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Properties of the scattering map Il

THoMmas KAprpELER and EUGENE TRuBOWITZ

1. Introduction

This paper continues the investigation of the scattering map as it was started
in [3].
Again we consider the Schrodinger equation

2

d z
— 2500 + (@) (0) = Ky () (1.1)

on the whole line where g is a real valued potential in the weighted Sobolev
space Hyn (N=3). The aim of this paper is to extend the study of the
map SD, associating to a potential g its scattering data for the case where ¢
has bound states. To be more precise let us denote by fi(x, k) :=f(x, k, ¢) and
fL(x, k) :=fi(x, k, q) the Jost functions of (1.1) and by W(k):=W(k, gq) and
S(k):=S(k, q) the Wronskians W(k):= W[fi(x, k), fi(x, k)] (Imk=0) and
S(k) := W[fi(x, —=k), fr(x, k)] (Im k = 0).

Let us denote by Q. .(R) the set of all real valued potentials g in H, y such
that W(k, q) #0 for Imk =0 and such that W(k, g) has exactly n zeroes in
Im k > 0. Due to the fact that g is real valued all zeroes of W(k, q) are situated
on the imaginary axis. Let us denote them by ik (q), ..., ikx,(q) where
kj=kj(g)>0 and Kk,<---<k,. Clearly for k=ix, the Jost functions
fi(x, k) and fy(x, k) are linecarly dependent. So there exist real numbers
d(q), . .., d,(q) such that f;(x, ix;) = d;(q)fi(x, ix;) (x in R) where d,=d;(q) #0
(1=j=n). Define 1,(q):=logd,(q)* and the norming constants ¢;=c,(g):=
(JZ=fi(x, ix;) dx)™". Then S(-, q), k1(q), - - -, Ku(q@), Mm(q), - - ., Na(q) is called
the scattering data of g. We define the following map

SD:0Onn(R)— Py, X ET XR"
qH(S(, q)’.Kl(q)’ SR Kn(q)’ WI(CI), SRIR) Tln(CI))

where E7:={(x,,...,x,)eR":0<x,<---<x,} and Fn,.:={0ceHi_, n:
o(—k) = o(k)*, (—1)"0(0)>0}. Hj_, v denotes a weighted Sobolev space as
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Properties of the scattering map II 151

introduced in [3] and * denotes as usual complex conjugation. For con-
venience we denote by - the derivative with respect to k.

Pointing out that QO ,(R) is open in Hy (R, R) as will be proved in section 2
we state the following

THEOREM. If N =3 then
(1) SD:Qna(R)— Fn.n X EL X R" is a real analytic isomorphism.
(2) In particular at every q in Qy ,(R) the Jacobian

d,SD =d,S x (x qu]-) x (x dqn,-)

J=1 Jj=1

is boundedly invertible.
(3) The Jacobians 4,8, d,x,, d,m, (1=j=n) are integral operators given by
(ve Hy MR, R))

SI) = [ Atx, —k, 9 K @) d

JKilv] = ——~—f fi(x, ix)v(x) dx

] —_—x

dn(v) =7 [ (Fih=fif s i) d

] -2
(4) The inverse (d,SD)™" of d,SD is also an integral operator given by

(d,SD) (0, ay, ..., &y, B, -+, Bu)(X)
2ik
—~ [ kot EICE 2 (e (x, =)

o 2ic Ny
t2e -—C-,— (fifo= Fif3)(x, ix)
+ ,; Bjcjé;f%(x’ iK;)
where o e H% v, (a4, ..., a,) € E and (B, ..., B,) € R,
From Theorem 4.4 in [3] and a well-known result in [2] it follows that SD is 1-1

and onto. Only the fact that for ¢ in Qy ,(R) one has (—1)"S(0) >0 needs a
remark. Let us recall that S(0) = —W(0) and that W (ix) is a real valued function



152 THOMAS KAPPELER AND EUGENE TRUBOWITZ

for k =0 with exactly n zeroes in x >0, all of them simple. But asymptotically
W(ix) ~ =2k (k= +x), thus (—1)"W(0) <0. From [3] we already know that § is
real analytic on Qx ,(R). In section 2 we will show that k;(q) and n,;(q) are real
analytic (1 =j = N). Then (1) follows from the inverse function theorem provided
one can show that d,SD is boundedly invertible. This will be shown in section 3.
(3) and (4) are proved in section 2 and 3 respectively.

In section 4 we will discuss the set of potentials with resonance, i.e. where the
Wronskian W (k) does vanish at k = 0. We then indicate how all the sets Q ,(R)
lie in Hy v(R, R). The notation is the same as used in [3].

2. Investigation of the functions x;(q) and 7;(q)

Let us first look at the functions k;(q) (1 =j =n) and recall that ik;(q) are the
zeroes of W(k, g). From Lemma 2.7 in [3] we know that

Hyny— CL(R, LXR™)), g~ 3.Bi(x,y, q)

is holomorphic for 0 =j =N + 1 where By(x, y, q) is given by fi(x, k) = e™ (1 +
{5 Bi(x, y)e*™ dy). We conclude that

{Imk >0} X Hy y — CS(R) N LA(R), (k, q)— 3Lfi(-, k, q)

is holomorphic in g and k for 0=j =N + 1. Similar results hold for f;(x, k, q).
Thus we have proved

LEMMA 2.1. If N=3 then W :{Im k >0} X Hy y— C is holomorphic.

Let g be in Qpn ,(R) with N =3 and fix 1 =j =n. As all the zeroes W(k, q) are
simple we conclude that (8/3k)W (ik;, g) #0. By the implicit function theorem
there exists an open neighborhood V; of q in Hy A(R, R) and a real analytic
function k; defined on V,; such that W(ik;(p),p)=0 (p in V). For £>0,
c:=inf {|{W(ix, q)|:xk >0, |k — kj(q)|=¢€, 1=j=n}>0. So there exists an open
neighborhood U, < ( V-, V; in Hy x(R, R) such that inf {|W(ik, p)|:x >0, |k —
ki(g)l=e, 1=j=n}=c/2 for all p in U,.. For sufficiently small £>0
(8/3k)W(k, p)#0 for pe U, and k with |k —ik;(q)|<e (1=j=n) and thus
U, € On »(R). To summarize we have got

PROPOSITION 2.2. Let N=3 and n in N. Then
(1) On.n(R) is an open subset of Hy N(R, R).
(2) k;: QN (R)—R™ is real analytic.
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Now let us turn to 7;(q). Recall from [3] that for a <b
{Imk >0} X Hy y—C, (k, q)Hf f3(x, k) dx and

b
(Im k> 0} x Hy = C, (b, @)= | fitx, K)a(x, &) dx

are holomorphic.
Using the chain rule one then concludes that

[ A i@, yax ana [ G, inta), o) ds

are real analytic on Qn,(R). Further let us recall that fy(x,ik/(q))=
d;(q)fi(x, ix;(q)) and thus

_fZ(O) in)z +f£(0: in)2

d(q)* = £(0, ix,)> + £1(0, ix;)?

is locally bounded on Qu,(R). This implies that [Z.dxf3(x, ix;(q)) and

Z.dx(fif2)x, ik;j(q)) are real analytic on Q ,(R) where we used the fact that the
limit of a sequence of real analytic functions converging locally uniformly is again
real analytic. So we have proved

PROPOSITION 2.3. If N =3 then n, is a real analytic function on Q .(R)
with values in R (1=j=n).

Let us now derive the formulae for the derivatives of k,(q) and 7,(q) as stated
in the theorem of section 1. We need the following

LEMMA 2.4. If N=3, g in Qn .(R) and v in Hy n(R, R) then

1 g

dfi[v)(, ix) =5 f “drv(Ofi(t, i)

)
X o (Bx, K)fi(t, k) = 1, K)fi(x, k) k=i
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Remark. Similarly on can show that

d fv](x, ix; -—-—-—f dtv(1)f(t, ik;)

] —C

X2 (e, KO k) = B R KD

Proof (of Lemma 2.4). As in [3] one checks that for k& #ik, (1= a =<n),
l1=j=nand vin Hy y(R, R)

f2(x’ k)fl(t’ k) _fZ(x’ in)fl(t’ in)

d i), K) = "W‘( ,‘; [[arv@rc k)

k — ik,
flt, KfiCx, K) = folt, ik )fi(x, i)
W(k) = | drofce o) .

where we used that fy(x, ix))fi(¢, ix;) = fi(x, ik;)fa(¢, ik;). Clearly d, fi[v](x, ix/) =
limy_,;, d fi[v](x, k). By [2] one sees that

lim k — ik; 1 ﬁ
k—iK, W(k) 2”(' d

Recall from [3] that m,(x, k) :=e **f,(x, k) and m,(x, k) := e™f,(x, k). Taking
mz(', k) — m2(" iK/)
k — ik,
Imk=k>0 (k+#ix;) as will be shown in the next lemma one can apply

Lebesgue’s convergence theorem to get the claimed result.

into account that is bounded in L*(R) uniformly for

LEMMA 2.5. For k# k' with Imk, Imk' = k>0 we have

=M(x) (i=1,2)

L*(R)

l k—k'

Remark. As

. om(x, k) —m(x, k')
o, k—k'

=m;(x, k)
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pointwise for x in R it follows from Lemma 2.5 that ||m;(-, k)||.~®)= M (k)
(i=1,2).

Proof (of Lemma 2.5). It suffices to prove the statement for i=1. For
convenience we write m(x, k) for m,(x, k). For k # k' the difference m(x, k) -
m(x, k') can be written as

k) — k' x ,k)—m(t, k'
m(x k)_lr(n'(x )=j Dk(t"—X)m(t k)_;(n,(t )q(t) dt

where Dy (y) = [} e***dz. Without loss of any generality assume that
Im (k' —k)=0. Then

Dy (t —x) — D(t — x)
k—k'

21(/( —k)z __
f PP —— % |= K(x)

for a suitably chosen K(kx)>0 and all k¥ with Im k = k. From [1] we learn that
|m(t, k)| =c(k) for all ¢+ in R and for Im k = k and c sufficiently big. (2.1) is an
integral equation of Volterra type and thus we get for Imk, Imk' =k >0, k # k'

) B ’ k’ .
m(x k/Z—km'(x ) = exp {% Lx|q(x)|dx}c(x)K(K)

and Lemma 2.5 follows.

Let us point out two corollaries of Lemma 2.6 which will be needed later.

COROLLARY 2.6. If N=3 and q in Qn,R) then the limit h;:=
lim,_,_. fi(x, ik;)e™" exists for 1 <j =n.

Remark. A similar result holds for f,: For l1=j=n the limit g :=
lim,_, ;. f>(x, ik;)e ™" exists.

COROLLARY 2.7. If N=3 and q in Qn (R) then

f f%(x, iK,-)dx=i§j (1=j=n).

J
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Remark 1. A similar result holds for f:
f fix, ix))dx =idig; (1=j=n).
Remark 2. 1t follows from Corollary 2.7 that h; =g; (1 =<j =n).

Proof (of Corollary 2.7). We have

g 1 8 Wk)
2 1K =]— - —
Lf 100 1) X =15 S8 2 s,

so it is to show that

3 W) .
ok 2ik liea, T

Now
5 W(k) 1
ik, s = —— W'(ik;
Bk 20k e 20" UKD

= - i—}; {fa(x, ix)fi(x, iK;) — f5' (%, iK)fi(x, iK;)

+ folx, ik)fi'(x, ik;) — fa(x, iK;)fi(x, ik;)}  (x in R).

_As this last equality is true for all x in R it remains true also in the limit as
x— —x, Using Corollary 2.6 and deducing from Lemma 2.12 the fact that

lim,_,_. m;'(x, ik;) = 0 the claimed result follows.

PROPOSITION 2.8. If N=3, q in On,(R) and 1=j=n then (v in

Hy n(R, R))
d.kj[v]= - Ec;(,_ f; filx, ix;)*v(x) dx

Proof. Clearly W(ik;(q), q) =0 and thus by the chain rule

0=d,W[vl(ix;, q) + W'(ix;, q)id x;[v].
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From [3] recall that d,W[v](k, q) = = [Z. (fofp)(x, k)v(x) dx. From [2] we know
that

. d
W ix,, q) = 2ik, f il G, i) dx = 2ir, 2.

]

So we get

d.kjlv]= -

2“; | fix, k)v(x) dx.
177 -

PROPOSITION 2.9 If N=3, q in Qn.(R) and 1<j<n then (v in
HN,N([R’ lR))

dnle) =5 | (Fih= R i) de

I—-cc

Proof. Let us introduce for m =1 the functions

Jﬂn fifa(x, ik;) dx :

Mim(q) :=In| —
j fi(x, ix;) dx

Then it follows as in Proposition 2.3 that 7,,(q) is real analytic on Qny .(R).
Using well-known properties of f; and f, one obtains

j fd fLlv](x, uc)dx f fid, filv](x, ix;) dx

q'hm[U] =
J fifs(x, ix;) dx f fix, ix;) dx

_ 2Cjm
d.

7

(I + II)
where c¢;,, := [7,, fifo(x, iK;) dx,

1= [" ax(ffs— ffi, inidg[o]
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and

1l = f‘m dx{fi(x, ix;))d, flv](x, ix;) — fo(x. ik;)d, fi[v](x, iK;)}.

Using Lemma 2.4 one can write /I as a sum [I] + IV where

ic;

i = K,iz, [ x| arviopc i (g i g Afi)os i),

vV =

21<d dxj dtv()fi(t, ix;)f (x, ix;)
X { falx, ix;)f (¢, iK;) — fo(t, i;)fi(x, ik;)}.

Using Proposition 2.8 one sees that I + 111 =0. So in all we get

22:" IV = ‘C,m J dxf3(x, ik; )J drtv(t)(fof i — f2f)(8 ik,).

dqnjm[v] =

—m

It is easy to see that n,(q) =lim,_,. 1;,(q) (1=<j=n) locally uniformly on
Onn(R). As n; and 7, are real analytic on Qu ,(R) we conclude that
lim,,.. d Mjm[v] = d,n;[v]. But clearly lim,, ..c; [7,dxfi(x,ik)=1 and the
claimed result follows.

To finish this section we present two results which will be needed later.

PROPOSITION 2.10. If N=3 and q in Qn (R) then (3/3x)f3(x, ix,) is in
HyvR, R) (1=j=n).

Proof. Recall that fi(x, ik;) = e *"m(x, ix;) = e (1 + [ Bi(x, y)e >" dy).
From the considerations before Lemma 2.1 we know that 37(m,(x, ik;) — 1) =
[& 8%By(x, y)e > dy is in Co.(R) for 0=sa<N+1 and 1=<j=<n. So it follows
that x"3%fi(x, ix;) e L3(R) (0=ao=N+1, m=0). Similarly one proves that

x"3f5(x, ix;) € Lz_([R) (0=a=N+1, m=0). Because fo(x, ix;) = d,f(x, ix;) the
proposition follows.

PROPOSITION 2.11. If N=3 and q in Qn . (R) then (3/3x)(fif,—
FF)(x, i) is in Hy (R, R) (1< =<n).

Proof. It suffices to show that O.f fi(x,ix;) is in Hyn(R, R).
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As fi(x, ix;) = d,fi(x, ix;) we conclude that

Ocfifo = —2K;d;e ¥ (m(x, ik;)m\(x, ik;) + (ix)mi(x, ik;))
+ die 2%, (m,(x, ik;)m,(x, ik;) + (ix)m3i(x, ix;)).

It is not hard to see that dg(m,(x, ik;) — 1) and 8Zm;(x, ik;) are in CL(R) for
0=<a=N+1 and it follows that x"3¢*'f  fo(x, ix;) € LA(R) (0=m, a =N).

It remains to show that x"3{*'fifi(x, ik;)e LZ(R). Using fi(x, ik;)=
(1/d))fa(x, ix;) we get

0w, i) =5 (ix 3 £, i) + i, i, i)

+ mz(x, ik;)m,'(x, iK;).

Again it is not hard to see that 3, (ixf3(x, ik,)) € Hy ~(R, R). Taking Lemma 2.6
into account where it is proved that m (x, ix,) is in L™(R) it suffices to show

(i) x™8g(m\(x,ik)—1)e L3(R) O=a=<N+1, O0=m=<N
(ii) x"3¢ ' mi(x, ix)e L2(R) O=a=<N, O=m=N.

(ii) will be proved in the following lemma. Towards (i) recall that
d,my(x, ik;) = —[ die 29" q(t)m\(t, ix;) and for 2=a=N+1
a—2
atm(x, i) = 2, (2K)° 37 P(m, (x, ix;))q(x))

B=0

- @) die 0 (Om (e i)

As q(x) isin Hy v(R, R) and 82m,(x, ik;) € CL(R) for 0= a =N + 1 it suffices to
prove that [ dte™"™® q(t)m,(¢, ix;) is in L}(R™). For 0=a <N it is easy to
see that

x x 2
f dx(f dte™“"Oq(t)m, (1, ikj)) *
0 X

x 2 px
S( dte“z"") dx x> |q(x)m, (x, ik;)|* <.

0 0
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LEMMA 2.12. If N=3 and q in Qy ,(R) then 3,m,(x, ix;) is in Hy n(R, R)
fora=1,2and 1=j=n.

Proof. Clearly it suffices to prove the statement for a =1. Recall that
3,m;(x, ix;) satisfies

om(x, ix;) = —2ie* "I — II
where
I:= j (t— x)e"“f(’"")q(t)ﬁ(t, ik;) dt

and

Il := f e 2 g(Dm;(t, ix;) dt.

X

As concerns [ it suffices to show that 957 is in LZ(R) for 0 < a < N. This follows
easily from the following expressions for the derivatives (1 <j=<n)

3, =k; I dr(t — x)e g (Ofi(t, ik;)
“J dte™ g (Of (¢, ix;)
and for2=a<=N+1
o = K,"f dte "9t — x)q(O)fi (4, ix;) — afx}““”[ dre " Dq(n)f,(1, ix,)
a-—-2
+ ,,Z(, (& — 1= Bk 2P (g(x)fi(x, ix;))).

Towards II we have to show that 3211 € L3(—=). For the derivatives of II we get
the following expressions

Ol = —q(x)m;(x, ik)) + 2k; | e >V Og(t)m,(t, ix;) dt
J ] . ]
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and for2=a=N
o a—1
a2l = (2K,)“£ e g (Om (¢, ik;) dt — ;32:0 (2K;)* 7P (q(x)m;(x, ik))).
Thus it suffices to prove, due to Lemma 2.6
(i) 9rmi(x, ix;) € L*(R) O=sa=N-2
(ii) fme'ZK'("x)q(t) dt e L3(—).

(i) is proved by using an easy induction argument on the expressions for 95/ and
o¢1l together with Lemma 2.5.

Towards (ii) let us split the integral: First prove that [7, e >“""g(t) dt is in
L3#(R ™). Observe that for t = x/2 it follows that t — x = |x|/2 for x <0. So we get

J’ e—zkm—"’q(t)dtiSe"‘f"" dr |q()l.
x/2

x/2

Clearly [, dt |q(r)| is in L*(R) and thus it follows that [, e 2 g (-)m;(t, ix;) dt
is in L3(R ™). Further we observe that for 0=a <N, x <0

@ rx/2 —x/2

dre™"7 |q(t)| = f dse™" |s + x| |q(s + x)|.
0

;

X

Thus it suffices to prove that for 0= a <N, [§*dse > |s —x|*|q(s — x)| is in
L*(R*). We have by a change of the order of integration (0 < a < N)

x x/2 2 o x
f dx(J' dse " |s — x|*|q(s —x)|) SI dte " | dx |t — x| |q(t — x)|
0 0 0 2t

x/2
X j ds |s — x|* |q(s — x)|e >~
0
=1+ 1V

where

111=f dte ~2* dse‘z""J dx |q(t —x)| |t —x|*|q(s — x)| |s —x|*
0 2t 2s
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and

o 2t o
v =f dte™ " | dse | dx |q(t—x)| |t —x|*|q(s —x)| |s — x|*
0 2t

0

Now it is easy to see that

bt )

0o o 12 t—2s 172
= die™ [ ase=#(| ay la)P i) ([ ~dz1a@ypiere)
0 2t —oc

—oc

oc 2,0
=([ die=r) [ @yl ype <
0

-—OC

and

*

2t o 112 ; ps—2t 172
v = [ a2 [ dse ([ apigoip) ([ a2 lacaop)

0 0

< ( dte"zkll)
(4]

This ends the proof of Lemma 2.12.

2,0

dyy** |q(y)I*.

3. The Jacobian of the scattering data map and its inverse

In this section we will prove that the Jacobian of SD is boundedly invertible.
In order to do so we have to derive certain orthogonality relations. We omit their
proofs because they can be shown in very similar way as the orthogonality
relation derived in Proposition 3.6 of [3] using Lemma 2.5, Corollary 2.6 and
Lemma 2.12. Recall that we have introduced h; = lim,_, _. e""f|(x, ix;) and that

we have proved that h; = lim,_, .. e “*f;(x, ik;) (Corollary 2.7).

LeEmMMmA 3.1. If N=3, qin Oy, (R) and 1 =j=<n then

(1) 0= [ e, (s, K33~ Fif) o, i) dx (K in R)

2) 0= fx filx, —k)f(x, k)3, f(x, ix;) dx (k in R).
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LEMMA 3.2. If N=3, q in Qn .(R) and 1<j, j' <n then

(1) 0= jx fi(x, ix;)0,f3(x, ix;-) dx
.k} * e s . s
(2) _”(jz 0 = J'_xfl(xr ik;)0 (fifo — fif5)(x, iK;’)

where 6. =1 if j =" and 0 otherwise.

LEMMA 3.3. If N=3, g in Qn (R) and 1<j, j' <n then

(1) 0= (fifi=Ffx, i) fifs — Ffi)(r i) de
@ i 0, = [ (it~ hfn ). ) .

Now we are in a position to prove the following

THEOREM 3.4. If N=3 and q in Qn.(R) then d,SD is boundedly
invertible.

Proof. We start proving that d,SD is onto. First observe that
d,S:Huyn(R, R)— HF"_, n is onto for q in Qn .(R) convincing oneself that the
proof of Proposition 3.6 in [3] holds also for g in Qy ,(R).

Let us denote by C the map defined on HY_, x X E7 X R"

OO, a1y B B = [ dk k) s 8.5, K, —)

n

t2e ,d'a(fua A, ix)

+ 2] Bicid.fi(x, ix;).
e

Apply Proposition 3.4 of [3] and use Proposition 2.10 and 2.11 to conclude
that C(o, ay, ..., @,, B1, ..., B,) is an element in Hy »(R, R). Using Proposi-
tion 3.6 in [3] and Lemma 3.1, 3.2 and 3.3 we get that d,SD°C=1d on
HY" v X E%. X R" so it follows that d,SD is onto.
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To see that d,SD is 1-1 let us introduce the subspace V of Hy MR, R)
generated by the functions 3,f3(x, ix;) and 3,(fif, — fifs)(x, ix;) (1=j=<n). From
Lemma 3.2 and 3.3 we conclude that V is of dimension 2n and that x; X - - - X
Ky XMy X-++X1, is 1-1 on V where Lemma 3.1 tells us that 4,5 |, =0 i.e.
V cKerd,S. As in [3] we can use the fact that C is a right inverse of d,SD to
show that d,SD is 1 —1 provided one can show that d,SD is 1-1 for every g in
On .(R) with compact support. So let g be in Oy ,(R) with compact support.
Combining Lemma 3.6 with V cKerd,S and dimV =2n we conclude that
V =Ker d,S. But then it follows that d,SD is 1-1.

Remark. Let us point out that it follows from the proof of Theorem 3.4 that C
is the inverse of d,SD as stated in the theorem of section 1.

LEMMA 3.6. If N=3 and q in Qn,.(R) with compact support then
dim Ker d,§ = 2n.

Proof. As in [3] let us denote the natural extension of 4,S to all of H, (R, R)
by A. We will show that dim Ker A =2n. Take q in Qu ,(R) with suppg c
[—b, b] for a certain b in R. Introduce the subspace G of H, ; defined by

G:= {g e H (R, R) :F g(x)fix, —ik;)fa(x, ik;)dx =0 and
J:cg(x)fl(x, ik;)f(x, —ik;) dx =0, l=sj= n}.

Applying the proof of Lemma 3.10 in [3] one concludes that for a > b d,S |4, ,a)nc
is 1-1 where H, ,(a) is defined as in [3]. Clearly the codimension of G is at most
2n. Moreover one convinces oneself that every element v in G can be
approximated by a sequence (v,).en With v, € H, (n) N G. Combining these
three results Lemma 3.6 follows.

4. The set of potentials with resonance

Let us denote by Ry the set of all potentials ¢ in Hxyn(R, R) with
w(0, q) =0.

PROPOSITION 4.1.. Let N=3 then Ry is a real analytic submanifold of
codimension 1 in Hy v(R, R).
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Proof. From Theorem 2.17 in [3] we conclude that W(0, g) is a real analytic
function of g. From Theorem 3.1 in [3] we know that dW(0, q)/9q(x) =
—fi(x, 0, 9)fr(x, 0, g) and so IW(0, q)/3q(x)#0 in x. Thus Proposition 4.1
follows from the implicit function theorem. Now let us introduce forn =0, 1, . ..

Rnn:=1{q € Rn:W(ik, q) has exactly n zeroes in 0 < k <},

Then all the R , are pairwise disjoint and %y = ;) #n .. Let us remark that
On.n(R) is an open connected and unbounded subset of Hy y(R,R) (n=
0,1,...).

It is not difficult to see that between Q, ,(R) and Qn .. 1(R) sits the set Ry ..
To prove it let us recall the well known fact that for g in Hy (R, R) all the
zeroes of W (ix), k >0, are simple. We will show in Lemma 4.3 below that if g is
in Hy v(R, R) with W(0, g) =0 then W'(0, g) #0. Thus all zeroes of W(ik, q)
on 0 = k < are simple.

Therefore there exists for g in Ry, an open neighborhood U of g in
Hpy n(R, R) such that for all p in U, W(ik, p) has exactly n or n + 1 roots in
O=k<>,

Then let us define

Uy:={peU:WO,p)=0}=UNRy
U:={pelU:(—1)"W(0, p) <0}
Uy:={peU:(-1)""'W(0, p) <0}.

Clearly U, is a neighborhood of g in Ry which is contained completely in R,
using the fact that W(0, p)=-S(0, p) one follows that U, c QOn,.(R) and
U,< On.n+1(R) where we used that W(ik) ~—2k as k— 4+ and that all the
zeroes of W(ik) on 0=k <« are simple. Observe that this shows also that for
n=0,1,... Rn , is a real analytic submanifold of codimension 1. We summarize
our results in the following

PROPOSITION 4.2. Let N=3. For n=0,1,... Ry, is a real analytic
submanifold of codimension 1 which sits in between Qy ,(R) and Qy ,, 1(R).

LEMMA 4.3. Let N=3 and q be in Hyn(R) such that W(0)=0. Then
W:(0) #0.
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Proof. Let k be in R\{0}. Then f,(x, k) can be written as

fir, k) = S(ky 1K) ‘z"t_’;‘(x’ .U -‘K(k)z;cs ®) fix, k).

So for all x in R

£le, 0= tim i(x, k) = (5 2+ 22 ), 0),
Similarly one gets (k in R\{0})
A k=28 e by + B8 e, k)
< St MR ) WS
and
e, 0) = lim £, k) = (52 - 2D, 0)

Using the fact that fi(x, 0) #0 and f,(x, 0) # 0 one gets combining the two results
4— S0 = —W'(0)

From the fact that W(k)* = W(—k) and S(k)* = S(—k) (k in R) we conclude that
W'(0) and S°(0) must be purely imaginary. The above equation can thus be
written as

W (0)1*=4+ S (0))*

and Lemma 4.3 follows.
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