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On normal representations of G-actions on projective varieties

GABRIEL KATZ

Introduction

Let G be a finite group. In this paper we examine a relation between
G-actions on manifolds (in particular, on smooth projective varieties) and the
polynomial invariants of G-representations.

Let ¥:G— GL(V;C) be a G-representation in a complex n-dimensional
vector space V with the property V¢ = {0}. Without loss of generality we assume
that ¥ is faithful.

Given a finite set {W, },.r of such representations ¥, of the same dimension
n, one might ask the following question. For which finite sets I does there exist a
smooth closed oriented G-manifold M** (G-action preserving the orientation)
with the G-fixed point set M discrete and equal to I, and with the tangential G-
representation at each ye M® =M SO-isomorphic to ¥,? Here ¥, is regarded
as an orthogonal representation under the standard inclusion U(n) < SO(2n)
(thus, we are doing an oriented count of the fixed points in M). This question has
a variety of versions which differ in the extra structures imposed on M (such as
being stably-complex, algebraic, etc.) and in the restrictions on the isotropy
groups of the G-action. If for a given set {¥, },.r an appropriate G-manifold M
exists, we say that I' is geometrically realizable (in the given category).

In this paper we deal with a special case of the stated problem, namely, with
the case where all ¥, are pairwise isomorphic complex representations. Our main
interest here is, for a given ¥, to estimate the size of the subgroup of Z,
generated by the cardinalities #1, I running over all geometrically realizable sets
(it turns out that the “realizable” #I form a group using equivariant connected
sums of G-manifolds and the effect of reversing orientations). We denote its
additive generator by ry.

In this formulation of the problem the answer is often “trivial”: ry=1. For
example, this is the case for any ¥ having no 1-dimensional G-invariant
subspaces. In fact, for such ¥ its one copy is realizable on the complex projective
space P(V @ C) with the G-action induced by ¥® Id. Another case, where the
answer is often trivial (i.e., 1), but the argument is not, is the case where G is the
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170 GABRIEL KATZ

cyclic group C,, of order m and ¥ is 1-dimensional. Then, by [S], ry =1 if and
only if m is not a power of a prime.

In the following we will work with a refined version of the problem, requiring
further that any isotropy group G,, x € M\M€ (M realizing I') is contained in an
appropriate isotropy group of a point of the unit sphere S(V)c V. This means
that the G-action on M\M has to be not “less free” than the one on S(V).

Let dy be the generator of the subgroup of Z, generated by all #I', where I'is
geometrically realizable in the aforementioned sense. Notice that dyZ is a
subgroup of ryZ and thus ry divides d . These numbers are not always equal. If
Y:C,,—U(1) is a faithful 1-dimensional representation, p, g distinct odd
primes, then ry =1 and dy = pq [5].

If the G-action on S(V) is free, the problem of computing dy is equivalent to
the computation of the order of the element [S(V)/G, f] in the oriented bordism
group £,,_,(BG) (or, for example, in the complex bordism group U,,_(BG),
depending on the structure imposed on G-manifolds). Here BG is the classifying
space for G and f:S(V)/G— BG is the classifying map, produced by the
G-action on S(V). In particular, for G = C,, one can ask how to compute dy in
terms of the rotation numbers j,,...,j, characterizing the lense space
L,,_«(m;ji,...,j.)=S(V")/C,. By a spectral sequence argument in U-bordism
it is easy to show that [L,,_,(m;j,, ..., j.), f], as an element of U,,_,(BC,,),
can be represented by the formula

n—1

120 S(m;jy, ..., fn)[Lz(n—l)—l(m§ L...,1),f.) (*)
where (m;j,, ..., J,) € Uy(pt) and f,,_;: Ly,—p-1(m; 1, . . ., 1)—= BC,, denotes
the classifying map. In fact, if one knows the classes {%(m;j;, ..., J.)},
{F(m;m+1,1,...,1)} and their images in £2,(pt), then consecutively apply-

ing (*) permits one, in principle, to describe all geometrically realizable I" and, in
particular, to compute dy. Therefore, the main difficulty is to compute
{F(m;jy, ..., J,)}. This was done in [7], [10] in terms of the Adams operations
in U-bordism. Unfortunately, the Novikov—Kasparov methods do not give
directly a precise numerical result (nevertheless, some nontrivial necessary
conditions on the realizable I can be derived with their help). The best numerical
result in this direction we know is the Conner-Floyd computation of the order of
[Lan—1(p*;1, ..., 1), f,] for an odd prime p [4]. It is equal to p**, where a is
defined by the condition a(p —1)=n<(a+1)(p — 1), and so grows exponen-
tially with the dimension n.

If G does not act freely on S(V), then one can still formulate the problem we
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are discussing in terms of stratified bordism of an appropriate (stratified)
classifying space. However, the complexity of the stratified category and the lack
of G-transversality makes it difficult to use this approach. We don’t know any
results of this sort for nonsemifree actions, besides those obtained in the present
paper.

Let us describe the plan of the paper. In Section 1 we present an algorithm for
constructing examples of smooth algebraic G-actions on complex projective
varieties M with a prescribed normal representation ¥': G — GL(V; C) at the set
of isolated G-fixed points. This algorithm is the core of the proof of our main
result - Theorem A. It exploits a new relationship between the geometrical
problems stated above and the invariant theory of finite groups. We employ
special sets of G-invariant polynomials on V, called projectively J#-free systems
(see Definition 1), to construct such an M. Then the cardinality of M€ is
expressed in terms of the degrees of these polynomials (see Theorem A). An
important step in our construction uses Hironaka’s Desingularization Theorem
[6, Th. 7.1] which makes it possible to resolve equivariantly the singularities of a
G-variety.

In this way we get some upper bounds for dy. Among other results we prove
that, if ¥(G) acts on V as a group generated by pseudo-reflections [12], then d
divides the group order |G| (See Corollary 2).

In Section 2 we illustrate the results of Section 1 by estimating and calculating
dy for two special cases. In the first one we investigate the case of cyclic actions.
Theorem A provides us with some upper bounds for dy. Combining this
information with the lower bounds for dy, arising from simple considerations of
bordism spectral sequences or from familiar number-theoretical considerations of
the Atiyah-Bott G-signature theorem, we estimate dy and in some cases
compute it entirely (see Propositions 2, 3). This should be compared with the
only previously known results on semi-free cyclic actions of an odd prime power
period [4], in which case our estimates may lead to a weaker result than the
actual calculation of dy by Conner—Floyd, but the gap is not big and does not
depend on the dimension of the representation ¥.

The second case deals with the faithful 2-dimensional representations ¥ given
by the inclusion of any subgroup of SU(2). Since for those representations the
structure of the polynomial invariants is classically known, Theorem A can be
applied effectively. With some simple bordism considerations, this gives a
calculation of dy for all but the cyclic subgroups of SU(2) (in this case the
ambiguity is of order 2) (See Proposition 3). These examples suggest tnat the
categories of algebraic and, say, stably complex G-actions are perhaps different
from the point of view of geometrically realizable I'’s. Such a result would be
very interesting.
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§1. Constructing smooth algebraic actions with a prescribed normal
representation

To formulate the results we start with a few definitions. Ry will denote the
graded algebra of complex polynomials on the n-dimensional space V of the
representation ¥. Let RG c Ry be the subalgebra of G-invariant polynomials.

Denote by #(G) the set of all subgroups of G. For any subset ¥ < ¥(G)
define its closure # as {He $(G)|HcH', H' e ¥}. ¥ is closed if = %.
X < #(G) is open if its complement F(G)\¥ is closed.

Let P(V) be the complex projective space associated with V and carrying the
natural linear G-action induced by .

DEFINITION 1. Let ¥ < ¥(G) be an open set. Homogeneous polynomials
P, ..., P,e Ry form a projectively J-free system P if the intersection of the
G-invariant subvariety %z c P(V), defined by the equations {P, =0}, 1 <i=<sy,
with the H-fixed set P(V)", is empty for any H € .

Given H c G and its one-dimensional character y: H— C*, denote by V, the
subspace of V, formed by the vectors U with the property W(h)(v)= x(h)U for
any h e H. Then Definition 1 means that for any He & and y:H—C* the
equations {P, =0}, 1 <i =y, restricted to V,, have only the trivial solution OeV.
Consequently, the number of the equations s has to be at least
maxy .y, (dim V,). Thus, s = maxycx , (ResyW, x), where (Resy ¥, x) is the
multiplicity of y in the representation ResyW. Definition 1 implies that the
H-action on %5 is free for any H satisfying H N H' =1 for every H' € (G)\X.
In [2] W. Browder and N. Katz proved that if a projective variety Z c P(V) is
invariant under a linear G-action on P(V') and this action is free on #, then the
coefficients of the Hilbert polynomial of & are divisible by |G|. In particular, the
degree deg Z is divisible by |G|. Therefore one gets

LEMMA 1. a) For any projectively ¥ -free system P and any H e ¥(G)
satisfying H N H' =1 for each H' € $(G)\¥, the degree deg 5 is divisible by |H|.
In particular, for such H, if %5 is a complete intersection, then [I;_, deg P, is
divisible by |H|.

b) Moreover, dim &5 <dim V — maxy.x, (Resy ¥, x).

DEFINITION 2. The homogeneous polynomials P, ...,P,eR§, n=
dim V, form a regular system of parameters if the system of equations {P,=

0}, 1=<i=<n, has only the trivial solution OeV.

An alternative definition: R$ is a finite C[P,, .. ., P,]-module. Since for a
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finite G, Ry is a finite RG-module [12, Th. 1.3] to verify the equivalence of the
definitions it suffices to show that ?={P,,..., P,} is a regular system of
parameters (we view 2 also as a polynomial map ?:V — V) iff the induced ring
homomorphism #*: R y— Ry introduces in R a structure of a finitely generated
Ry-module. This happens iff the map 2?:V — V is proper and with finite fibers.
By [9, Lemma 3.11] 27'(0) = 0 implies that locally, in a neighbourhood of 0, the
map 2 is proper. By homogeneity of 2, it is proper everywhere. In particular, its
fibers have to be finite. The inverse implication is obvious: if a nonzero vector
belongs to #7'(0), then the whole line, spanned by it, belongs to ?7'(0). Thus,
P fails to be proper and ?* does not induce in Ry a structure of a finite
R y-module.

Since &, < P(V) is empty for a regular system of parameters ?, sucha 2 is a
projectively J-free system for any open & < ¥(G).

For a regular system of parameters #={P,,..., P,} one has a useful
formula: [I/-, deg P, =|G|dim¢ (RG/(P,, ..., P,)), where (P, ..., P,) denotes
the ideal of RY, generated by {P,, ..., P,} (C.f. cor. 4.3 in [12]).

Let #yc F(G) be defined as {G, e F(G)|x e S(V)}. Denote by Jy the
open set #(G) — #y.
Now we are in a position to formulate the main result.

THEOREM A. Let ¥: G— GL(V;C) be a complex representation of a finite
group G with the properties: Ker W =1, V9 = {()}. Then, given any projectively
H y-free system P = {P,, ..., P.} of homogeneous G-invariant polynomials, there
exists a smooth complex projective variety M with a smooth algebraic action on it,
and such that M© consists of [I;—, deg P, isolated points. Moreover, the complex
tangential G-representation at each point of M is isomorphic to the given W. The
G-action on M\MF is not “‘less free” than the one on the unit sphere S(V)c 'V,
i.e. for each x e M\M® the isotropy group G, is contained in an appropriate
isotropy group of some point of S(V).

Proof. Let W be an (s + 1)-dimensional complex vector space. Consider the
projective (n + s)-dimensional (n =dim V') space P(V @ W) with the G-action
induced by the representation ¥® Id: G — GL(V © W; ().

We are going to construct a G-invariant n-dimensional subvariety M c
P(V & W) employing a given projectively ¥ y-free system P={P,,..., P}, P e
RY. Define M by the system of homogeneous polynomial equations:

(P(D)+ Qi(®) =0, T eV, weW;l<i<s). (A)

Here the homogeneous polynomials Q;: W—C are chosen so as to satisfy the
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following conditions: 1) deg Q; = deg P, 2) the equations {Q;(w) =0} define a
0-dimensional smooth complete intersection Z in P(W) (dim P(W)=s and the
differentials {dQ;}, 1 <i <y, are in a general position at points of Z). It is easy to
check that such polynomials {Q;} exist.

Note that the variety M defined by (A) is invariant under the linear G-action
on P(V&® W). Moreover, M is nonsingular in a Zariski neighborhood of
ZcP(W)cP(V® W) because the differentials {dP,(?0)+dQ;,(w)} are in a
general position at Z by the choice of {Q;}.

Now we analyze closely the orbit-type stratification on P(V & W) to under-
stand the induced stratification on M. Let H be a subgroup of G. Consider the
H-invariant decomposition V” @ V 4, of V, where V 4, denotes the orthogonal
complement of V in V with respect to a G-invariant hermitian metric. Then
P(V® W)? =P(V )" LUP(VH @ W). Therefore

ME=MNPVOW) ! =MNPV"®W)[[M NPV,

Since {P,, ..., P} is projectively ¥ y-free system in the sense of Definition 1,
MNPV ) cMNPV) is empty for H e Xy (note that P, + Q, coincides
with P, restricted to P(V)c P(V@® W)). Consequently MY =M NP(VZ® W)
for H € # 4. Note also that M is smooth and transversal to P(W) in a Zariski
neighborhood of Z by the choice of {Q;}. This implies that for any H the variety
M is transversal to P(VY” @ W) o P(W) in a Zariski neighborhood U of Z. Thus,
the normal bundle v(P(V# @ W), P(V@® W)), restricted to M? N U, is equiv-
ariantly isomorphic to v(M*”, M) | M" N U. On the other hand, the fiber of the
bundle v(P(W), P(V@® W)) is equivariantly V. Therefore, using the fact that
V¢ = {0} and that G € ¥, one gets M® = Z. Moreover, the tangential complex
G-representations at the points of M are all isomorphic to ¥.

Note that the isotropy groups (or even slice-types) of the manifold P(V & W)\
[P(V)LIP(W)] are the same as the ones for the ¥(G)-action on S(V) (the space
of v(P(W), P(V® W)) is P(V&® W)\P(V)). Therefore the points of M\[(M N
P(V)) LI M©] do not contribute “new’” isotropy groups in addition to the isotropy
groups of S(V). The only “new contribution, as we have seen, might come from
M NP(V). But the last possibility is ruined by the choice of the projectively
K ofree system P,, ..., P, (since M N P(V)" =& for every H € % ). Note that
this argument implies also that M N[P(V® W)\P(W)]|=D for He Hy.
Consequently, M"Y = M for H € ¥ y.

Finally, note that #M° =[I;_, deg P, for the complete intersection Z = M“ in
P(W).

This would be the end of the proof if M were nonsingular and the action on it
were smooth. But our construction guarantees that this is the case only in some
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Zariski neighborhood of M¢ c M. To overcome this difficulty we will apply a
quite remarkable principle (Proposition 1), which is an immediate corollary of
Hironaka’s Desingularization Theorem 7.1 [6]. This theorem implies that one can
resolve the singularities of complex analytic (or algebraic, projective) G-varieties
(G —a finite group) equivariantly. (In fact, Hironaka’s theorem claims much
more. There exists a nonsingular resolution, such that any automorphism of the
original singular variety can be uniquely lifted to an automorphism of the
resolution.)

Let # < #(G) be an open subset, invariant under the conjugation by elements
of G.

PROPOSITION 1. Let G be a finite group, acting as a group of automorph-
isms of a complex analytic (algebraic, projective) variety M (which is countable at
infinity). Assume that the singularities of M do not intersect the set \ Jy e MY (i.e.
M is nonsingular at the ‘X -singularities” of the action). Then there exists a smooth
analytic (algebraic, projective) G-variety M, such that some Zariski neighborhood

of Unex M* in M is equivariantly isomorphic to a Zariski neighborhood of
UHE?[ MH inM. O

In particular, from the point of view of differential topology the following
holds. If one can realize a collection of smooth equivariant normal bundles
{v(M", M)}, He ¥, on a complex analytic G-variety M (without boundary),
then the same local data is realizable on a smooth (complex) G-manifold (without
boundary).

Now to conclude the proof of the Theorem it is sufficient to describe the
relations between orbit-types of M counstructed above, and the equivariant
resolution M of M related to M by a “resolving” map 7 : M — M. The continuity
of s implies that G; c G ) for every ¥ € M. We have seen that M is nonsingular
at least in some neighborhood of M“ in M“ in M. Recall that G, € ¥y for every
x € M\M®. Consequently, M® in M and M® in M have G-isomorphic Zariski
neighborhoods, moreover, since 5y, is closed, Gz € %y for every £ e M\M®. O

One can derive a few corollaries from the Theorem.

COROLLARY 1. There exists an oriented smooth closed G-manifold M, the
G-action preserving the orientation and M a finite set, such that

1) the tangential G-representation at each point of M is SO-isomorphic to the
given W,

2) #MC divides [1;-, deg P, for any projectively ¥ y-free system {P,, ..., P}.
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In particular, #M€ divides |G| - dimc(RG/(P,, . . ., P,)) for any regular system of
parameters P, . . ., P,.
3) G, € #y for every x e M\M°.

Proof. Consider integral linear combinations of the G-actions constructed in
the Theorem (the ‘“‘negative” of a G-action means the change of the orientation
for the corresponding G-manifold). Note that if the fixed point set MY is
“virtually” zero, then, by equivariantly attaching 1-handles to M at M, one gets
a new smooth G-manifold with no G-fixed points. Of course, this operation will
destroy the analytic (algebraic) structure of M. Now any subgroup of Z,
generated by some integers is, in fact, generated by finitely many of them, which
completes the proof. [

COROLLARY 2. a) For any regular system of parameters P,, ..., P, € RY,
there exists a smooth complex projective variety M, such that #M© =
|G| - dimc(RG/(Py, . . ., B,)) (which is also the degree of the polynomial map
P.V—->V given by P,...,P,). Moreover, the complex tangential G-
representation at each point of M€ is isomorphic to the given ¥, and the isotropy
groups G, belongs to #y for any x e M\MC.

b) In particular, if W(G) acts on V as a group generated by pseudo-reflections,
one can construct such M with #M° =|G|.

c) If the wvariety ZpcP(V), (P projectively Hy-free) is a complete
intersection' then one can construct an appropriate M with #M° =[I;_, deg P. =
deg ¥». This number #MC is divisible by |H| for each Hc G satisfying
HNH' =1 forany H' € #y.

Proof. Since for any regular system of parameters ?={P,,..., P,} the
variety & c P(V) is empty, & is a J#-free system for any %, and, in particular,
for X = Hy. It is known (c.f. Cor. 4.3 [12]) that for a regular system ? we have

I_,deg P,=|G| - dimc(RG/(P,, ..., P,)). It is also known that the last expres-
sion equals |G| if and only if W(G) acts as a group generated by pseudo-
reflections (c.f. Th. 4.1 and Cor. 4.4 in [12]). ¢) follows from Lemma 1. O

For any representation ¥:G — GL(V, C) denote by Ay the minimal positive
integer such that the function g— Ay Det [(W(g) + I)(¥(g) — I)~'], well-defined
for g € G\U,es(vy G, €xtends to a character of a virtual G-representation.

COROLLARY 3. Age,w divides dy for any H < G. Since dy|[I-, deg P,
Ages,w| ;-1 deg P, for any projectively ¥ y-free system P.

! This happens iff (P,, . .., P,) can be completed to a system of regular parameters for R{.
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Proof. Note that for M, constructed with the help of ? in the Theorem,
M# =M€ for g € G\U,es(v) G, (since g € ¥y for such a g). In particular, it will
be the case for g€ H\U,csv)H,, H,=G,NH. Now apply the Atiyah-Bott
formula [1] to compute the g-signature Sign (g, M) of M. Use the fact that the
contribution of each fixed point to Sign (g, M) (which is the value of the character
Sign (G, M) at g) is Det[(W(g) + I)(¥(g) —I)"'] when M? consists of isolated
points [1]. O

§2. Calculating d

Example 1 (Cyclic groups). Let g € C,, be a fixed generator. Let ¥:C,,—
GL(V;C) be an n-dimensional faithful representation. Correspond to the matrix
Y(g) its eigenvalues {A"}, 1=s=n, 0<j, <m, where A =exp (27i/m), each A"
counted according to its multiplicity. One can order the set {A*} and associate
with it the function w:{1,2,...,n}—{1,2,...,m—1} where w(s) =/J..

Let w;:{1,2,...,n}—={0,1,... , m—1},1<k<m, be a new function
defined by w,(s) = kw(s)(mod. m). Note that dimg V") = #w;'(0). Thus, the
isotropy groups of the sphere S(V') are characterized in terms of w as

{{(g"): 0 (0)# D, B '(0)> #w'(0) (k' k[ m, k' <k <m)}.

Denote the set of such k’s by #(w) and the set {k:k |m and w;'(0)# )} by
#(w). Let ¥ (w) be the complement of #(w) in the set of all divisors of m. Note
that with our previous notations {{g*)}iecrw)=Hw and {{g") }ici(w) = Huw.
It is clear that dim, [P(V)“"]= maxg<,-m {#w; ')} — 1. Put Hw)=
MaX e yr(w)(Max, {#wg '(j)}), the maximal dimension of eigenspaces V, c V for
W(g"), k € H(w).

(a) We shall construct in two different ways a projectively ¥ y-free system &
of t(w) polynomials Py, . .., P,.,€ Ry

(i) Choose each P, 1 =l =t(w), to be of the form ¥7_, a,z}', where {z}/_,,
the coordinate functions on the representation space V are compatible with the
splitting of V into {V,}. It is easy to see that one can choose {a;}, | =/=
t(w), 1 =s=mn, in such a way that the corresponding invariant subvariety %, in
P(V) will miss any given finite system of projective subspaces {P(W,)c
P(V)}a, dimg W, =t(w). In particular, it can miss the subspaces P(V)&Y ke
#(w). Thus, I} deg P,=m"’, and by Theorem A, m"“’ copies of ¥ are
realizable on a smooth projective C,,-variety. Consequently, dy|m"®. For
instance, if ¥(g) has an eigenvalue A", (r, m/k) =1, for each proper divisor k of
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m, then ¥ (w) consists of all divisors of m, but 1, ¥(w) = {1}, and t(w) = ty, the
maximal multiplicity of eigenvalues of ¥(g). Thus for such ¥, dy | m™.

(i) Pick a number /,1=/=t(w). We view w as an element @ =
(w(1), ..., w(n)) of the lattice Z5 = R’, where R, denotes the set of non-
negative real numbers. We say that deZ, is (I, w)-admissible (in the strong

sense) if for each (I — 1) subsimplex Ay ', 1=B8=< (’;), of the simplex A"~ '(d) =

{a,+:--+a,=d}NR% there exists a vector dg € [Int Az '(d)]NZ7%, such that
(dg, @) =0(mod. m). Here (-, -) denotes the standard scalar product in R".

One can weaken the requirements on d, by considering in the previous
definition only the simplexes A5 '(d), spanned by vertices {b”}, with the
coordinates (b)), =d - 8, 1 =s <n, where 8, is the Kronecker function and i
runs over a subset of wg'(j) for some k € #(w) and some j € Im (w,). Note
that such a simplex A5 '(d) is contained in @ 4;-; Vi and P(V)¥) =
U, cim(wy P(D 4=y Var). In fact, the second definition of an (/, w)-admissible
number suffices for the purposes of our construction, although the first one is
more convenient and will be used subsequently. For example, d is (1, w)-
admissible iff d - w(s) =0 (mod. m) for each 1 =<s=n (i.e. d=0(mod. m), since
W(g) is faithful); d is (2, w)-admissible iff for each piar s, s’ of distinct integers
between 1 and n there exists an integer f, 0<t<d, such that tw(s)+
(d —t)w(s") =0 (mod. m), and so forth.

It can be checked that an (/, w)-admissible number always exists and is not
less than . Moreover, if d is (/, w)-admissible, so is d + m.

Given an (/, w)-admissible d, employing {dz} one can construct an invariant
homogeneous polynomial P of degree d,=d. Put B=%{) z0®..... z% P,
where {a,(B8)} = dg (here the coordinate functions z,, ..., z, are consistent with
the splitting of V by {V,}). Note that precisely / coordinates of dsz are nonzero. It
can be verified inductively that such a system ?={P}, 1 </<t(w), is projec-
tively X y-free: &5 misses the projectivization of any #(w)-dimensional subspace
Vican, k € #(w), spanned by the vectors of the preferred basis in V. Thus,
there exists a smooth projective C,,-variety, realizing [T}Y d, copies of ¥, where
d, can be any (/, w)-admissible number.

As an illustration, take a two-dimensional ¥ with @ = (n, —n), (n, m)=1.
For odd m, zT' + 25’ forms a projectively K y-free system: the roots of z{" + z5' in
P(C?) differ from [1:0] and [0: 1] (at the same time m is (1, w)-admissible). Thus,
dy | m (in fact, it will follow from our further discussion of the semi-free category
that dy=m). For even m, 2,2, and 27" + z7' form a projectively X y-free system.
Note that 2=deg(z;2,) is (2, w)-admissible: ((1, 1), (n, —n)) =0 (mod. m).
Also, m=deg(z?'+2z7) is (1, w)-admissible: ((m,0),(n, —n))=0=
{(0, m), (n, —n))(mod. m). Therefore, for even m, dy|2m. Further arguments
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show that m | dy and, moreover, the formula (4) of [7] implies that actually in the
stably complex category of actions, d y = 2m.

(b) In line with Corollary 3 one can estimate d, from below. This is done by
computing the minimal positive integer A(w) for which all the numbers
A(w) - TIZZ, (AY + 1)/(AY = 1), k € H(w), i.e. the “candidates™ for Sign (g¥, M),
are algebraic integers.

This computation is analogous to the one in [1], concerned with the case
m = p', p — an odd prime, so, we omit the details.

To describe A(w) we introduce some notation. Let 2°[],,,p?’ be the
primary decomposition of m.

For any rational number r=gq/l, (g, /) =1, and any odd prime p define an
auxiliary number

(=D)/p*~"(p — 1) if L is of the form 2* - p,
v(p,r)= where £ =0, l and e > 1
0 otherwise.

For any k € %(w) consider the number a,(p, w)=[X7_, v(p, k - w(s)/m] .,
where [x], denotes the smallest non-negative integer greater or equal to x.

Then A(w) =1, , p™ "7} Note that if for any s, 0'(s) =q, - w(s),
where (g,, m) =1, then A(w) = A(w’).

Summarizing (a) and (b), we have proved

PROPOSITION 2. (i) [1,,, p™crentEivie-koimla) giyides dy,.
(i) dy divides m', as well as [1'Vd, where t(w)=
MaXy . gr(w) {Max; (#w; '(j))} and d; can be any (I, w)-admissible number. [

For example, if m = 15, n =3, and the eigenvalues of ¥(g) are A, A*, A°, then
w:{1,2,3}—{1, 2, 5}. The computation of {w,}, k| 15, shows that ¥ (w) = {1},
and t(w)=1. Thus, dy|15. On the other hand, v(3,15s)=0, v(3,%)=0,
v(i3, D=4 v(5, %) =0, v(5 ) =4, v(5, 1) =0. Hence A(w) =321+ . 51141 =15,
Consequently, dy = 15.

The number ¢(w) grows with the growth of the multiplicities. In this case the
use of (/, w)-admissible numbers becomes essential. For example, if m =15,
n=4and w:{1, 2, 3, 4} —> {1, 3, 3, 5} (compare with the previous example), then
still #(w)={1}, but t(w)=2. Of course, 15 is (1, w)-admissible, and 5 is
(2, w)-admissible (in the weak sense): ((0,2,3,0),(1,3,3,5))=0(mod. 15).
Therefore, 15-5 copies of ¥ are realizable by a smooth algebraic action and
hence, dy|75. On the other hand, still A(w) = 15. Consequently, 15|d|75. It
would be useful to find a general formula for d,.
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Now let us discuss the semi-free case in more detail. From the spectral
sequence in stably complex bordism one can derive the following general fact [4].
Let X be a CW-complex. Assume that some singular manifolds {f, :M,— X},
generate the group H,(X;Z) by the natural homomorphism u:U.(X)—
H.(X;Z), taking each (M,, f,) to (f,)«[M.] € Haimm (X, Z). Then {f,:M,—
X}, generate U,(X) as a U,(pt)-module.

Choose a sequence ji,...,j,, where j,e{l,...,m—1} and (j,, m)=1;
define wyy:{1,...,1}—>{1,...,m—1} by wy(s) =/, for each 1=/=n. If we
denote Ly _j(@wyy) = Ly—1(m;j1, - .., ji;), then U,(BC,) is generated, as a
U,(pt)-module, in dimensions <n, by {(Ly_(wy), fi}, 1<I<n.

This implies the following formula, similar to (*) in the Introduction,

[Lyn-1(@), f]= '2, (o, w[n-—l]) X [L2(n-—l)—-1(w[n-—1])’ fn-is (%)

where $(w, w(,—;) € Uy(pt) is defined by (**).

Applying the natural transformation €:U,( )— Q.( ) to (**), we get a
version of (**) in oriented bordism. In fact for odd m this formula in Q,(BC,,)
will have only terms with even /’s. By an easy transversality argument, analogous
to the one used in [4, Prop. 34.7], one shows that the order of L, 1)—1(@y)) in
Q,(BC,,) is divisible by the order of L,,_(w(;). Thus, (**) implies that the order
of L,,_1(w) in 2,(BC,,) divides the order of L,,_,(w,)). Since w, was chosen
arbitrarily, this means that the order of L,,_,(w) depends only on n.

Set t(n) = min {t(w)}, where w:{1,...,n}—{1,..., m—1} runs over the
set ©(n) of maps satisfying (w(s), m) =1 for 1<s<n. Thus, dy | m'™ for any
n-dimensional semi-free C,,-representation ¥. Recall that, by definition

t(n) = min ( max (max {#w;‘(j)})).

we®(n) \kim,k+m j

An elementary number theoretical argument shows that #(n) = [n/(p* — 1)],
where p* is the minimal prime dividing m ([a] denotes the smallest integer
greater or equal to a, and |a| denotes the greatest integer less or equal to a).
Thus, for semi-free actions, dy divides both [1/%**~D1d, and m""*"~" for any
w € O(w) and (/, w)-admissible number d,.

On the other hand, using Proposition 2, the fact that (w(s), m) =1 together
with the definitions of v(p, r), a,(p, w) and A(w), we get that

H pmaxk;m.Km{an(p,k/'")'h) - H pfn/(p—l)l

pim pim
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has to divide dy. For a simple homological reason, m|dy. Consequently,
22 T,y p™ @ ["p=DD divides dy. This should be compared with the actual
answer dy=p°@*"P-Dl for the case m=p°® [4]. Hence, for oddm,
[ pc®@* W=Dl dy, and dy|g.c.d. (II7-; d), 2 T1,,,, p"®’). Here d, can be
any (/, w)-admissible number for an arbitrary chosen w € ©(n). By the way, we
do not know a combinatorial proof of the following fact:
2b Hp"n pC(p)ﬂn/(p—l)J ' n}:ll(p‘—lﬂ d,.

As we pointed out in the Introduction, it would be interesting to find out
whether there is a difference between complex algebraic and stably complex
actions from the point of view of geometrically realizable sets I'. For instance, it
might happen that for semi-free C,, -actions the lattice in Z, generated by #I,
where I is algebraically realizable and consists of several copies of a ¥, actually
depends on ¥, and not on n and m.

Example 2 (finite subgroups SU(2)). We consider the finite subgroups G in
SU(2), equipped with a 2-dimensional complex representation ¥ given by the
inclusion G = SU(2). It is well-known that these subgroups are: the cyclic group
C,, of order m, the binary dihedral group D,, of order 4m, the binary tetrahedral
group T of order 24, the binary octahedral group O of order 48 and the binary
icosahedral group [ of order 120. It is also known that C[z,, z,]°, for these groups
G, is an algebra generated by 3 invariants X, Y, Z with the single relation
(cf. [10]). We present the information we need in the following table:

Regular Product of dy
G Relation degX degY degZ systems P degrees d(P) divides |G|
C, | X"-YZ=0 2 m m {X,Y+Z2}, 2m m if
(Y+Z,Y-2) m’ m=1(2),
2m if m
m=0(2)
D, | x"'+xy’+z’=0 4 2m  2m+2 (Y. Z}, 4m* +4m
dm 4m
{X,Y} 8m
T | X'+Y’+2°=0 6 8 12 {X.Y), 48 24 24
(X, Z} 7
0 | Xv+y'+2?=0 8 12 18 {X.Y}, 9 i @
(X, Z} 144
5 3 2 _
I | X +Y'+Z2%=0 12 20 30 {X.Y), 240 - -
{X. Z} 360

To prove that the polynomial pairs in the sixth column are regular systems for ¥,
we use the appropriate relation to verify that they have no common zeroes on P'.
For a geometric description of the zeroes of X, Y, Z on P'=8*for G=T, O, |
see the classical work of Klein [8].
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B

Since 1 is not an eigenvalue of a generic matrix ( % ;) e SU(2), G acts
freely on $°>c C? for any G < SU(2). In particular, any cyclic or generalized
quaternion subgroup of a given G, from our list, acts freely.

Some of those subgroups are: the cyclic group of order 3 and the generalized
quaternion group D, for T; the cyclic group of order 3 and D, for O; the cyclic
groups of orders 3, 5 and D, for [.

Let H be a cyclic or a generalized quaternion group. A free H-action on S’
induces a map f:S°/H— BH. If d[S*/H, f] is a boundary, then there is an
obvious condition on d: it has to be divisible by the order of f,[S’/H] in
H,(BH; Z). This group is isomorphic to Z/mZ for H=C,, and to Z/4mZ if H is a
generalized quaternian group ([3], pp. 253-254).

It can be verified that f,[S?/H] is a generator of Hy(BH ; Z) for any faithful .
Consequently, m |dy for H=C,, and 4m |dy for H=D,,. In particular, 8 |dy
for D, and 16 | dy for Dy4. Also, 3-8 |dy for T,3-16|dy for O,and 3:-5-8|dy
for I. Hence, using the table, we have proved

PROPOSITION 3. Given ¥:G— SU(Q2), where G=C,,,D,, T, 0,1, the
number dy is: m if m =1(2), m or 2m if m =0(2) for C,,; 4m for D,,,; 24 for T; 48
for O; 120 for 1.

In fact, 2m and m? copies of W are realizable by semifree smooth algebraic
C,.-actions on a projective complex nonsingular surface M. The corresponding
numbers (realizable by smooth algebraic actions on surfaces) for other groups are:
8m and 4m*+4m for D,,, 48 and 72 for T, 96 and 144 for O, 240 and 360
forl. O

I am grateful to J. Berenstein for a useful discussion. I also want to thank M.
Spivakovsky who pointed out to me Hironaka’s paper [6].
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