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Curves on surfaces of degree 2r-ô in P

Ciro Ciliberto and Edoardo Sernesi*

Introduction

In this paper we consider the problem of finding the values of d, g for which
there exists a nonsingular irreducible and nondegenerate (î e not contained in a

hyperplane) curve X of degree d and genus g in Pr, the projective space over an

algebraically closed k of arbitrary charactenstic
This problem has been completely solved in P3 by Gruson-Peskme [GP] in

the case char(k) 0, then extended to arbitrary charactenstic by Hartshorne
[Ha], and in P4 and P5 by Rathmann [Ra] The approach of [GP], which has been

generahzed in [Ra], îs divided mto two parts The first consists in constructing, on

a quartic surface with a double hne F, nonsingular curves of degree d and genus g
for every (d, g) such that

A similar resuit has been proved by Mon [M] m complex projective 3-space for
every d, g as above, and his construction has been extended in [Ra], provmg the

existence of smooth curves of degree d and genus g in Pr lying on a K-3 surface

when

The second part of the approach of [GP] îs a detailed study of curves on a

nonsingular cubic surface, which implies the existence resuit in the range

We generahze the first construction of Gruson-Peskine and we prove the

existence of nonsingular curves of degree d and genus g m Pr for ail r &gt; 6 m a

* Both authors were supported by grants from the Italian Ministry of Public Education
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wide range of (d, g) (see statement below) Our curves are constructed on certain
rational surfaces which are ail embeddings of one and the same surface S&apos; this îs

the blow-up of P2 at nine points in gênerai position We exploit the nch geometry
of 5&apos; very much m the same way as ît îs done in [GP] and [Ra], with the
différence that, for technical reasons, we first work with the surface S obtained by
blowing up nine points which are not in gênerai position, but are base points of a

genenc pencil of cubics Then we prove the main resuit using déformation
theoretic arguments The main conséquence of our analysis of curves lymg on the
surface S îs the following

MAIN THEOREM (1) For every r&gt;5 there exists an embedding of S&apos; as a

nonsingular surface F2r~3 of degree 2r - 3 in Pr, and for every {d, g) such that

there exists a nonsingular irreducible and nondegenerate curve X of degree d and

genus g on F2r~3

(n) For every r&gt;l there exists an embedding of Sf as a nonsingular surface
p2r-4 Qj degree 2r — 4 in Pr, and for every (d, g) such that

0&lt;g&lt;(&lt;/-r)2/2(2r-4)

there exists a nonsingular irreducible and nondegenerate curve X of degree d and

genus g on F2r~4

Clearly, the existence resuit for curves in P\ contamed in part (î) of the above

theorem, follows from [Ra] In more détail, the content of the paper îs the

following
In section 1 we prove prehminary gênerai results on the surface 5 which are

repeatedly used in the paper Precisely we give a cntenon (proposition 1) for a

hnear System on 5 to be base point free and such that the associated map to

projective space reahzes 5 as a nonsingular surface From this resuit we directly
deduce an ampleness cntenon which can also be found in [H]

In section 2 we mtroduce the notion of &lt;3-system on 5, which îs a ô-tuple,
ô &gt; 3, of éléments of Pic (S) satisfying certain conditions This notion turns out to
be a powerful tool in the study of curves lymg on the surface S The main resuit
of this section (theorem 6) states that, if a ô-system exists on S, then S can be

embedded in Pr with degree 2r - ô for ail r&gt;2ô-l, in such a way that ît
contains smooth nondegenerate curves of degree d and genus g for ail (d, g) such
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that

Actually we prove a slightly better bound (see remark 1).
In section 3 we consider the problem of existence of ô-Systems. It is easy to

show that ô-Systems do not exist for ô &gt; 9 (see remark 2). It is not difficult to find
candidates for 3 ^ ô &lt; 9, namely to find ô-tuples of classes of Pic (5) which satisfy
ail but the last of the defining conditions. To prove that the last condition is also
satisfied boils down to finding certain lists of éléments of Pic (5). Thèse lists
become increasingly long as ô grows, and this has forced us to consider the cases
ô 3,4 only, in which we are able to exhibit them. Via theorem 6, this proves a

resuit which differs from the main theorem only in the fact that the surface 5

appears instead of S&apos;in its statement. In remark 2 we also deduce the existence of
smooth rational surfaces of degree 2r- ô in Pr, r^ô-1, for 5&lt;ô &lt;9.

In section 4 we show how to extend to S&apos; most of the previous results

concerning the surface 5. Of course, this and the results quoted above imply the
main theorem. We also discuss linear normality and the Brill-Noether map for the

curves we hâve constructed.

Relying on the results of this paper, the first author has proved in [C] an

asymptotic existence resuit for smooth nondegenerate curves in Pr for ail values
of r, which essentially says that for d » 0 smooth curves of degree d and genus g
exist when

where (pr(d) ~ d2/2(4r/3 - 1), improving a similar one of Rathmann [Ra].
After this work was completed we hâve become aware of a preprint of

Pasarescu [P], where he claims the existence of smooth nondegenerate curves of
degree d and genus g in Pr for ail r &gt; 5 and ail d, g such that

His proof appears incomplète to us as it stands (on page 9, line -4, the maximum
is not necessarily attained at an integer, as needed). From the argument of
Pasarescu it seems to us that only a weaker bound, which is worse than ours for
every d, g, r, can be deduced.

The second author would like to thank G. Pareschi for suggesting the proof of
linear normality given in section 4, 2), and C. Procesi for a useful conversation on
infinité reflection groups.
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1. Preliminaries

As already stated in the introduction, we work over an algebraically closed
field k of arbitrary charactenstic We dénote by 5 the surface obtained by blowing
up nine points P,, P9 of P2 which are base points of a genenc pencil of
cubics, we let n S—&gt; P2 be the projection Note that any cubic C c P2 contaming
P,, P9 îs reduced, irreducible and with at most one node and no other
singulanty

Let&apos;s dénote by £,, E9 the exceptional curves (of the first kind) on S

corresponding to Px, P9y and by H the inverse image on 5 of a gênerai hne of
P2

We identify an invertible sheaf on 5 with îts class in Pic (5) As a basis of
Pic (S) we take the classes o(//), o(-£1), o(-Eg), we will sometimes
dénote an élément of Pic (5) by the 10-tuple of îts coordinates with respect to this
basis

We hâve

©5 (-3,-1, ,-l) o(-C)

where C îs the proper transform of a cubic through Plt Pg

We will use without further mention the obvious fact that if D îs an irreducible
curve on 5 such that (D, œs) 0, then D e\ — cos\

We will freely use the notion of 1-connectedness of an effective divisor on a

surface We will also use without further notice the following vanishmg theorem,
refernng the reader to [R] for the proof

VANISHING THEOREM // D is an effective 1-connected divisor on a

projectwe nonsingular surface F such that hl{F, oF) 0, then

H\F,oF(-D)) (0)

PROPOSITION 1 Let D be an effective divisor on S

a) // D is l-connected and (£), o&gt;5)&lt; -2, then the linear System \D\ has no
base points

b) // D is 1-connected and (D, cos)&lt;-3, then \D\ has no base points^ the

morphism q)D 5—*P(//°(5, o(D))) is an isomorphism of S onto its image, except
possibly for the contraction of some exceptional curves, and the image &lt;jp#(S) is

nonsingular In particular, a gênerai élément of\D\ is irreducible and nonsingular
c) // D is 1-connected and (D, a)s) ^ -3, then D is very ample if and only if

(D, E)&gt;0 for every exceptional curve E
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d) // \ù)s(D)\ is not empty, contains an effective 1-connected divisor and

(D, (os) &lt; —3, then \D\ is very ample.

Proof. a) For every C e\-a)s\ we hâve an exact séquence

Since, by the connectedness of D, hl(S, cos(D)) hl(S, o(-D)) 0, we see that
the restriction map H{\Sf o(D))-*/f°(C, oc(D)) is surjective. Therefore |D| cuts
a complète séries on C of degree (Z), C) &gt; 2, hence without base points (recall
that every Ce \-cos\ is reduced and irreducible). It follows that \D\ has no base

points on C. Since dim (| — œs\) &gt;0, the conclusion follows.
Proof of b) and c). By part a), \D\ has no base points. Let&apos;s dénote by \D -p\

the linear System consisting of the curves of \D\ passing through p&gt; for a given
point p.

CLAIM 1. Let p be any point of S; if \D —p\ has a fixed part, then it consists

of an exceptional curve E passing through p. Moreover (D, E) 0, Le. E is
contracted to a point by the morphism cpD.

Proof of daim 1. The fixed divisor F of \D -p\ satisfies (F,
because |D| cuts a complète séries on any C e\-(os\ and \D — p\ has codimension

one in \D\. Therefore F E is reduced, irreducible and rational (because | — cos|

cuts on £ a séries of dimension and degree one), hence it is an exceptional curve
of the first kind. Moreover, since p is a fixed point of the linear séries \D — p\c
eut on C by \D — p\&gt; and since \D — p\c has codimension at most one in |Z)|O
necessarily E contains p. Since |D| has no base points we hâve (D, E)&gt;0. If
(D, E) &gt; 0, then from the exact séquence

and from h°(S, o(D - E)) A°(5, o(D) ® lp) A°(5, o(D)) - 1 (lp a os the idéal
sheaf of p) it follows that \D\ has base points on E; this is a contradiction. This

proves the claim.
As a conséquence we hâve:

CLAIM 2. Ifp and q are distinct points on S, \D\ does not separate p and q if
and only if p and q are both contained in an exceptional curve E such that

(D, E) =0.

Proof of claim 2. If p and q are not separated by \D\, then they cannot belong
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to the same C e\-a)s\ because \D\C is very ample on C If the gênerai curve of
\D — p\ îs reducible then, by claim 1, ît contams an exceptional curve E and, by
the same claim, this curve contains both p and q If the gênerai curve M of \D -p\
îs irreducible, then ît passes simply through p&gt; because on the curve Ce|-û&gt;s|

containing /?, \D -p\c has codimension one m \D\Cy hence ît cannot hâve 2p as a

fixed divisor Similarly M passes simply through q If M has genus g, then the

degree of \D\M îs at least 2g + 1, ît follows that \D\M îs very ample, therefore p
and q are separated by \D\M, and this îs a contradiction

Next we prove the following

CLAIM 3 If p does not belong to an exceptional curve E such that

(D, E) 0, then cpD séparâtes tangent vectors in p

Proof of claim 3 The gênerai curve M of \D—p\ îs irreducible and

nonsmgular in p Since 2p îs not a fixed divisor of \D -p\M&gt; because \D -p\M has

codimension at most one in the complète and very ample \D\M, the curves of
\D — p\ are not ail tangent to each other in /?, this proves the claim

Finally we prove

CLAIM 4 If E is an exceptional curve such that (£&gt;, E) — 0, then q&gt;o(E) w a

nonsmgular point of the surface (pD(S) In particular q)D{S) is nonsmgular

Proof of claim 4 On every curve C e \-(os\ the séries \D - E\c coïncides with
the complète séries \D\C - (E, C) Since we hâve (D — E, œs) (D, cos) + 1 &lt;

-2 It follows that \D — E\ has no base points on C, hence \D — E\ has no base

points The surface &lt;Pd-e{S) can be regarded as the projection of q&gt;D{S) from the

point q &lt;Pd{E)
&gt; Letting \i — mult^((ç?D(5))), we hâve

deg (&lt;pD(S)) - iU deg [cpD_E(S)] deg ((pD-E)

(D - E, D - E) (D, D) - 1 deg ((pD(S)) - 1,

it follows that ji* 1, hence q)D(E) is nonsmgular
Assertions b) and c) of the proposition are clearly a conséquence of claims

1), ,4)
d) Since |D| \(os(D) 4- C|, Ce\-œs\, it follows that \D\ contains a 1-

connected divisor D&apos; Since, by a), \a)s(D)\ has no base points, for every
exceptional curve E we hâve (cos(D), E) &gt;0, and therefore

(D&apos;, E) (D, E) &gt; ~{œSy E) 1 &gt;0

From c) it follows that \D\ |D&apos;| is very ample
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PROPOSITION 2. Let D be an effective \-connected diviser on S. Then every
D&apos; € \D\ is l-connected.

Proof. Since D is effective we hâve (D, œs)&lt;0. If (D, (os) 0 then |D|
\ — cos\ and the conclusion is clear. If (D, œs) — 1 then D E + Cx + -I- Ch,
with E exceptional curve and C\,. Che\ — Q)s\, and E is a fixed component of
\D\. Then Df has a similar décomposition, hence it is l-connected.

Suppose now that (D, a)s) -2 and that D&apos; Ax + y42, with AXy A2 effective.
Since (At, (os)^0 we hâve -2&lt; (.4,, &lt;w5)&lt;0, i l, 2. If (Altœs) 0,

(A2, (os) —2 then Ax e |— /tcw5| for some h &gt; 1, hence (i4t, &gt;12) 2A &gt;0. Similar
conclusion we hâve if (^4^ cos) —2, (A2, cos) 0. If (^4i, (os) — 1 {A2) cos)

then i4, Ex + Ci + + Q, A2 E2 4- Cl + + C&apos;k9 with Eu E2 exceptional
curves and Cif.. C&apos;ke | — co5|. We now hâve (A^ ^42)&gt;0 except in the case

Ax E + C, i42 £. But then (D, D) (D&apos;, D&apos;) 0, hence \D\, being base point
free by proposition 1, part a), is composed with a pencil; moreover, since D is

l-connected, \D\ is a pencil. But then, since \D\ |2£ + C\ and C moves in a

pencil, we see that 2E is a fixed divisor of \D\, and this contradicts proposition 1,

part a).

Finally assume that (Z), cos) &lt; -3. Since (C, (os(-D)) &lt; -3 &lt; 0, we hâve

h2(S, o(D)) A°(5, co5(-D)) 0.

From the Riemann-Roch theorem we therefore obtain

since, by proposition 1, part a), \D\ is base point free, we hâve (D, D) &gt;0 hence

dim(|D|)^2. therefore |D| is not a pencil; moreover \D\ cannot be composed
with a pencil because D is l-connected. It follows that (D, D)&gt;0. Now the
conclusion follows from lemma 2 of [RJ.

We will say that an effective class o(D) e Pic (5), respectively a linear System

\D\, is l-connected if \D\ contains a l-connected divisor, or equivalently, if every
divisor of \D\ is l-connected. The équivalence of the two conditions follows from
proposition 2.

2. ô-systems on S

We will dénote by G the group of Cremona isometries of S, namely the group
of automorphisms of Pic (5) which

1) leave the semigroup of effective classes invariant,
2) préserve the intersection form
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3) leave the canonical class cos invariant.
We will need the foliowing elementary resuit.

LEMMA 3. // D is an effective 1-connected divisor and o e G, then

a(o(D)) o(D), where D is an effective l-connected divisor.

Proof. Because of the defining property 1) of G, an effective divisor D such

that a(o(D)) o(D) exists. Suppose that D =ÀX + À2, with Àx and À2 effective.

Then, again by 1), a~1(Â1) o(At), with A, effective, i 1,2. Since o(D)
o(Ax + A2), and D is 1-connected, from proposition 2 it follows that (Au A2) ^ 1.

Hence (Â1, À2) (Alf A2) &gt; 1 and therefore D is 1-connected.

With an abuse of notation we will often write o{D) instead of o(o(D))&gt; for a

divisor D on 5 and a e G. We will dénote by g(D) the arithmetic genus of D,
namely

We give the following définition.

DEFINITION. Let ô&gt;2 be an integer. An ordered ô-tuple
{Do, Dly Dô_t} of effective classes in Pic (S) is called a ô-system if the

following conditions are satisfied:

I) (Dn(os)=-Ô, / 0,...,ô-l.
II) (A,Df) -« + 2î, i=0,...,ô-l.

III) Do - œs, Dô_2 - co5, Dô_! are effective and 1-connected.

IV) For every 0^/,/&lt;ô-l, the number (Dlf o{D})) assumes ail intégral
values N such that

when o varies in G.
Note that property IV) is clearly équivalent to the following:
V) for every Q&lt;i&lt;j&lt;ô — 1, ail intégral values Af&gt;/+; + 2 — ô are as-

sumed by (o(Di), p(Dj))) as a, p vary in G.
In this section we will investigate some of the conséquences of the existence of

a ô-system of divisors on 5 for some ô. In the next section we will construct such

Systems for ô 3, 4.

PROPOSITION 4. Let {DQ, Du ZVJ be a ô-system on 5, with ô &gt;3.
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Then

i) for every oc&gt;\the linear Systems

\D0 - ao)s\, |DÔ_2 - aœs\, \DÔ^ -(a- l)(os\

are base point free and with gênerai member irreducible and nonsingular;
moreover for every oc&gt;2 they are very ample.

ii) We hâve:

(Dl - &lt;xa)Sy Dx - ao)s) (2a - l)ô + 2i,

g(Dx - &lt;xœs) (a - l)ô + i + l,

dim (|A - aœs\) aô + i (=g(D, - ao)s) + &lt;5 - 1)

for 0 &lt; / ^ ô — 2 and /or euery or &gt; 1, and for i ô — 1 and /or every a &gt; 0.

Proof From the defining property III) it follows that each of the linear
Systems |D0 — a(os\&gt; • • • &gt; IA5-2 ~ &lt;xws\&gt; \D0-1 — (&lt;x — l)(os\ contains a 1-

connected effective divisor for ail a&gt;\ and has intersection number equal to
—ô &lt; — 3 with cos. Applying parts b) and d) of proposition 1 we obtain i). The

expressions for (Dt — &lt;xa)s, D, — acos) and g(Dt — aœs) are obvious. The

dim(\Dt- aa)s\) is computed using the Riemann-Roch theorem on 5, noting
that

h\S, o(A - aœs)) 0 h\S, o(A - aœs)).

The first equality follows because \Dt - aœs - cos\ contains a 1-connected
divisor when oc and i assume the indicated values. The second equality is obvious
because

h2(S, o(D, - acos)) h°(S, o(-(A - (a

and \DX -(a-h 1)û&gt;5| =^0. This proves ii).

PROPOSITION 5. Assume that a ô-system {Do, Du DÔ_J exists on S

for some ô ^ 3. For each r ^ 2ô — 1 HTite r wô +1, i e {0,... ô — 1}, and to

77*en //r is very ample and for every (d, g) such that 0&lt;g&lt;d-r-l, there exists
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an irreducible and nonsingular curve X c S such that

(Hr)X) d, g(X)=g

and

h°(S,o(Hr-X)) 0.

Proof. Note that, since r&gt;2ô-l, we hâve n&gt;2 except in the case

r 2ô — 1 when n 1, i &lt;5 — 1, hence Hr is very ample by proposition 4. We
can write in a unique way

for some y e {0, ô - 1} and or &gt; 0 (or &gt; 1 if 0 &lt;y &lt; ô - 2 and or 0 if and

only if g 0). For every a e G we hâve

{Hry o(D} - aa)s)) (A - na)s, o{D]) - ocœs)

Since d&gt;g + r + l, we hâve

hence, by the defining property IV), there exists a e G such that

equivalently such that

(Hr, o(Dj ~ aws)) d.

Since by lemma 3 \o(D} — aa)s)\ contains an effective 1-connected divisor, from
proposition lb) it follows that \o{D}- ao)s)\ contains an irreducible and

nonsingular curve X. From proposition 4 we deduce that this curve has genus

g(DJ - aœs) (or - 1)5 + y + 1 g.

By contradiction, let&apos;s assume that
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From (*) and (Hr - X, a)s) 0 we deduce that \Hr -X\ \-aœs\y a &gt; 0.

Therefore

\a(Dj) - aa)s\ \X\ \Hr + aœs\ |A + {a- n)œs\.

and it follows that i =j and a(Dj) A- Then:

-ô + 2/ (A, A) (A, o{D,)) &gt; 2/ + 2 - 6,

a contradiction. This concludes the proof.
Using proposition 5 we can prove the following conséquence of the existence

of a ô-system on 5 for some à &gt; 3.

THEOREM 6. Assume that a ô-system {Do, Dly Dô-i) exists on S for
some à &gt; 3 and let r &gt; là — 1 èe an integer. Then there exists an embedding of S as

a nonsingular surface F of degree 2r — ô in Pr, and for every (d, g) such that

0&lt;g&lt;(d-r)2/2(2r-ô) (1)

there exists a nonsingular irreducible and nondegenerate curve X of degree d and

genus g on F.

Proof Writing r nô + i, the embedding of 5 is given by the very ample class

Hr Dt-ncos considered in proposition 5. IfO&lt;g&lt;d — r — 1 the assertion has

already been proved (proposition 5). Note that if a nonsingular irreducible and

nondegenerate curve Z lies on F then a gênerai élément Z&apos;e\Z + HF\(HF a

hyperplane section of F) is a nonsingular irreducible curve, by proposition lb),
and is obviously nondegenerate. If Z has (degree, genus) (d, g), then Z&apos; has

(degree, genus) (d&apos;, g&apos;) given by

The inverse of the transformation

(2)

is

d d&apos; - 2r 4- ô
(3)
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Applying (2) s times we obtain the transformation

és) d + s(2r - ô)

gw g + sd + s(s - l)(2r - ô)/2 + s(r - ô)

whose inverse is:

d d(s) - s(2r - ô)
(3°)

g gw - sd(s&gt; + s(s + l)(2r - &lt;5)/2 - s(r - ô).

In the plane with coordinates d, g represent with intégral points the couples
(d, g) for which we want to prove the theorem. They fill the région R under the
parabola K with équation

g (d-r)2/2(2r-d).

We know that the theorem is true for ail the points strictly below the line Lo with
équation g d — r and above the d-axis, by proposition 5. Let&apos;s dénote by V{) the
set of thèse points. The transformation (2) maps the d-axis into L() and maps L()

into the line Lx:g 2d — 4r 4- ô. Therefore (2) maps VQ in the set of points
{d&apos;yg&apos;) such that

d&apos; -r&lt;g&apos;&lt;2d&apos; -Ar + Ô.

Since the theorem is also true in Vo, we see that the transformation (2) and the
remark made at the beginning allow us to extend the validity of the theorem to
VqU Vi, where Vx is defined by:

0&lt;g&lt;2d-4r + ô.

Note that the two lines Lo and L1 hâve in common the point Px (3r - ô, 2r - ô).
For every s ^ 1 let&apos;s dénote by Ls the line whose équation is

g (s + \)d - s(s + 3)(2r - ô)/2 + s(r - ô) - r,

and which is the image of Lo under (25). The line g 0 will be denoted L_x\ it is

transformed by (25) into Ls-.x.

By induction we deduce that for every k &gt; 0 the theorem is true in
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Vo U U Vk where Vs is the région defined by the inequalities:

0 &lt; g &lt; (s + \)d - s(s + 3)(2r - ô)/2 + s(r -ô)-r.
Note that L5 fl L5_î is the point

P5 ((2s + l)r - sô, s(s + l)(2r -
In particular Fo= (r, 0). Note that the expression g — (d — r)2/2(2r — ô) is zéro in
P(). If we prove that it is positive in ail the points Ps &gt; 1, then thèse points are
above the parabola K. Since K is concave upwards, it follows that the segments
P,-\PS lie above K and the theorem is true. In Ps we hâve:

{d - r)2/2(2r -ô) (2sr - sô)2l2{2r - à)

s\2r - ô)2/2(2r - ô) s2(2r - ô)/2.

Therefore in F5:

g - (d - r)2l2{2r -ô)= s(s + l)(2r - ô)/2 - s\2r - ô)/2 s(2r - ô)/2,

which is positive for ail s &gt; 1. This concludes the proof.

Remark 1. Note that the proof of theorem 6 actually shows the existence of
curves X of degree d and genus g on S for ail (d, g) located below the polygon
whose vertices are the points Ps considered in the proof. This région is slightly
larger than that defined by (1).

3. Existence of (3-Systems for ô 3,4.

In this section we discuss the existence of ô-Systems on 5. We will show that
ô-systems exist for ô 3,4.

The basis o(//), o(~E{), o(-£9) identifies Pic (S) with Z1() and the
intersection form(,) with the inner product x2} - E?*?. Consider the éléments of
Pic (5):

r, (1, 1, 1, 1, 0, 0), r2 (0, -1, 1, 0, 0),

r3 (0,0, -1, 1,0,..., 0),...
r8 (0,...,0,-1,1,0), r, (0,...,0, -1,1).
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Letting:

f(x) =x + (x, r,)r,, i 1, 9,

we obtain éléments /i,.. ,fg e G. Recall that /i,/2,. ,/9 act on an élément
(jc0, Xi, x9) e Pic (5) in the following way:

fi(xo&gt; xlt x9) (*0 + ft, x, + ft, x2 -f h, x3 + fc, jc4, jc9),

»î =: Xq Xj A^2 -^3*

J2\Xq, X\y Jfç) (Xq, #2, *1&gt; -^3&gt; • • • » Xç),

o&gt; X\y Afç) (Xq, X], X$t X2&gt; X^y X9)y

X\y Xç) (Xq, X\y X7, X9, X8).

In particular note that combining/2, ,/9 we can obtain any permutation of
xu jc9. We will also consider, for every z e a&gt;s, the élément rz e G defined

as follows:

T2(X) X - (Xy Z)(OS + (Xy (OS)Z - (Zy Z^y 0)S) (DS 12.

The following lemma generalizes lemma 1.4.1 of [Ra].

LEMMA 7. Let xfy e Pic (5) be such that {xy œs) (yf a)s) — ô, /or 5ome
&lt;5 &gt; 1, a«d 5wc/z ^af jc — y (w0, w,, wg) satisfies either one of the following
two conditions :

i) u1 u2) u3 u4y u5 u6) w7 w8.

ii) ux u2, u3 u4, u^ u6, u7-u8=ô.
Then (p(y), o(x)) assumes ail integer values (yy x) + nô2y n &gt;0, as py a vary in
G.

Proof. It suffices to show that the conclusion holds taking p identity and

o= tz&gt; z e (Os- For every 2 e wj we hâve:

{y, tz{x)) (y,x- (x, z)œs + (x, œs)z - (z, z)(x, a)s)(os/2)

(y, x) - (Xy z){yy o)s) 4- (xf (os)(y, z) - (z, z)(x, (os)(y, (os)l2

(y,jc) + ô(jc-y,z)-(z,z)ô2/2.

Suppose that we are in case i). Then, taking

z (0, at -a, by -bf c, -c, dy -d&gt; 0)
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we have (x - y, z) 0 and -(z, z)/2 a2 + b2 + c2 + d2 and the conclusion
foliows from the fact that every positive integer is the sum of four squares.
Suppose now that we are in case ii). Taking

z (0, a, -a, by -b, c&gt; -c, 0, 0, 0)

we obtain (x - y, z) 0 and -(z, z)/2 a2 + b2 + c2. This takes care of the cases

in which n 1,2,3,5,6 (mod 8), because every such integer n is the sum of three

squares (see [5]). If n s 0,4,7 (mod 8) then n - 2 &gt; 0; we can write

and we take

z (0, a, -a, b, -b, c, -c, 1, -1, 0).

We obtain (x -y, z) &lt;5, and therefore:

(y, tz(*)) (y, x) + ô2 - (z, z)ô2/2 (y, x) + ô2 + Ô2(n - 1).

This concludes the proof.
The existence of a 3-system is our next resuit. One half of the computations of

this theorem are already in [Ra], where the divisors Do, Dît D2 of theorem 8 are
also considered.

THEOREM 8. The classes

£&gt;0 (0,0, 0,0, 0,0,0, -1, -1, -1)

A (l, 1,-1,0,0,0,0,0,0,0)

D2 (l, 0,0,0,0,0,0,0,0,0)

are a 3-system on S.

Proof. The defining properties I), II) and III) are obviously satisfied. Let&apos;s

prove property V). For every 0 ^ i ^j ^ 2 and for every

/+ 7
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we will find éléments of the form o{D,), p(£);), a, p € G, such that:
1) (o(D,),p(D,)) N,
2) o(D,) - p(D,) satisfies either one of conditions i), ii) of lemma 7.

Then property V), and the conclusion, will follow from lemma 7 applied to

x o{D,) and y p(D,). We give a list of such éléments below. Each a(D,) and

p(Dt) is obtained from D, and D, respectively by acting with a combination of the

éléments /i,. ,fg of G. The tables are the following:

o(D0)

(0,-1,-1,0,0,0,0,0,0,-1)
(0,-1,-1,0,0,0,0,0,0,-1)
(0,0,0,0,0,0,0,-1,-1,-1)
(0,-1,-1,0,0,0,0,0,0,-1)
(0,-1,-1,0,0,0,0,0,0,-1)
(0,0,0,0,0,0,0,-1,-1,-1)
(2,1,1,-1,-1,1,1,0,0,1)
(2,1,1,1,1,-1,-1,0,0,1)
(1, -1, -1, 1, 1, 0, 0, 0, 0, 0)

o(D0)

(0,0,-1,-1,-1,0,0,0,0,0)
(0,-1, -1,0,0,0,0,0,0, -1)
(2,1,1,1,0,1,1,-1,-1,0)
(2,1,1,0,0,1,1,-1,-1,1)
(1,-1, -1,0,0,0,0,1,1,0)
(1,-1,-1,0,0,1,1,0,0,0)
(3, 1, 1, -1, -1, 1, 1, 1, 1, 2)

(2,1,1,0,0,1,1,-1,-1,1)
(3, 1, 1, -1, -1, 1, 1, 1, 1, 2)

P(DO)

(0,0,0,-1,-1,0,0,0,0,-1)
(1,0,0, 1,1, -1, -1,0,0,0)
(2,1,1,0,0,0,0,-1,2,0)
(1,1,1,0,0,-1,-1,0,0,0)
(2,1,1,-1,-1,1,1,0,0,1)
(3,1,1,-1,-1,1,1,1,1,2)
(2, 1, 1, 1, 1, -1, -1,0,0, 1)

(3,1,1,-1,-1,1,1,1,1,2)
(3,1,1,-1,-1,1,1,1,1,2)

p(A)
(1,1,0,0,0,0,0,0,0,-1)
(2, 1,1, 1, 1,0,0,0,0, -1)
(1, 0, 0, 0, -1, 0, 0, 0, 0, 1)

(2, 1, 1, 1, 1, 0, 0, 0, 0, -1)
(3,1,1,1,1,0,0,-1,2,1)
(3, 1, 1, 1, 1, 0, 0, -1, 2, 1)

(3,1,1,1,1,0,0,-1,2,1)
(2, 0, 0, 1, 1, 0, 0, 1, 1, -1)
(2, 1, 1, 1, 1, 0, 0, 0, 0, -1)

(a(D0),

-1
0

1

2

3

4

5

6

7

0
1

2

3

4

5

6

7

8

(0,-1, -1,-1,0,0,0,0,0,0)
(0, -1, -1, -1, 0, 0, 0, 0, 0, 0)

(0,-1,-1,-1,0,0,0,0,0,0)
(0,-1, -1,-1,0,0,0,0,0,0)
(0,-1, -1,-1,0,0,0,0,0,0)
(0,-1,-1,-1,0,0,0,0,0,0)

P(D2)
(4, 0, 0, 1, 2, 2, 2, 1, 1, 0)

(2, 1,1, 0, 1, 0, 0, 0, 0, 0)
(4, 1, 1, 1, 2, 2, 2, 0, 0, 0)

(6, 1, 1, 2, 3, 3, 3, 1, 1, 0)
(4, 2, 2, 1, 2, 1, 1, 0, 0, 0)

(6, 3, 3, 0, 1, 2, 2, 2, 2, 0)

l
2

3

4
5

6
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(0,-1,-1,-1,0,0,0,0,0,0) (8,3,3,1,2,4,4,2,2,0) 7

(0,-1,-1,-1,0,0,0,0,0,0) (6,3,3,2,3,1,1,1,1,0) 8

(0, -1, -1, -1, 0, 0, 0, 0, 0, 0) (8, 4, 4, 1, 2, 3, 3, 2, 2, 0) 9

(1,1,0,-1,0,0,0,0,0,0) (1,0,-1,0,1,0,0,0,0,0) 1

(1,1,0,0,0,0,0,0,0,-1) (1,0,-1,0,0,0,0,0,0,1) 2

(2,1,1,1,1,0,0,0,0,-1) (2,0,0,0,0,1,1,1,1,-1) 3

(2,1,1,0,0,0,0,1,1,-1) (3,1,1,0,0,1,1,-1,2,1) 4

(2,1,1,1,1,0,0,0,0,-1) (3,1,1,0,0,1,1,-1,2,1) 5

(2,1,1,1,1,0,0,0,0,-1) (3,0,0,0,0,1,1,2,2,0) 6

(3, 0, 0, 2, 2, 1, 1, 0, 0, 0) (3, 0, 0, 0, 0, 1, 1, 2, 2, 0) 7

(3, 0, 0, 2, 2, 0, 0, 1, 1, 0) (3, 1, 1, 0, 0, 1, 1, -1, 2, 1) 8

(3, 1, 1, 2, 2, 0, 0, 0, 0, 0) (3, 0, 0, 0, 0, 1, 1, 2, 2, 0) 9

p(D2) p(D2)
(1, 0, 0, -1, 0, 0, 0, 0, 0, 1) (2, 0, 0, 1, 0, 1, 1, 0, 0, 0) 2

(1, 1, 0, -1, 0, 0, 0, 0, 0, 0) (3, 1, 0, 1, 2, 1, 1, 0, 0, 0) 3

(3, 1, 1, 2, 2, 0, 0, 0, 0, 0) (2, 1, 1, 0, 0, 0, 0, 0, 0, 1) 4

(2,0,0,1,1,1,1,0,0,-1) (2,1,1,0,0,0,0,0,0,1) 5

(3, 1, 1, 2, 2, 0, 0, 0, 0, 0) (2, 0, 0, 0, 0, 1, 1, 0, 0, 1) 6

(3, 1, 1, 2, 2, 0, 0, 0, 0, 0) (3, 1, 1, 0, 0, 1, 1, 0, 0, 2) 7

(2,0,0,1,1,1,1,0,0,-1) (3,1,1,0,0,0,0,1,1,2) 8

(3, 1, 1, 2, 2, 0, 0, 0, 0, 0) (3, 0, 0, 0, 0, 1, 1, 1, 1, 2) 9

(3, 1, 1, 2, 2, 0, 0, 0, 0, 0) (4, 1, 0, 0, 1, 1, 1, 1, 3) 10

o(D2) p(D2) p(D2))
(1, 0, 0, 0, 0, 0, 0, 0, 0, 0) (3, 1, 1, 1, 1, 0, 0, 0, 0, 2) 3

(1, 0, 0, 0, 0, 0, 0, 0, 0, 0) (4, 1, 1, 1, 1, 1, 1, 0, 0, 3) 4

(1,0,0,0,0,0,0,0,0,0) (5,1,1,1,1,1,1,1,1,4) 5

(2, 1, 1, 0, 0, 0, 0, 0, 0, 1) (4, 1, 1, 1, 1, 1, 1, 0, 3, 0) 6

(2, 1, 1, 0, 0, 0, 0, 0, 0, 1) (5, 1, 1, 1, 1, 1, 1, 1, 4, 1) 7

(3, 1, 1, 1, 1, 0, 0, 0, 0, 2) (4, 1, 1, 1, 1, 1, 1, 0, 3, 0) 8

(3, 1, 1, 1, 1, 0, 0, 0, 0, 2) (5, 1, 1, 1, 1, 1, 1, 1, 4, 1) 9

(4, 1, 1, 1, 1, 1, 1, 0, 0, 3) (4, 1, 1, 1, 1, 1, 1, 0, 3, 0) 10

(4, 1, 1, 1, 1, 1, 1, 0, 0, 3) (5, 1, 1, 1, 1, 1, 1, 1, 4, 1) 11

This concludes the proof of theorem 7.
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Now we will prove the existence of a 4-system on S.

THEOREM9. The classes

Do (0,-1, -1,-1,-1,0,0,0,0,0)

£), (1,-1, -1,0,0,0,0,0,0, 1)

D2 (1, 0, 0, 0, 0, 0, 0, 0, 0, -1)

D3 (2, 1, 1, 0, 0, 0, 0, 0, 0, 0)

are a 4-system on S.

Proof. Also in this case it is obvious that properties I), II) and III) are
satisfied. We will proceed as in the proof of theorem 8: by applying lemma 7, for
every 0 &lt; i s y &lt; 3 and for every

it will suffice to find éléments of the form o(D,), p{Dt), o, p e G, such that:

2) o(D,) — p(Dj) satisfies either one of conditions i), ii) of lemma 7. A list of
such éléments is given below:

(0,-1,-1,-1,-1,0,0,0,0,0)
(0,0,0,-1,-1,0,-1,0,-1,0)
(0,-1,1,-1,-1,0,0,0,0,0)
(0,0,0,-1,-1,0,0,0,-1,-1)
(1,-1,-1,0,0,1,1,0,0,-1)
(0,-1,-1,0,0,0,0,0,-1,-1)
(1,-1,-1,1,1,0,10,0,0,-1)
(0,0,0,0,0,-1,-1,0,-1,-1)
(1,1,1,-1,-1,0,0,0,0,-1)
(2,1,0,0,0,-1,-1,2,1,0)
(1,1,1,-1,-1,0,0,0,0,-1)
(1,1,1,-1,-1,0,0,0,-1,0)
(1,1,1,-1,-1,0,0,0,0,-1)
(1,1,1,-1,-1,0,0,0,-1,0)

(0,0,0,1,-1,-1,-1,0,0,0)
(2,0,0,-1,-1,1,0,2,1,0)
(0,0,0,0,0,-1,-1,-1,-1,0)
(3,0,0,-1,-1,1,1,2,1,2)
(1,1,1,-1,-1,0,0,0,0,-1)
(3,0,0,-1,-1,1,1,2,1,2)
(1,1,1,-1,-1,0,0,0,0,-1)
(3,0,0,-1,-1,1,1,2,1,2)
(2,-1,-1,0,0,1,1,0,0,2)
(2,0,-1,0,0,1,1,0,-1,2)
(2,-1,-1,1,1,0,0,0,0,2)
(4,-1,-1,1,1,1,1,2,1,3)
(3,-1,-1,2,2,1,1,0,0,1)
(5,-1,-1,1,1,2,2,3,2,2)

p(D0))
-2
-1

0
1

2

3

4

5

6

7

8

9

10

11
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(1,1,1,-1,-1,0,0,0,0,-1)
(1,1,1,0,0,-1,-1,0,-1,0)

a(D0)

(1,1,1,-1,-1,0,0,0,-1,0)
(1,1,1,-1,-1,0,0,0,0,-1)
(1,1,1,-1,-1,0,0,0,-1,0)
(1, 1, 1, -1, -1, 0, 0, 0, 0, -1)
(1,1,1,-1,-1,0,0,0,-1,0)
(1,1,1,-1,-1,0,0,0,0,-1)
(0,-1,-1,0,0,0,0,0,-1, -1)
(1,0,0,1,1,-1,-1,0,-1,0)
(0,-1,-1,0,0,0,0,-1,0,-1)
(0,-1,-1,0,0,0,0,0, -1, -1)
(0, -1, -1,0,0,0,0,0, -1, -1)
(2, -1, -1, 1, 1, 0, 0, 0, 0, 2)

(1,-1, -1,0,0,1,1, -1,0,0)
(1,-1,-1,0,0,1,1,0,0,-1)
(0,0,0,-1,-1,0,0,0,-1,-1)
(2, -1, -1, 0, 0, 1, 1, 0, 0, 2)

o(D0)
(0,-1, -1, -1, -1,0,0,0,0,0)
(0,-1, -1,0,0,0,0,-1,0, -1)
(1,0,0,1,1,-1,-1,-1,0,0)
(2,0,0,-1,-1,0,0,1,2,1)
(1,-1,-1,1,1,0,0,-1,0,0)
(2,0,0,-1,-1,0,0,2,1,1)
(2,0,0, -1,-1,1,1,2.0,0)
(2,0,0,-1,-1,0,0,1,2,1)
(2,0,0, -1,-1,0,0,2, 1, 1)

(3,1,1,-1,-1,0,0,2,1,2)
(1,1,0,-1,-1,0,0,1,0,-1)
(3,0,0,-1,-1,1,1,2,1,2)
(3,0,0,-1,-1,1,1,2,1,2)
(4,-1,-1,1,1,1,1,2,3,1)
(3,-1,-1,0,0, 1,1,2, 1,2)
(3, -1, -1,0,0, 1, 1,2, 1,2)

(5,-1,-1,1,1,2,2,2,2,3)
(5,-1,-1,1,1,2,2,3,2,2)

p(A)
(1,0,0,-1,-1,0,0,1,0,0)
(1,0,0,-1,-1,0,0,0,0,1)
(1,0,0,0,0,-1,-1,1,0,0)
(1, 0, 0, 0, 0, -1, -1, 0, 0, 1)

(1,-1,-1,0,0,0,0,1,0,0)
(1,-1,-1,0,0,0,0,0,0,1)
(3, 1, 1, 0, 0, 0, 0, 0, 3, 0)

(3, 1, 1, 0, 0, 0, 0, 0, 3, 0)

(4, 2, 2, 0, 0, 0, 0, 0, 1, 3)

(4, 2, 2, 0, 0, 0, 0, 0, 3, 1)

(5, 3, 3, 0, 0, 0, 0, 2, 1, 2)

(5, 3, 3, 2, 2, 0, 0, 0, 0, 1)

(5, 3, 3, 2, 2, 0, 0, 0, 1, 0)

(5, 3, 3, 2, 2, 0, 0, 0, 0, 1)

(10, 0, 0, 4, 4, 5, 5, 3, 2, 3)

(5, 3, 3, 2, 2, 0, 0, 0, 0, 1)

p(D2)
(1, 0, 0, 0, 0, 0, 0, 0, 0, -1)
(2, 1, 1, 0, 0, 0, 0, 0, 1, -1)
(2, 1, 1, 0, 0, 0, 0, 0, 1, -1)
(2,1,1,0,0,0,0,0,1,-1)
(2,1,1,0,0,0,0,0,1,-1)
(2,0,0,1,1,0,0,1,0,-1)
(2, 1, 1, 0, 0, 0, 0, -1, 1, 0)

(3,1,1,1,1,0,0,-1,0,2)
(3,1,1,1,1,0,0,-1,2,0)
(3,1,1,1,1,0,0,-1,2,0)
(5,0,-1,2,2,1,1,2,1,3)
(3,1,1,1,1,0,0,-1,2,0)
(4,2,2,1,1,0,0,-1,2,1)
(4,1,1,1,1,1,1,-1,0,3)
(4,2,2,1,1,0,0,-1,2,1)
(6,2,2,2,2,3,3,0,-1,1)

12

13

(o(D0),
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a(D0)
(1,1,1,-1,0,0,0,-1,0)
(0,-1,-1,-1,-1,0,0,0,0)
(1,0,0,-1,-1,1,1,0,-1,0)
(0,-1,-1,0,0,0,0,0,-1,-1)
(1,-1,-1,0,0,1,1,0,-1,0)
(1,-1,-1,0,0,1,1,0, -1,0)
(1,-1,-1,0,0,0,1,-1,0)
(3, -1, -1,0,0, 1, 1,2,2, 1)

(1,-1,-1,1,1,0,0,-1,0)
(0,-1,-1,-1,-1,0,0,0,0,0)
(1,-1,-1,0,0,1,1,0,-1,0)
(1,-1,-1,0,0,1,1,0,-1,0)
(0,0,0,-1,-1,0,0,-1,0,-1)
(2,-1,-1,0,0,1,1.2,0,0)
(1,0,0,-1,-1,1,1,0,-1,0)
(4,-1,-1,1,1,1,1,3,1,2)

(3, 1, 1, 0, 0, 0, 0, 1, 0, 2)
(2, 1, 1, 0, 0, 0, 0, 0, 0, 0)
(3, 1, 1, 0, 0, 0, 0, 1, 0, 2)
(3, 1, 1, 0, 0, 0, 0, 1, 0, 2)
(3, 1, 1, 0, 0, 0, 0, 1, 0, 2)
(3, 1, 1, 0, 0, 0, 0, 2, 1, 0)
(3, 1, 1, 0, 1, 0, 0, 0, 2, 0)
(2, 1, 1, 0, 0, 0, 0, 0, 0, 0)
(4, 2, 2, 0, 0, 0, 0, 2, 1, 1)

(6, 3, 3, 2, 2, 2, 2, 0, 0, 0)
(5, 2, 2, 1, 1, 0, 0, 3, 2, 0)

(5, 2, 2, 1, 1, 0, 0, 0, 3, 2)
(9, 3, 3, 4, 4, 0, 0, 3, 4, 2)

(5, 2, 2, 1, 1, 0, 0, 0, 2, 3)

(7, 3, 3, 2, 2, 0, 0, 1, 4, 2)

(4, 2, 2, 0, 0, 1, 1, 0, 2, 0)

1

2

3

4
5

6

7

8

9

10

11

12

13

14

15

16

(&quot;(A),

(1,-1,-1,0,0,0,0,0,0,1)
(1, -1,0,0,0,0,0, -1,0,1)
(1,-1,-1,0,0,0,0,0,0,1)
(2, 1,0,0,0,0,0,2,0, -1)
(2,0,-1,0,0,0,0,2,0,1)
(2,1,0,0,0,0,0,2, -1,0)
(4, 2, 2, 0, 0, 0, 0, 0, 1, 3)

(1,-1,-1,0,0,0,0,1,0,0)
(1,-1,-1,0,0,0,0,1,0,0)
(3, 1, 1, 0, 0, 0, 0, 3, 0, 0)
(2,0,0,0,0,0,0,1,-1,2)
(4, 0, 0, 2, 2, 0, 0, 0, 1, 3)
(3, 0, 0, 0, 0, 1, 1, 0, 0, 3)
(4, 2, 2, 0, 0, 0, 0, 3, 0, 1)

(2,0,0,0,0, -1,0,2,0, 1)
(3, 0, 0, 0, 0, 1, 1, 3, 0, 0)

(1,0,0,-1,-1,0,0,0,0,1)
(1,0,1,0,0,0,0,-1,0,-1)
(3, 1, 1, 0, 0, 0, 0, 0, 0, 3)
(3, 1, 0, 0, 0, 0, 0, 1, 3, 0)
(3, 1, 0, 0, 0, 0, 0, 1, 3, 0)

(2,0,-1,0,0,0,0,0,1,2)
(4, 0, 0, 2, 2, 0, 0, 0, 1, 3)
(4, 2, 2, 0, 0, 0, 0, 1, 0, 3)
(4, 2, 2, 0, 0, 0, 0, 0, 3, 1)

(5, 3, 3, 2, 2, 0, 0, 0, 1, 0)
(4, 2, 2, 0, 0, 0, 0, 1, 3, 0)

(5,3,3,2,2,0,0,0,1,0)
(5, 3, 3, 2, 2, 0, 0, 0, 0, 1)
(4, 0, 0, 2, 2, 0, 0, 0, 1, 3)
(6, 2, 2, 0, 0, 3, 4, 0, 2, 1)
(5, 3, 3, 2, 2, 0, 0, 0, 1, 0)

0
1

2

3

4

5

6
7

8

9

10

11

12

13

14

15
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(1,-1,-1,0,0,0,0,1,0,0)
(1,-1,-1,0,0,0,0,0,0,1)
(2,0,0,0,0,0,0,2,1,-1)
(2,0,0,0,0,0,0,2,-1,1)
(2,1,0,0,0,0,0,2,-1,0)
(3, 1, 1, 0, 0, 0, 0, 0, 0, 3)

(3,1,1,0,0,0,0,3,0,0)
(3,1,0,0,0,0,0,3,0,1)
(3,1,1,0,0,0,0,3,0,0)
(3,1,1,0,0,0,0,3,0,0)
(5,0,0,2,2,3,3,0,1,0)
(3,0,0,0,0,1,1,3,0,0)
(3,0,0,0,0,1,0,3,0,1)
(5,0,0,2,2,3,3,1,0,0)
(5,0,0,2,2,3,3,1,0,0)
(9,4,4,4,4,0,0,3,1,3)

p(D2))
(1,0,0,0,0,0,0,0,-1,0) 1

(1,0,0,0,0,0,0,0,0,-1) 2

(1,0,0,0,0,0,0,0,-1,0) 3

(1,0,0,0,0,0,0,-1,0,0) 4

(2,1,0,1,1,0,0,-1,0,0) 5

(1, 0, 0, 0, 0, 0, 0, 0, 0,-1) 6

(2,1,1,0,0,0,0,-1,0,1) 7

(2,1,0,1,1,0,0,-1,0,0) 8

(2,0,0,1,1,0,0,-1,0,1) 9

(3,1,1,1,1,0,0,-1,0,2) 10

(3,1,1,1,1,0,0,-1,0,2) 11

(3,1,1,1,1,0,0,-1,0,2) 12

(4,2,2,1,1,2,1,-1,0,0) 13

(4,2,2,1,1,0,0,2,1,-1) 14

(4,2,2,0,0,1,1,-1,2,1) 15

(2,0,0,0,0,1,1,1,-1,0) 16

(1,0,0,-1,-1,0,0,0,0,1)
(1,-1,-1,1,0,0,0,0,0,0)
(1,-1,-1,0,0,0,0,0,0,1)
(1,0,0,-1,-1,1,0,0,0,0)
(3, 0, 0, 1, 1, 0, 0, 0, 0, 3)
(3, 1, 1, 0, 0, 0, 0, 3, 0, 0)
(5, 3, 3, 2, 2, 0, 0, 0, 1, 0)
(3, 0, 0, 1, 1, 0, 0, 3, 0, 0)
(3, 1, 1, 0, 0, 0, 0, 3, 0, 0)

(1,-1,-1,0,0,1,0,0,0,0)
(3,1,1,0,0,0,0,3,0,0)
(4,2,2,0,0,0,0,3,0,1)
(5,3,3,2,2,0,0,1,0,0)
(5, 3, 3, 2, 2, 0, 0, 0, 1, 0)

(5,3,3,2,2,0,0,1,0,0)
(9, 4, 4, 4, 4; 3, 3, i, 0, 0)

(2,1,1,0,0,0,0,0,0,0)
(3,1,1,2,1,0,0,0,0,0)
(2,1,1,0,0,0,0,0,0,0)
(4,1,1,1,1,1,0,0,0,3)
(2, 1, 1, 0, 0, 0, 0, 0, 0, 0)
(3, 1, 1, 0, 0, 0, 0, 0, 1, 2)
(3, 1, 1, 0, 0, 0, 0, 0, 1, 2)
(3, 1, 1, 0, 0, 0, 0, 0, 1, 2)
(4, 1, 1, 1, 1, 0, 0, 0, 1, 3)

(7,3,3,2,2,2,1,0,0,4)
(4,0,0,1,1,1,1,0,1,3)
(4,0,0,1,1,1,1,0,1,3)
(4,1,1,0,0,1,1,0,3,1)
(4, 0, 0, 1, 1, 1, 1, 0, 1, 3)

(4,0,0,1,1,1,1,0,3,1)
(2, 0, 0, 0, 0, 0, 0, 1, 0, 1)

2

3

4
5

6

7

8

9

10

11

12

13

14

15

16

17
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(o(D2),
o(D2) p(D2) p(D2))
(1,0,0,0,-1,0,0,0,0,0) (2,1,1,1,0,0,0,0,0,-1) 2

(2,1,1,0,-1,0,0,0,0,1) (2,1,1,1,0,0,0,0,0,-1) 3

(1,0,0,0,0,0,0,0,0,-1) (3,2,2,0,0,0,0,0,0,1) 4

(2,1,1,0,-1,0,0,0,0,1) (2,1,1,1,0,0,0,0,0,-1) 5

(2,1,1,1,0,0,0,0,0,-1) (3,0,0,2,1,0,0,0,0,2) 6

(3, 2, 2, 0, 0, 0, 0, 1, 0, 0) (3, 0, 0, 0, 0, 0, 0, 2, 1, 2) 7

(3, 0, 0, 1, 0, 2, 2, 0, 0, 0) (3, 0, 0, 1, 0, 0, 0, 2, 2, 0) 8

(6,3,3,2,2,0,0,3,0,1) (1,0,0,0,0,0,0,-1,0,0) 9

(6, 3, 3. 2, 2, 0, 0, 3, 0, 1) (2, 0, 0, 1, 1, 0, 0, -1, 0, 1) 10

(5,3,3,1,1,0,0,0,1,2) (2,0,0,0,0,1,1,0,1,-1) 11

(6,3,3,2,2,0,0,3,1,0) (4,1,1,2,2,0,0,-1,1,2) 12

(3,0,0,0,0,2,2,1,0,0) (4,2,2,1,1,0,0,-1,2,1) 13

(6,3,3,2,2,0,0,3,0,1) (2,0,0,0,0,1,1,-1,0,1) 14

(4,0,0,2,2,1,1,2,-1,1) (4,2,2,0,0,1,1,1,2,-1) 15

(6,3,3,2,2,0,0,3,0,1) (4,1,1,0,0,2,2,1,2,-1) 16

(6, 3, 3, 2, 2, 0, 0, 1, 0, 3) (3, 0, 0, 0, 0, 2, 2, 1, 0, 0) 17

(o(D2),
o(D2) p(D3) p(D3))
(2, 1, 1, 1, 0, 0, 0, 0, -1, 0) (2, 0, 0, 1, 0, 0, 0, 1, 0, 0) 3

(2,1,1,1,0,0,0,0,0,-1) (2,0,0,1,0,0,0,0,0,1) 4

(2,1,1,1,0,0,0,0,0,-1) (3,1,1,1,0,0,0,0,0,2) 5

(3, 2, 2, 0, 0, 0, 0, 0, 0, 1) (2, 0, 0, 1, 1, 0, 0, 0, 0, 0) 6

(2, 0, 0, 1, 0, 1, 1, 0, 0, -1) (3, 1, 1, 1, 0, 0, 0, 0, 0, 2) 7

(3, 0, 0, 1, 0, 0, 0, 2, 2, 0) (3, 1, 1, 1, 0, 0, 0, 0, 0, 2) 8

(1,0,0,0,0,0,0,0,-1,0) (6,2,2,2,2,0,0,0,3,3) 9

(4, 1, 1, 2, 2, 0, 0, 1, -1, 2) (3, 1, 1, 0, 0, 0, 0, 0, 2, 1) 10

(3, 0, 0, 0, 0, 2, 2, 1, 0, 0) (4, 1, 1, 1, 1, 0, 0, 1, 0, 3) 11

(4, 0, 0, 2, 2, 1, 1, 1, -1, 2) (3, 1,1,0, 0, 0, 0, 0, 2, 1) 12

(5, 3, 3, 1, 1, 0, 0, 1, 0, 2) (3, 0, 0, 0, 0, 1, 1, 2, 1, 0) 13

(4,0,0,2,2,1,1,1,-1,2) (4,2,2,1,1,0,0,0,2,0) 14

(6,2,2,2,2,3,3,0,-1,1) (3,1,1,0,0,0,0,2,1,0) 15

(4,0,0,2,2,1,1,1,-1,2) (4,2,2,0,0,1,1,0,2,0) 16

(13, 2, 2, 6, 6, 4, 4, 7, 2, 2) (2, 0, 0, 0, 0, 0, 0, 1, 0, 1) 17

(5, 3, 3, 1, 1, 0, 0, 2, 0, 1) (4, 0, 0, 1, 1, 2, 2, 0, 2, 0) 18
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(2, 1, 1, 0, 0, 0, 0, 0, 0, 0)
(3, 1, 1, 0, 0, 0, 0, 1, 0, 2)
(3, 1, 1, 0, 0, 1, 1, 0, 0, 2, 0, 1)

(3, 0, 0, 1, 1, 0, 0, 1, 0, 2)
(3, 0, 0, 1, 1, 0, 0, 2, 0, 1)

(5, 0, 0, 2, 2, 1, 1, 3, 0, 2)
(3, 1, 1, 0, 0, 0, 0, 2, 0, 1)

(5, 0, 0, 2, 2, 1, 1, 3, 0, 2)
(3, 1, 1, 0, 0, 0, 0, 2, 0, 1)

(5, 1, 1, 2, 2, 2, 3, 0, 0, 0)
(5, 0, 0, 2, 2, 1, 1, 2, 0, 3)
(5, 2, 2, 1, 1, 2, 3, 0, 0, 0)
(5, 0, 0, 2, 2, 1, 1, 2, 0, 3)
(11, 3, 3, 5, 5, 3, 4, 1, 0, 5)

(5, 0, 0, 2, 2, 1, 1, 2, 0, 3)
(13, 4, 4, 6, 6, 5, 5, 3, 2, 0)

p(D3)
(2, 0, 0, 1, 1, 0, 0, 0, 0, 0)
(3, 1, 1, 0, 0, 0, 0, 2, 1, 0)
(3, 1, 1, 0, 0, 0, 0, 0, 2, 1)

(3, 1, 1, 0, 0, 0, 0, 2, 1, 0)
(3, 1, 1, 0, 0, 0, 0, 0, 2, 1)

(3, 0, 0, 0, 0, 1, 1, 0, 1, 2)
(4, 1, 1, 0, 0, 2, 2, 0, 2, 0)
(3, 1, 1, 0, 0, 0, 0, 0, 1, 2)

(4, 0, 0, 1, 1, 2, 2, 0, 2, 0)
(4, 0, 0, 1, 1, 0, 1, 1, 1, 3)

(4, 2, 2, 0, 0, 1, 1, 2, 0, 0)
(4, 0, 0, 1, 1, 0, 1, 1, 1, 3)
(4, 1, 1, 0, 0, 2, 2, 0, 2, 0)
(2, 0, 0, 0, 0, 0, 1, 1, 0, 0)
(4, 2, 2, 0, 0, 1, 1, 0, 2, 0)
(3, 0, 0, 1, 1, 0, 0, 2, 1, 0)

p(D3))
4

5

6
7

8

9

10

11

12

13

14

15

16

17

18

19

This concludes the proof of theorem 9.

We can now state the following theorem, which is a straightforward
conséquence of theorems 6, 8 and 9.

THEOREM 10. (i) For every r s 5 f/iere erâïs an embedding of S as a

nonsingular surface F2r~3 of degree 2r — 3 in Pr, and for every (d, g) such that

existe a nonsingular irreducible and nondegenerate curve X of degree d and

genus g on F2r~3.

(ii) For every r&gt;l there exists an embedding of S as a nonsingular surface
p2r-4 Qj degree 2r — 4 in Pr, and for every {d, g) such that

there exists a nonsingular irreducible and nondegenerate curve X of degree d and

genus g on F2r&quot;4.

Note that theorem 10 differs from our main theorem, as stated in the

introduction, only in that the surface 5 appears instead of 5&apos;. In the next section

we will show how to deduce the main theorem from theorem 10.
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Remark 2. Arguing as in proposition 5 it is easy to see that if there exists a

&lt;5-tuple £&gt;0, Dô-x of classes of Pic (S) satisfying conditions I), II), III) of the
définition of ô-System, then 5 can be embedded in Pr as a smooth linearly normal
surface of degree 2r — ô for ail r &gt; ô — 1. The following is a list of such &lt;5-tuples

for5&lt;&lt;5&lt;9:

ô 5:

Do (0, -1, -1, -1, 0, 0, 0, 0, 0, 0)
D2 (1, -1,-1, 0, 0, 0, 0, 0, 0, 0)

D4=(2, 1,0, 0,0,0,0, 0,0, 0)

Dx (1, 1, -1, -1, 0, 0, 0, 0, 0, 0)
D3 (2, 1, 1, -1, 0, 0, 0, 0, 0, 0)

Do (0, -1, -1, -1, -1, -1, -1, 0, 0, 0)
D2 (l,-1, -1,-1, -1,0,0,0,0,0,0)
D4 (2, 1, -1, 0, 0, 0, 0, 0, 0, 0)

Dl (1, 1, -1, -1, -1, -1, 0, 0, 0, 0)
D3 (2, 1, 1, -1, -1,0,0,0,0,0)
D5 (3, 2, 1, 0, 0, 0, 0, 0, 0, 0)

D0=(0,-1, -1,-1, -1, -1, -1,-1,0,0)
D2 (l, -1, -1,-1, -1,0,0,0,0,0)
D4 (2, 1, -1, -1, 0, 0, 0, 0, 0, 0)
D6= (3, 2, 0,0, 0,0, 0,0, 0,0)

A (1,1,-1, -1,-1, -1,-1,0,0,0)
D3 (2, 1, 1, -1,-1, -1,0,0,0,0)
D5 (3, 2, 1, -1, 0, 0, 0, 0, 0, 0)

Do= (0, -1, -1, -1, -1, -1, -1, -1, -1, 0) Dx (1, 1, -1, -1, -1, -1, -1, -1, 0, 0)
D2 (l, -1, -1,-1, -1,-1,0,0,0,0) £&gt;3 (2, 1, 1, -1, -1, -1,-1,0,0,0)
D4=(2, 1, -1, -1, -1,0,0,0,0,0) D5 (3, 2, 1, -1, -1,0,0,0,0,0)
D6 (3, 2, -1, 0, 0, 0, 0, 0, 0, 0) D7 (4, 3, 1, 0, 0, 0, 0, 0, 0, 0)

Do=(0, -1, -1, -1, -1, -1, -1, -1, -1, -1); A (l, 1, -1, -1, -1, -1, -1, -h -h 0)
D2 (l, -1, -1, -1, -1, -1, -1,0,0,0) A&gt; (2, 1, 1, -1, -1, -1, -1, -1, -1,0,0)
D4= (2, 1, -1, -1, -1, -1, 0, 0, 0, 0) D5 (3, 2, 1, -1, -1, -1, 0, 0, 0, 0)
D6 (3, 2, -1, -1, 0, 0, 0, 0, 0, 0) D7 (4, 3, 1, -1, 0, 0, 0, 0, 0, 0)
D8 (4,3,0, 0,0,0,0, 0,0,0)

On the other hand it is clear that there are no such ô-tuples for ô &gt; 10:

indeed, letting D \D0— a)s\, q&gt;D(S) is a smooth surface of degree ô in pô with
elliptic hyperplane sections.

4. Remarks

1) One of our main technical tools has been proposition 1, whose proof uses

very strongly the geometrical properties of the surface 5, particularly the fact that
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the points Plt P9 are not in gênerai position, but are base points of a generic
pencil of cubics. It is pretty clear that proposition 1 cannot be generalized to a

surface S&apos; obtained by blowing up 9 points of P2 in gênerai position. Nevertheless
it is not difficult to see that our other main results generalize to 5&apos;. This can be

done in the following way.
Let Pu P9 e P2 be the points that define S, and let M be a gênerai Une

through P9. In P2 x M dénote by F the diagonal curve, whose support is

{(p, p) :p e M}. Let S be the blow-up of P2 x M along P1xMU...UP8xMU
Ff and let q : S-» P2 x M be the projection, and n : S—» M be the composition of q
with the second projection P2x M—» M. Clearly n is a smooth family of
projective surfaces, whose fibre over a point p e M is the surface S(p) obtained
from P2 after blowing up P1,. P8 and p. In particular S(P9) 5. Note that for
allp in some open neighborhood of P9 the points Plf. P8,p arexontained in a

unique cubic curve Cp which is nonsingular, hence they are in gênerai position.
In Pic (S) consider the classes

where H #*(o(l)), and E1?...,E8, Ep are the exceptional surfaces coming
from the curves PiX M,. P8 x M, Trespectively. It is clear that every élément
o(£&gt;) of Pic(5), being a linear combination of o(//), o(-Ex),. ,o{-E9),
extends to an élément o(D) e Pic (S) which is the corresponding combination of
the above classes; hence, by restriction, it defines a divisor class o(Dp) e

Pic(S(p))forall/?eM.
Suppose that o(£&gt;) e Pic (5) is such that

From the upper-semicontinuity principle it follows that there is an open
neighborhood UD of P9 in M such that for ail p e UD

If moreover the linear System |D| has no base points and contains an
irreducible and nonsingular curve, then, after possibly shrinking UD, the same is

true of |£&gt;p| for ail p e UD. Indeed the base point freeness of \D\ implies that the
natural map

is surjective in a neighborhood of S(P9) S. From the base change properties it
then follows that \DP\, is base point free for ail p in that neighborhood. Condition
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(*) imphes that ^©(D) îs locally free of rank h{)(S, o(D)) on some open set U

containing P9 As a conséquence we hâve that, if X e \D\ îs a gênerai élément, ît
can be extended to a relative effective Cartier divisor X on ji~1(U) And if X îs a

nonsingular curve, then ît follows from the flatness of X over U that the
restriction Xp of X to S(p) îs also a nonsingular curve for ail p in some open set

V &lt;= U containing P9

Suppose in addition that o(£&gt;) îs very ample, then ît îs easy to show that, after
possibly shnnkmg UD, o(Dp) îs very ample for ail p e UD Indeed, on jz~1(Ud)
the natural map ;r*jr*o(D)--»o(D) îs surjective, hence ît defines a J7D-morphism

P

which restricts on every fibre S(p), p e UD, to the morphism

&lt;pp

defined by the hnear System \DP\ For p P9 this îs a closed embeddmg, because

o(D) îs very ample, hence there îs an open V cz UD such that the restriction of cp

to jï~1(V) is finite and such that op—&gt; cp*os îs an isomorphism, equivalently cp îs a

closed embedding of jt~1(V) in P and this means that o(Dp) is very ample for ail

peV
Thèse remarks can be apphed to D Dt — œcos to conclude that propositions 4

and 5 generahze to S&apos; with no changes As a conséquence of this we hâve that
theorem 6 is still true if we replace 5 by 5&apos; Clearly lemma 7 extends to S&apos;, and

the proofs of theorems 8 and 9 extend word by word to Sf Consequently theorem
10 also extends In particular the main theorem, as stated in the introduction, is

true
2) Suppose that D is a 1-connected effective divisor on a projective

nonsingular surface F such that hl(F, oF) 0, and let H be a divisor on F such

that \D + H\ contains an irreducible nonsingular curve C From the exact

séquence

and from the Ramanujam&apos; vamshing theorem (see section 1) ît follows that

We apply this remark to the surface 5, equipped with a &lt;5-system (e g a 3-system

or a 4-system), and we take H to be one of the very ample divisors Hr and C any
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of the curves X of degree d and genus g such that 0&lt;g&lt;d-r-l, as described
in proposition 5. It follows that the curves X of degree d and genus g constructed
in theorem 6 satisfy h°(X, ox(H)) r + 1 (i.e. are &quot;linearly normal&quot;) if

In particular this applies to the curves of theorem 10 and, by upper-
semicontinuity, to those of the main theorem which satisfy the corresponding
inequalities for ô 3,4.

3) Let C cz Pr be a nonsingular irreducible and nondegenerate curve of degree

n, o(Hc) the hyperplane section line bundle and cuc the canonical bundle.
Assume that h°(C, o(Hc)) r + 1. The natural map

^C):H°(C9 o(//c))® tf°(C, a&gt;c(-Hc))-+H°(C9 œc)

is called the Brill-Noether map of C a Pr.

The map juo(C) is relevant to the study of the scheme Wrn(C) of linear séries of
degree n and dimension at least r on C. In particular, the surjectivity of jU0(C) is

équivalent to the fact that o(Hc) is an isolated point of Wrn(C) with reduced
structure. We will check this last property on some of the curves we hâve
constructed.

Again suppose that the surface S is equipped with a &lt;3-System, and let F c Pr
be the nonsingular embedding of degree 2r — ô of S given by theorem 6.

Let JcFbe a nonsingular nondegenerate curve of degree d and genus g as

constructed in the proof of theorem 6. Assume that g &gt; 2d - Ar + à (with the
notation of theorem 6, this means that (d, g) lies above the line Lx). Then it
follows from the proof of theorem 6 that Xe\C + mHr\, for some m ^ 2 and for
some irreducible, nonsingular and nondegenerate C of degree d&apos; and genus g&apos;

such that 0 &lt; g&apos; &lt; d&apos; - r - 1. We will write Hr H.
Since, by remark 2) above, h°(X, oc(H)) r +1, we can consider the

Brill-Noether map of A&quot; cz Pr. We daim that fiQ(X) is surjective. Indeed consider
the following commutative diagram:

fi : H°{F, oF(H)) ® H°(F, (oF(X - H)) -&gt; H°(F, a)F(X))
I ïq

lio(X):H{\X, ox(Hx))®H°(X, œx(-Hx))-+H°(X, œx).

Since q is surjective, it suffices to show that jh is surjective, and for this

purpose it is enough to show that the sheaf a)F(X - H) is 0-regular with respect to
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o(H) (see [M]). This amounts to check that:

H\FyœF(X-2H)) (0)

and

H2(F,coF(X-3H)) (0).

The first condition follows from the vanishing theorem because |X — 2H\
\C + (m — 2)H\ contains a 1-connected divisor. The second condition is équivalent

to

H°(F,oF(3H-X)) (0),

which is true because

-X\ \(3-m)H-C&apos;\,

and this is clearly empty if m &gt;3, and likewise empty for m 2 because C is

nondegenerate.
Of course this remark applies to the curves of theorem 10, taking ô 3 or 4,

and, by upper-semicontinuity, it extends to the curves of the main theorem.
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