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Spanning homogeneous vector bundles

Dennis M. Snow1

Let G be a semisimple complex Lie group, let P be a parabolic subgroup and let
E be a rational P-module. In this note we give a simple criterion to détermine
whether a homogeneous vector bundle E GxpE over the projective rational
base G/P is spanned by global sections, or equivalently whether the évaluation

map of the induced G-module, E\G-*E, is surjective. This resuit compléments
earlier work [7] in which a formula for the ampleness of homogeneous vector
bundles is derived, and generalizes results obtained in [5] for the case rank G 1.

The criterion for spanning is as follows, see Corollary 2. Given a P-module E,
we canonically associate to each simple root a a string of integers called the
a-indices of E which are derived from the décomposition of E as a G^-module.
Then E is spanned by global sections if and only if the ar-indices are non-negative
for ail simple roots a. The criterion is actually phrased in slightly more gênerai
terms for Schubert varieties, see Theorem 2.

A condition on a vector bundle E which is weaker than being spanned, but
nevertheless quite useful, is to hâve some power of the tautological line bundle §E

over the projectivized bundle P(E) be spanned. A conséquence of the above
criterion for homogeneous vector bundles is that the condition of ÇJ being
spanned is in fact équivalent to E being spanned, see Theorem 3. This
équivalence simplifies both the statement and proof of [7, Theorem 2.1].

1. Preliminaries

AU algebraic groups and varieties are assumed to be defined over the complex
numbers.

1.1. Desingularization of a Schubert variety. Références for this paragraph are
[1], [2], [6]. Let G be a semisimple complex Lie group, B a Borel subgroup
generated by the négative roots of G, P a parabolic subgroup, and W the Weyl
group of G. Let w e W hâve a reduced expression sh... sim where Sj dénotes the
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simple reflection associated to the simple root ocr The Schubert variety in G/B
associated to w, denoted by Xw, is defined to be the closure of BwB in G/B. Let
Pt be the parabolic subgroup generated by the simple root at. A desingularization
of Xw can be obtained as a quotient

Z* Ph x • • • x PJB x • • x B

where the «-fold product B x • • • x B acts on Plx x • • • x Ptn on the right via

(Pu • • • &gt;Pn)&apos;(bu ,bn)

(Pibu bîîp2b2&gt;..., b-UPnK), Pj e Pt/, b, e B.

The desingularization map &lt;j&gt;w:Zw-*Xw is induced by the multiplication
(Pu • • • &gt;P#i)-*Pi- • Pn- There is also the map fn:Zw-*ZWSn induced from the

projection (pu pH)-&gt;(px,..., pH-x).

1.2. Homogeneous vector bundles. Let £ be a P-module and E GxP£ the
associated homogeneous vector bundle. Then E is spanned by global sections if
and only if the évaluation map of the induced G-module, E\G—&gt; E, is surjective.
(Recall that E\G is defined to be the module of ail P-equivariant algebraic maps
G-&gt;E, and the évaluation map sends a map v:G-»£ to v(l).) Since E\G is the
same G-module whether we induce from P or from B, see e.g. [3],

GXpE is spanned by global sections if and only ifGxBEis. (1)

For this reason, we usually let E stand for a fi-module and E G xBE for the
associated homogeneous vector bundle over G/B. The restriction of E to Xw is

denoted by Ew and the pull-back ^^E^ by É*. Thèse bundles satisfy the following
isomorphisms:

H%ZW9 Éw) s H{(XW, Ew), i * 0, (2)

fn*Éw s Uw% where H is the £-module H°(PJB, ESi) E\Pi% (3)

see [2, Theorem 3.1, Lemma 1.4]. Through thèse isomorphisms and standard

Leray spectral séquences based on the tower of P^bundles Zw—&gt;ZWSn—&gt; • • • —?

Ztm s P1 we also obtain:

Ew)s£E\p&lt;* \ (4)
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where £|F/1 F|« is the module obtained by successively restricting to B and

inducing to PJt / i&apos;i, *„, see [4].

1.3. Rank one subgroups. Let Ga be the rank one simple subgroup of G
generated by the positive root a, and let Ba be the intersection of Ga with B,
Ba TaU-.a, where Ta is a maximal torus of Ga and CL* is the unipotent
subgroup generated by — a. Let £ be a 1?-module. If we consider £ as a

l/_^-module, then it is well known that £ extends to a G^-module and has a

unique (up to order of factors) décomposition into a direct sum of G^-modules:
E — Ex® • • • ®Ek where Et mlt&lt;xka\Ga is the Ga-module induced from a

non-negative multiple of the fundamental dominant weight ka (considered either
as a weight of Ga or of G), see [5], [8]. Note that dim Et ml&lt;x + 1. In particular,
the &apos;zéro&apos; weight induces a one dimensional trivial module. Furthermore, each

factor £, is invariant under Ta with highest weight thaka, l&lt;/&lt;fc. Thus, as a

B^-module, El ml&gt;aka\Ga^nhaXa&gt; where ntt(X tia~ml&gt;a, see [5].

DEFINITION. Let £ be a B-module. For each positive root a, the a-indices

of E are defined to be the string of integers nta, 1 &lt; i &lt; fc.

2. Criterion for spanning homogeneous vector bundles

The main results on spanning homogeneous vector bundles are conséquences
of the following lemma about ^-modules induced to minimal parabolics.

LEMMA. Let E be a B-module, and let Pa be the minimal parabolic generated
by a simple root a.

(1) The évaluation map E\Pa—&gt; E is surjective if and only if the a-indices of E
are non-negative.

(2) Let a, fi be two distinct simple roots. If the a-indices and the p-indices of E
are non-negative, then they are also non-negative for the induced module E\p°.

Proof. (1) The induced module E\p* is isomorphic to the space of sections of
the homogeneous bundle PaxBE GaxBaE, and thus E\p« E\Ga. As in 1.3,
we write £ as a Ba-module direct sum, £ £!©•••© Ek9 with £,
mi,J&gt;«\Ga®nt&gt;aXa&gt; l^i^k. Since
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(see e.g. [3]), it is dear that E\Pa^&gt; E is surjective if and only if nhaka\Ga =t 0, i.e.
nia&gt;0, i l,. fc.

(2) The or-indices of E\p° are obviously zéro. To see why the j8-indices remain
non-negative in this induced module, let us détermine explicitly the action of

fte^ona B-equivariant morphism s:Pa-*E (i.e. s e E\Pa). Let ua be the Lie
algebra of Ua, and let u :ua-^&gt; Ua be the exponential map which in this case is an

algebraic isomorphism of groups. We can use z e na C as a parameter for
V1^Pa/B via the correspondence z**u(z)B ePa/B. Express b as b Hp(t)w
where w is in the root group U-p and \ip :C*-»G is a one-parameter subgroup
with image TpczGp such that kp([ip(t)) t for ail t eC*. Then the action of b on

PJB is given by

bu(z)B ^(r)wu(z)B iip{t)u{z)iAp(tylB ^(arO^ (*))*)£ u(t&lt;ap)z)B,

since w and w(z) always commute. Thus, in terms of the parameter z for P1, the
action is simply z—*f&lt;flf&apos;^z.

Now let E Ex © • • • © Eq be the décomposition of E as a 2?^ -module with
Ev fnytpkp\Gft®nV)pkp. Let pv dénote the représentation of Gp on /nVj/5A^|G/l.

We may view s e E\Pa as a section of a direct sum of Une bundles €{kx) © • • • ©
6{kr) on P1, where r dim E and each k} is one of the ar-indices nt&gt;ûr&gt; 0, see [2],
[5]. Therefore, we write s Tti^v^gsv, sv =sVtlev&gt;l + • •• + $Vf/(v)eVf/(v), where

ev&gt;1, ^vj(v) is a basis for Ev\Pa, v 1, q. We consider each component
function sv&gt;v to be a polynomial of degree k(v, v) (i.e. one of the above fc/s,
depending on v, v) in the parameter z e P1 :sv&gt;u(z) £,, c^z11. Now the action of
b jU0(f)w&gt; on s is given by: (b.s)(z) s(b~l.z) b.s^r^^z). Note that on the

left side of this équation b is acting in E\Pa and on the right side the action is in E.

Continuing to expand this expression further, we find

_ &amp;

(b.s)(z)

From this expression it is dear that the j8-indices of E\Pa are of the form

nVip — ti(a, P), i.e. only non-negative multiples of — (a, j8)&gt;0 added to the

original jS-indices of E.

As in section 1, let w e W and fix a reduced expression w sh... sln. Let / be

the set of simple roots corresponding to this séquence of reflections, / {af \ j
h&gt; • • • y in}- L®t E be a B-module, E GxBE the induced homogeneous vector
bundle on G/B, Xw the Schubert variety associated to w in G/B, and E^ the

bundle E restricted to Xw.
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THEOREM. The vector bundle Ew is spanned by global sections if and only if
the a-indices of E are non-negative for ail simple roots ael.

Proof First the necessity of the condition: If Ew is spanned, then so is the
bundle restricted to the Ga orbit Ga/Ba P1 cXwcG/B for any ael. Now the
restricted bundle, Ga xBa£, is spanned if and only if E\P°-»E is surjective. By
the Lemma, this happens only when the or-indices of E are non-negative.

The sufficiency of the condition follows from the isomorphism 1.2(4) and

repeated application of the previous Lemma.

An obvious conséquence of the Theorem is the following:

COROLLARY. A homogeneous vector bundle E is spanned by global
sections if and only if the a-indices of E are non-negative for ail simple roots a.

3. The tautological Une bundle

Let E be a vector bundle over a variety X. The projectivization of E, denoted
P(E), is the bundle over X defined as the space of 1-dimensional subspaces in the
fibers of the dual bundle E*. Let §E be the tautological line bundle over P(E)
whose restriction to the fiber P(£) is 0(1). There is a canonical isomorphism of
sheaves ^r*£E E where n : P(E)—» X is the bundle map. If the zéro sections are
removed, the two spaces are isomorphic: £E\P(E) E\X, and E is spanned if and
only if §E is spanned. More generally, there is an isomorphism Jz*E;i,~Sn(E)
where 5n(-) dénotes the nth symmetric power. In this case, however, £E being
spanned does not necessarily imply that 5n(E), or even E, is spanned. As an
application of the criterion in section 2, we prove that this implication does hold
for homogeneous bundles:

THEOREM. Let E GxPE be a homogeneous vector bundle over a

projective rational homogeneous space G/P. Then the following are équivalent:
(1) E is spanned by global sections.

(2) £E is spanned by global sections.

(3) |?Ê is spanned by global sections for some n&gt;0.

(4) Sn(E) is spanned by global sections for some n &gt; 0.

Proof. The équivalence (l)O(2) is well-known and the implications
(4) ^&gt; (3) are obvious. Therefore it is sufficient to prove (3) =&gt; (2). Also, by 1.2(1),
we may assume P B.

Assume £E is not spanned. Then by Theorem 2, there is a simple root a with a
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négative or-index, ni&gt;ae&lt;0 for some integer i. Let Et ^ mlt&lt;xka\G° ® ntjia be the

2^-invariant submodule of E corresponding to this négative a-index. Let F be the
restriction of E, to the orbit under Ga of the identity coset: Ga/Ba c G/B, i.e.

¥=GaxBaEr Let v be a weight vector in Et of weight (mlta + nlta)Xa and let

p~\ x [v]*€P(F) Ga xBa V(Et)t so that p is a B^-fixed point in P(F) and

Ga/,s Ga/Ba. If L dénotes the restriction of gF to Gap, then L GaxBa nltaka.
Now, if £îê were spanned, then Ln would also be spanned, but this is impossible
since nta&lt;0, so that no power of L has sections.
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