu ,bm), by [Q]. Thus the R&apos; indécomposable éléments of D remain

indécomposable in ime.

Essentially the same argument proves ii).

Remark. We note that the subgroup 5 detects H*(eBE). Also since \U2m+i\
2m2, BE contains 2m2 wedge summands each équivalent to eBE (cf. proof of I, Th.
4.1).

§2. The quaternionic case

We recall from I that V (Z/2)rt, n 2m, has basis {v±lf i 1, m;
m &gt; 1} with dual basis {x±lf i 1,... m}. The extension
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is given by the quadratic form Q Y/!LiXtX-t + x2m + x2Lm. From I (3.6), the image
of the Steinberg idempotent e~ e F20^m(F2) equals the intersection of the images
of the nodal Steinberg idempotents en 1 &lt; i &lt; m - 2 and e&apos;m.

For simplicity we write E E(n)~ and e e~. Let

Dm F2(SqK | K admissible of length m, km &gt; 4)

and set

Ô Ôm (am l 3 l 2

Our main resuit in this section is the following.

THEOREM 2.1. i) H*eBE [Cm^(am
vv/iere û&gt;2«+i is the Stiefel-Whitney class of A~, the unique faithful irreducible
représentation of E.

ii) H*eBV « [Cm^(am^ + i8m_0 0 Dm_1ôm] ®
F2[G, 5^0, Sq2ml- 5925^Ô]

LEMMA 2.2. TAe éléments of Cm.x(ocm-X + /3m_0 and Z)m_xôm are in the

image of e.

Proof &lt;xm-x and j3m_x are fixed by the nodal idempotents elf..., em_2 (as in

I, Lemma 4.3). Since xm and jc_m are invariant under the action of the

corresponding nodal subgroups, Cm.1(am.î + pm-i) and Dm_lôm are in the

image of et for i 1,..., m -2. By I (3.6), we need only show that thèse

éléments are in the image of the last nodal idempotent e&apos;m.

The calculation becomes considerably easier if we change the basis for H*BE.
Let a =*„,_!, £=*_(„,_!), c *m_! + jc_(m_1) + xm +x_m, d xm_! + *_(„,_!) +
jt_m, and let r a + b+c + d. Note that the orbit of jcm_! is {a, b, c, d, r}.
Indeed, using this new basis one can check easily that OJ(F2) is isomorphic to 25.

In this new basis, we hâve x (a, c)(d, r), y (a, r)(d, c), H (c, r, d) and
W (a, b)(c, r) where

e&apos;m (1 + t)(1 + y)(l + /f + H2){\

by I (3.6). It is then easy to show
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Since x±l, i 1, m - 2 are invariant under the last nodal subgroup, and

{ocm-x + fim_x) (*m_2 + j8m-2)(&lt;r
&apos;

4- b-1)

we hâve that Cm.x{ocm.x 4- fim_x) is in ime&apos;m.

A somewhat more complicated calculation shows that

h [ii&quot;1^ 4- *&gt;3)K a&quot;1^ + d2r 4- r2c 4- b3)

+d~\a2c 4- c2r + b2r + c2fo 4- r2c + r2a + a3 + b3)

+r~\c2a + d2c + a2d + c2d + b2c + d26 + a3 + 63

Now upon substituting r a + 6 + c + din the first four expressions, d a + b +
c + r in the last and changing back to the original basis we obtain

h x-Uixln 4- x3m + xim^m) 4- jcljm-i)(jrim +^ 4- ^Jt_m) +1

where f is a sum of terms of degree 2 in F2[jc±(m_1), Jt±m]. In particular, no term of
t contains a négative exponent.

We note that q £îlm-i***-i(*z +x.t) is invariant under the last nodal
subgroup. Hence / s (x~i x + xZ\m.x))q (x~lx + ^I^.dXO^ 4- jr^xij +
x5,«! 4-jci(m_D is in the image of e&apos;m. Thus

à + (*m_2 4- pm_2)t + )8m_2(x2M_1 + jcI^-d) (am_2 + /8m.2)/i + j8m_2/

is in the image of e&apos;m since orm_2, )3m_2 are invariant under e&apos;m.

Since SqIam-2 SqIPm-2 ® if J is admissible of length m — 1, an inductive
argument with the Cartan formula shows &amp;Z*((am_2 + /3m-2)f)
5ç/c(j8m_2(jc2n_14-jc2_(m_1))) 0 for K admissible of length m-1 and fcm_j&gt;4.

Hence SqK(ô)eimefm. The lemma follows by noting that S#*(ô)e
F2[jc±1, jc±m], i.e., that no négative exponents occur [Kl; 2.12].

We now calculate the restriction of H*{eBE) to the top row subgroup
5 (blf..., 6m_i) x (bm, fr_m) aE. Hère {b±t} are generators of E (see I
(1.3)). (This subgroup is the centralizer of the maximal elementary abelian

subgroup containing (bu bm.1) [Q].) S is isomorphic to (Z/2)m~1 x Q8,
where Qs dénotes the quaternion group of order 8. Thus

H*(BS) « ¥2[slf..., sm^] ® F2[a, 6]/(a2 4- aè 4- è2, a2ô 4- ab2) ® F2[c4]
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where deg5, dega deg&amp; 1 and degc4 4. Hère xt restricts to sn i
1,..., m — 1, xm and x_m restrict to a and b respectively and *_, restricts to 0 for
i l,...,m — 1. The following lemma is easily verified.

LEMMA 2.3. Let fbe a polynomial in the x±l, i 1,. m. Then f =/t +
h*m +/3*-m +f4x2m +/5*mx_m +f6x2mx.m mod (Q, SqlQ)f where flt f6 are
polynomials in x±u x±im.iy

PROPOSITION 2.4. Let xeime&apos;m. Then the restriction of x to the top row
subgroup is a sum of terms of the following two types.

1) lsk,k&gt;l
2) Iska2b,k&gt;3

Hère l is a monomial in ¥3[slf..., sm-2] and s sm-x.

Proof. One uses the following table to compute the action of e&apos;m. The
preceding lemma and the relations 0 a3 b3 a2b2 ab2 + 6a2 a2 + ab + b2

play key rôles in limiting the cases one must check. Note that
(jc^«1jcl_(m_1)x2njc_w)e^ has image containing terms of type 2) iff r 0, 3 mod 4

andr&gt;0.

THEOREM 2.5. The image of H*(eBE) in H*(BS) is [C^^f1- &apos; &apos;d©

Proof. That ail such éléments are in the image follows from Lemma 2.2. That
no other éléments occur follows by noting that the Steinberg idempotent lm_x for
GLm-x has image F2&lt;5ç/(jf15j1- • -s&apos;1^) \ I admissible of length m-1)®
H*(Qh) when it acts on the cohomology of 5. Since the nodal idempotents

eXy..., em_i are the images of the nodal idempotents for GLm_x under the
hyperbolic map H\GLm-l-+O^mi we hâve by [K] that the image of H*(eBE)
must be contained in the image of the Steinberg idempotent for GLm.x (as in the
proof of 1.3). Applying the preceding proposition gives us our results.

Proof of Theorem 2.1. We show that the Poincaré séries of H*(eBE) equals
that of [Cm-1(am_i + j3m&gt;1)©Dm_1ô]®F2[a&gt;2OT+i]=/. The method used is a

variation of the argument given in [I, §4]. We note the main différences.
Let R=H*(BE(2m)~) and R&apos; =F2[cy2m+1, &lt;o2m+i_4,..., œ2m] cR, where

{(02^-2&apos;} are the Stiefel-Whitney classes of A^. Since A^ is the unique
irreducible faithful représentation of E(2m)~, R&apos; is a subring of the ring of
invariants of R under 0^. By [Q], {co2m,..., cw2m+i} is a regular séquence in R
and {Q, SqlQ,..., Sq2ml- • SqlQ) is a regular séquence in H*(BV) 5. Let
p f2[Qf..., Sq2&quot;&quot;1- • -.VôlcS. As in the complex case (§1), it follows that



Stable splittings associated with Chevalley groups, II v
503

group élément
ofeL

restriction of élément applied to
Xm X-m Xm-\

1

X

y
xy

H
xH

yH
xyH

H2
xH2

yH2
xyH2

W
xW

yW
xyW

HW
xHW

yHW
xyHW

H2W
xH2W

yH2W
xyH2W

a
a

a
a

b

b

b

b

a + b

a + b

a+b
a + b

a+b
a + b+s

a + b

a + b+s
b
b + s

b
b+s

a
a+s
a
a+s

b
b

b

b

a + b

a + b

a + b

a + b

a

a

a

a

b

b+s
b + s
b

a

a+s

a +s
a

a + b
a + b+s
a + b+s
a + b

s

a + b+s

a+s
b+s
s

a+s
b +s
a + b+s
s

b+s
a + b+s
a+s
0

a+s
a + b+s
b+s
0

a + b+s
b +s
a+s
0

b+s
a+s
a + b+s

0
0

0
0

0

0

0

0

0

0

0

0

s

s

s

s

s

s

s

s

s

s

s

the Poincaré séries of Re is given by F(Re;t) g(t)F(R&apos;;t) where g(t) is a

polynomial with positive coefficients satisfying g(l) 2m(m+1)/2. Similarly
F(J; t) =f(t)F(R&apos;; t) where/(f) is a polynomial with positive coefficients satisfying

/(l) g(l). Since /cRe we need only show that f(t)&lt;g(t). However, any
élément in Re dififers from one in / by an élément which restricts to zéro on the

top row subgroup; and û^1-^ restricts to the fourth power of the Dickson
invariant (ù2m-\_v-2 (reg), where reg is the regular représentation of
(blf... 6m_1), by [Q]. So f(t)^g(t) follows easily.

Essentially the same argument proves (ii).

Remark. Since 11/^,1 =2m(m&quot;1), BE contains 2m(m&quot;1) wedge summands each

équivalent to eBE (cf. proof of I, Th. 4.1).
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§3. Splitting BE(3) and BE(4)~

In this section we obtain explicit splittings of BE(3), BE(4)~. Some of the

arguments, e.g., those involving Molien&apos;s séries, are analogous to those of I, §5

for BJE(4)+; others make use of spécial properties of the automorphism groups of
£(3),

Splitting BE(3)

As noted in I, Prop. 2.1, the subgroup of outer automorphisms of £(3) which
act trivially on the center is isomorphic to 03(F2), the orthogonal group
preserving the form Q =jcqH-jc1jc_1. This group is isomorphic to S3 and is

generated by

Let H={o)**Zl3. A Molien séries argument shows that H*(BE(3))H has

Poincaré séries (1 + f3)/(l — t)(l — tA), where the generators can be chosen to be

Mi *(&gt; + *! + X-i, d3 JCi + Jcl1 + A:?_1Jc1 and (O4(A), where A is the unique
irreducible faithful représentation of E(3). The relation u6 d2 holds. Thus

H*(BE(3))H F2[«, d]/(u6 - d2) ® F2[o&gt;4].

Let eo=H-a-l-c72. With y oTO2f let ex (1 + r)(l + y) and e2 (l +
-f t). Then 1 e0 4- ex + e2 is a primitive idempotent décomposition of

1 € F2JSt3. The idempotents ex and e2 are equal to the Steinberg idempotent and its

conjugate.

THEOREM3.1.

BE(3) B(E(3) XH)v 2e{BE{3))

where e is the Steinberg idempotent for 03(F2) « Zj.

Proof. Since e~ex, one need only observe that H*B(E(3) &gt;JH) is isomorphic

to H*(BE(3))H H*(BE(3))e0 under the restriction map.

Remark. There are many other possible groups to use in place of 2s(3) XI H,
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e.g., SL2(F3)°Z/4 (SL2(F3) x Z/4)/((s, t)) where s and t are éléments of order
2 in the centers of SL2(F3) and Z/4 respectively.

LEMMA 3.2.

eBE{3) L(l) v X

where H*X has Poincaré séries {t2 + /5)/(l - /)(1 -t4).

Proof. Consider the maps

L(l) - £«&amp;!» ^ BE{3) z* B(Z/2)3^ B(Z/2) - L(l)

where jf is given by dividing by the central (bl) « Z/2 and co is the sum of two
maps as follows. Recall from I, §1 that (Z/2)3= (v0, vl9 v^i). Then co is the
sum of the maps B(Z/2)3-&gt;B((Z/2)3/(v0, vt))^BZ/2 for i=±l,
F2&lt;5^(jc-1)|/&gt;2), where jc €H\L(l)). Further, jr*^^1^-1)
/Si)eH*(eBE(3)) by §1. Moreover, Sql{ax-¥^) restricts to S^&apos;^r1) on L(l).
Thus eBE(3) L(l) v Z for some spectrum X.

The Poincaré séries of eBE{3) is (1 - f2)(l - *3)/(l - r)3(l -14). Since the
Poincaré séries of H*L(l) is f/1 -1&gt; the Poincaré séries of H*X is as claimed.

LEMMA 3.3.

where H* Y has Poincaré séries (t3 + *4)/(l - r)(l - r4).

Proof. Let L be the subgroup of E(3) generated by the élément bobib^lf
which has order 2. The map

BL-^BE^BV-^BL

is a homotopy équivalence. Hère .s is the sum of three maps induced by the

projections V-+V/(vo&gt; Vi)&gt; V-+V/(v0, v_i), V-+V/(vl9 v^) and the natural

isomorphism with L. Furthermore, ims* is the subring generated by the invariant
élément ux x0 + xt + jc_i. Thus BL « L(l) is a summand of

THEOREM 3.4.

3L(l)v2XvY.
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Remark. John Martino [Mt] has shown, using Nishida&apos;s theory of dominant
summands, that this is a complète stable splitting of BE(3). This is évidence that
the Steinberg summand in the complex case n=2m + l splits into L(m) vXmy
where Xm is indécomposable. That L(m) is a summand follows directly.

Splitting BE(4)~

To décompose BE(4)~ we consider the full outer automorphism group
OJ&quot;(F2) «-£5 as described in §2. According to James [J], S5 has 3 irreducible
représentations over F2 corresponding to the 2-regular partitions [5], [3,2], [4,1]
of dimension 1, 4, 4 resp. In this case the Cartan matrix [J] is given by

rfl [5] [3,2] [4,1]

Let Px, P2, P3 dénote the corresponding principal indécomposable modules.
From C we hâve

dim Px 24 dim P2 16 dim P3 8

and

F225«A©4P2©4P3 (1)

Let H ((a, b, c, d, r)&gt; « Z/5 and set ex Y*h*Hh.

LEMMA3.5. P1~e1F2X5.

Proof. The trivial module JcF22&apos;5 is generated by Î5 Yiaez50&apos; Clearly
e12l5 2l5. Since Pi is the unique principal indécomposable module with / as

submodule, Pi is a summand of ei¥2H5. The dimension of e^F2Z5 is 24 with basis

{exxt}, xt 6 H\S5. Thus Pt eJP225 by equality of dimension.

Let e3 dénote the Steinberg idempotent for OJ(F2) *=*A5.

LEMMA3.6. P3«e3F2i:5.

Proof. The Steinberg module St e3F2i45 is absolutely irreducible, hence
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absolutely indécomposable. By Green&apos;s theorem [L, Th. 11.10], St fjj e3F225 is

also indécomposable. Since dim St ]%\ 2 dim St 8, P3 « e3F2Z5. M

Finally, let G E(4)~ XI H, which exists since H is cyclic of odd order. Then
BG^exBE{A)~ and H*BG (H*BE(4)~)H. A Molien séries argument shows

the Poincaré séries of H*BG is (1 + 3t3 + 4t4 + 3t5 + f8)/(l - *2)(1 - t*).

THEOREM 3.7.

BE(4)~ BGv4Zv 4M(4)~

where

M(4)~ e3BE(4)~ is the Steinberg summand and

X e2BE(4)- with Poincaré séries (t2 +13 4- tA + r5)/(l - 0(1 - *8)

where e2is a primitive idempotent corresponding to P2.

Proof, Follows from (1) above, Lemmas 3.5,6 and the Poincaré séries for
H*BG and H*M(4)&quot;. ¦
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