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Compactness of isospectral conformal metrics on §°

SuN-YUNG A. CHANG* and PauL C. Yang*

Two Riemannian metrics g, g’ on a compact manifold are said to be
isospectral if their associated Laplacian operator on functions have identical
spectrum. It is a well known problem to study the extent to which the spectrum
determines the metric. In dimension two, Osgood, Phillips and Sarnak [OPS]
studied this question and proved that the set of isospectral metrics on a compact
surface form a compact family in the €* topology. In that case there is available a
criterion due to Wolpert [W] for compactness of the conformal structures in the
Teichmuller space in terms of the determinant of the Laplacian. This reduces the
problem to studying the isospectral conformal metrics on a fixed Riemann
surface. It turns out that the determinant of the Laplacian played the key role for
the compactness questions. In particular when the underlying surface is the two
sphere, which is analytically the least transparent case, the compactness question
reduces to an inequality of Onofri ([O], [OPS]) which is a sharp version of the
Moser—Trudinger inequality on S2.

We are interested in the situation in dimension 3. The well known solution of
the Yamabe problem ([A], [S]) says that every conformal class of metrics on a
compact Riemannian manifold contains a metric of constant scalar curvature.
When (M?>, g,) has constant negative scalar curvature, an isospectral set of
metrics g = u'g, conformal to g, is compact in the €~ topology [BPY]. This result
was proved directly using the heat invariants of the metric. The first step was to
find a pointwise bound 0<c,=u =<c, and a bound ||u||,, =c; where c; depend
only on the heat invariants of g. The higher order derivative bounds required for
€™ compactness is a consequence of this bound for u and the calculation for the
coefficients for the terms involving the highest order derivatives of u in the
asymptotic a, of the heat kernel for g due to Gilkey ([G]).

In this paper we study the situation when M is the standard three sphere
(83, go). As in the case of the two sphere, the conformal group G complicates the
analysis.

DEFINITION. For a positive function u on S and @ a conformal transforma-
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tion, define
| 172

up,=(u-9)-|de

where |de| is the linear stretch factor of dp measured with respect to the
standard metric go. Thus uggo = @*(u'ge). We set

[u] = {u, | @ € G, the conformal group for §°}.

The noncompactness of G shows that the class [u] is noncompact in H,(S?),
although the metrics associated to v € [u]: {g = v%go; v € [u]} are all isometric.
We have the following result.

THEOREM 1. For (S?, go), if {g:=uigo} is a sequence of isospectral metrics,
then there exists a subsequence g; and conformal transformations @; such that @ g;
converges in the €~ topology to a metric g which is also isospectral to {g;}

On $°={xeR*||x| =1} we have the standard metric go= X}, dx?, with
associated Laplacian A, scalar curvature R,=6, volume form dv,. For a
conformal metric g = u*g, we have

dv = u® dv,,
and its scalar curvature R is determined by the equation

8Au + Ru’ = Ryu.

The trace of the heat kernel exp (—tA,), where A, denotes the Laplacian
associated to the metric g = u“g,, has the well known expansion

Trace exp (—tA,) ~ (4mt) ™" *(ap + ayt + arf* + - - *)

as t— 0, where
ao=fdv=fu°dv0.
a1=fRdv=J(8|Wl2+6u2)dvo.
...__1__ 2 2 ___.__L 2 2,,6
=360 (BR*+6|p|*) dv 360 (3R* + 6 |p|*u®) dv,,

|p| denoting the norm of the Ricci tensor of g, measured in the metric g. As the
heat invariants a, are determined by the spectrum of the Laplacian associated to



Compactness of isospectral conformal metrics on S> 365

g, we get immediately the following bounds for isospectral conformal metrics
4
8i = Uifo:

Iu6dv0=a0,

j(8|7u|2+6u2) dvy = a;.

1 2,6 — 2,,—4 <
120 R*u®dvy= | (8Au — 6u)“u™"dvy=<a,.

In fact we will prove the following preliminary version of Theorem 1:

THEOREM 1'. On (S?, go) if g = u'g, is a metric satisfying

ao(g) = & (1)
a,(8) = o ()
f RS dvy=< a, (3)
A=1(8) 4)

for positive constants oy, «y, o, and A, where A,(g) is the first positive eigenvalue
of the Laplacian, then there exist constants c,, c, and c; (depending only on a,
@, a, and i), and a conformal transformation @ so that v = u,, satisfies:

0<ci=v(x)=c,, (5)

Iollza < cs, where 0132 = [ 02+ (Vo + | Vo2 ©)

Then Theorem 1 will be a direct consequence of Theorem 1’ and the following
proposition proved in [BPY], which provides the required bounds for all the
higher order derivatives of w.

PROPOSITION. For a compact manifold (M3, g,) the set of conformal
metrics g = u'g, with u satisfying (5) (6) and the conditions

a(g)<a;fork=3,4,5,...

form a compact set in the €~ topology.
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We break up the proof of Theorem 1’ into four lemmas.

LEMMA 1. Assume u is a positive smooth function on S", for each € >0
sufficiently small, we can find

v € [u] satisfying with n* = (n +2)/(n —2)
J. vn‘+1+ex’_ d'Uo =0

forj=1,...,n+1, where x; are the coordinate functions in R"*'.

Proof. Consider for each ¢ € G, the function (u,)" *'** as a mass distribu-
tion on S” and we define its center of mass to be

C.M. ((p)=j(u,,,)"'“+‘°‘x dvo/f () 1" % duy

It is clear that C.M. (@) is continuous in @. Using the stereographic projection
7:8"\{Q}—{y e R"*'| (y, Q) =0} as coordinates, we define the conformal
transformation @, , via its action on the y coordinates:

@o,Ay) =1ty

The collection of conformal maps {@,,.| Q € S", t =1} is naturally identified with
B"'={xeR"||x| =1} by @g.,— (t—1)t"'Q. Restricting the C.M. map to
CM.:{@p.|Q€eS" t=1}=B""'—> B"*', we find easily that it extends con-
tinuously to 3B to the identity map on 3B. This implies that there exists Q € §™
and ¢t =1 so that C.M. (¢g,,) = 0. This is the claim of the lemma.

LEMMA 2. Assume u is a positive function on S°> which satisfies the
hypothesis of Theorem 1', there exists some €,> 0 and a constant c depending only
on the data (&, @, ,, A) and some v € [u] with [ v®*® dyy=<c.

Remarks. The formulation of Lemma 2 is motivated by the proof of the
Yamabe problem (c.f. [A], [S]) where a sequence u, of solutions of the equation
(for some constants y, which converges to constant u and ¢, — 0) satisfying the
equation-

C,,Auk + uku”""'* = Rolts
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was shown to converge weakly to a nonnegative limit function «; then in order to
show the weak limit is not identically zero, it was sufficient to find a similar bound
for [u%*® dv, as above. In that case the limit function u satisfies the Yamabe
equation, so that the maximum principle shows u > 0. In our situation, because
there is no a priori limit for the scalar curvatures R, in the equations

C,,Auk + Rku',:' = Rouk.

we need to proceed differently to establish the following lemmas to complete our
argument:

LEMMA 3. Suppose u =0 satisfies the hypothesis (1), (2), (3) and (4) of
Theorem 1 and [ u®** dv,=<c, then there exists a positive c, (depending on a,

@y, &, Aand c) so that 0<c,<uon S°.

LEMMA 4. Suppose u is as in Lemma 3, then there exists a positive c,
(depending only on «,, a,, A and c), so that u<c, on S>.

Proof of Lemma 2. Multiplying the equation
8Au + Ru’® = 6u on S° (7)

by u? (B to be chosen later) we have: (denote [g dv, as [ dvy)

(ﬁ 1)2‘[|\7u(f’“)’2|2dv +6f uf*! du, —fRu uf*! du,. (8)
Let w = u®*12 then we have
(,3+1)2 flelzdv0+6fw dvy = jRu w? dv,,. 9)

From the Sobolev inequality for w:
1/3
Q(f wb dvo) SSI | Pw|? dv0+6fw2dv0 (10)
where Q = Q(8°) =6 - (f dvy)*>. We have for >0, from (9) and (10):

o ([ t) = [ Riwavor g 1) [wrane
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We proceed to estimate the term I = [ Ru*w?dv,. Taking b large to be chosen
later, on the region |R| =b we have

b2 J- u6 dvo = f R2u6 dvo = A2 = o, where Az = O(az).
R|=b R|=b

Thus

172 1/6 1/3
[ Ru*w?dv, = ( I R%u® dvo) . ( f u® dvo) ( f wb dvo)
\RI=b IR|=b

Auz(';; )1/6 . ( j w® dvo)m. (12)

For the remaining part of 1, write § =1 + 2¢ and apply Lemma 1 to u with £ >0,
we can find some v = u,, € [u] so that [ v®v%; dv,=0 for j =1,2,3,4. We have v
satisfies the equation

8Av + (R @)v’=6v (7)

and that the first eigenvalue A,(v%gy) =A,(u’go) =A. We have as in (12)' for
w =y 1t+8¥2 a

fIR(v)'ZbR(v)v“wzdvos (‘%%)m( f e dvo)m. 12y

For dv = v® dv, we have from the Raleigh—Ritz characterization for A,:
|
wzdvs(f wdv) +—-f 1V, 9 dv (13)
$3 §3 A’l §3

where |V, y|* dv = | Vy|? v? dv,.
Choose ¥ = v°%; in (13), then by our assumption on v, we have

[ vov2%? dvy = (1/A) f | Vo ;12 v2 du,
s% [282‘[|Vv|2 v zdv0+Zf |Vx,|2 2+2e dy ]
1+¢€2
A(1+ )ZIIVU |“x dv0+Lj (14)

where L; = [ |Vx;|* v**2¢ dyy = O(f v**% duy).
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Sum up (14) forj=1, 2, 3, 4, we find

f v8*+2e dy, < I |Vwi*e2 dvy + L, (14)

A(1 + €)?

with L = O(J v**% dv,).
Since v*g is isometric to u‘g, estimates (1) (2) (3) and (9) (10) (11) (12)' hold
for v in place of u. Applying (8) for B =1+ 2¢ and (14)’ we get

262 (1+¢)?
A(1+ €)*8(1 + 2¢)
Combining (15) with (12)’ and recall that w = v'*¢, we find

A2 1/3 1/3
I=va“w25(-—l;—) (j W"dvo) +ij4wzdvo

173 173
() (a2

So that
2 1/3 1/3
( 2;; )Is (‘%%) ( f i dv0> +bL. (17)

1/3
Now choose b sufficiently large so that (—f) <10, and then choose ¢

sufficiently small so that

< 2ﬁ£2) 3 1+2¢ 3
8A ‘

jv v¥eduy=< I+1L. (15)

> >=
4’ (1+¢€) 4
For this choice of b and &, we have from (11) (16) and (17) that

1/3 1/3 4
10([ ) =1=30([ weavs) +35L

Recall w = v'*¢, hence

1/3 13 .
( f ys+ee dvo) = ( f w dvo) <16bL = 16b [ v3*2¢ dy,

(2+2¢)/6 (4—-2¢)/6
<b(fv6dv0) (]dvo) =c <,

This proves lemma 2 with ¢, = 6¢.
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Proof of Lemma 3. Assume u satisfies the hypothesis of the Lemma, we will
prove the following assertions:
(a) Denoting E, = {€ € S, u(§) = A}, |E;| = g, dv, then there exists A,>0
and /,>0 so that |E, | =[,>0.
(b) There exists ¢’ < with [ (log u)*dvo=c'.
(c) There exists ¢” < with —logu =<c” on S°.

It follows from (c) that u = ¢, > 0 for some fixed c;.
To prove (a), we have

f uttedvy=<c, with € < g,

and
2
ag = U u® dvo) = (f ut=e dvo) (f utte dvo) < c[ us~¢ dv,.
Thus
2
2o j u®~¢ dv,,.
c

On the other hand, for all A >0, we have

(6—€)/6
fu‘s"‘dvo=f u6‘”dv0+J Ut dyy= ([ u6) |E; | + AS~° |E§).
E, % E;

2
So for A sufficiently small, say A5~ *Vol(S§%) < % %q we have

2
1a0< 86-—2)/6lE Ie/6
2¢

thus
|E;| = (ao/2¢)%ag = .

To prove (b), choose Ay, [, as in (a), and consider the Raleigh—Ritz characteriza-
tion for A,(D), D being the set E5_, to find

2
dvo =

2

dv,. (18)

J e ()
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Since |D|= Volume (S°)— |E;|=<|S?|—,, the well known Faber-Krahn in-
equality ([C]), says that A,(D) = C(l,) > 0. Thus we find

J; - (log i)z dvy <
c(to) j ‘:{“
<—(7(5§f(ku — 6) d,
< 517055 [( f R%u® dvo)m( j us dvo) w( f 1 dvo) Y f dv0]
< igg 1" Vol (8) +6 Vol (5] (19)

We have also

f <log )2 dvg =< (u)zdvo.. 1 fu dvo=—; ! . (20)
u=3g Aro u=hy Ao 3.2 Az

Combining (19) and (20) we have a bound for [(log u)? as claimed.
To prove (c). We use the integral identity:

-9+ 9= [ (AWNQG(E 0 dul©) 1)

where G(&, Q) is the Green’s function for A on S, and v is the average of  on
S°. We may add a suitable constant to G to make it positive. Apply this identity
to ¢y =logu:

~logu(§) +Tog = [ (u™Au - 4 |VUPNQ)G(E, Q) duy

< [ W au)Q)G (&, 0)dvo

y_a

= |IRu*— 6|, IG(,

oo
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1 1 3
for —+—=1. Choose p=5+6, o= we find p’'<3 so that both

£
PP 16 + 2¢’

\Ru* - 6||, and ||G(E, -)||,- are bounded. It now follows from (b) that —log u is
bounded from above.

Proof of Lemma 4: Applying equation (21) to the function u we have
—u(p)+a = [ Au(@)G(p, 0) du(Q)

= é [ (6u — Ru’)G(p, Q) dvo(Q),

1
where G(p, Q) ~ ) + smooth function. We recall the following estimate
f(x) 1 1 2
Al p.37):Forh(y)=| ———dx wehave,when-=——-,r>1
(Alp. 37): Forh(y)= | 2= -=73
Al =c(q) lIfll4- (22)
We will iterate this estimate with a sequence of suitably chosen r;, g;. Start with
qo= 43_’0’0, r, = 6 + 6€ where 6¢ < g,, we have

I(Ru5)%_<_ ( j Rzuo)q‘ﬂ( J’ u’ﬂ)l-(qﬁ)

Thus by (22) we find a bound for |[Ju||,, with

Continuing with

67'1 2"1 6rk_.1 _ 2rk
= ,Q1= yee oy e = ,qk_ :
12"‘"1 r+r1 12_'rk..,1 4+rk

r

We find

-6 . .
rk+1"'rk={;-rkrk..>—£rk>0 if 6<rk<12.
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Thus there will be a ko with r,, > 12 and ro<r; <- - - <r, -1 <12 <ry, with

2 3

qk0=4+rk0 2

So at the end of the iteration we find a bound for el §< qx, < 2. This implies

u € L™ from the Holder estimate:

ullo< |l + IRW N, Gl  where  —+—=1, with gq'<3.
" " qko q q, qk q
0

This finishes the proof of lemma 4.

End of the proof of Theorem 1':
From Lemmas 3 and 4 we have
0 <c 1 =u= C2.

From

Au)? A
azzazszZ 6=f(64(—;‘{2——96;%‘+%§)dv0

we conclude that

(Au)®
+— =< constant.
u

This together with the uniform upper bound for u, yields a bound for [ (Au)>
Thus [ (Au)® + u® dv, is bounded, hence we have a bound for |ju||,,.

Remark. In general for $" with n =4, Theorem 1' continues to hold provided
that we substitute condition (3) with the following

f R®D+8,@nn=2) gy, < o, for some & > 0. 3"
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