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On the homology of the special linear group over a number field

DOMINIQUE ARLETTAZ

Introduction

Let F be a number field and SL(F) the infinite special linear group over F.
The homology groups H;(SL(F);Z) are in general not finitely generated. The
purpose of the present paper is to study the structure of these homology groups.
Our main result is:

THEOREM. For all i =0 H;(SL(F); Z) is the direct sum of a torsion group
and a free abelian group of finite rank.

The first two sections establish the proof of this theorem. In Section 1 we
show that the Postnikov k-invariants of a connected infinite loop space are
cohomology classes of finite order. In Section 2 we describe the space BSL(F)™*
which is an infinite loop space with the same homology as the group SL(F) and
apply the results of Section 1 in order to obtain the main theorem.

We then consider in Section 3 representations p:G— GL(F) of discrete
groups G over a number field F < C and are interested in the order of their Chern
classes c;(p) € H¥(G; Z), i =1. We deduce from the above theorem and [5] that
these Chern classes are torsion classes and we get an upper bound for their order.
More precisely there exist integers Ex(i) depending on F and i (cf. [4]) such that:

THEOREM. For any discrete group G and any representation p :G— GL(F)
one has: Egx(i)c;(p) =0 fori=1.

In Section 4 we finally apply this statement to the Chern classes of rational
representations of discrete groups (F = Q).

.This paper was written during a stay at Northwestern University; I want to
thank its members for their hospitality and the Swiss National Science Foundation
for financial support. I am very grateful to E. Friedlander, M. Mahowald and G.
Mislin for many stimulating discussions. The first section of this paper has
benefited greatly from useful suggestions made by the referee to whom I express
my thanks.
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1. Postnikov invariants of infinite loop spaces

In order to get our main result (§2) we need some information on the
Postnikov k-invariants of infinite loop spaces. All spaces we consider in this
section are CW-complexes, not necessarily of finite type, and we use the

following notation: let X be a connected CW-complex; X —»> X[n] denotes an
(n + 1)-anticonnected extension of X (Postnikov approximation of X): i.e., X[n]
is a CW-complex, obtained from X by adjoining cells of dimension =n + 2, with

[l X[n] =0 for all i>n and (a,):[; X—=1II; X[n] for all i<n. Let X(n)
denote the fibre of «,; X(n) is an n-connected CW-complex and X(n)— X

induces an isomorphism []; X(n) — II; X for all i > n. The spaces X[n] and X(n)
are uniquely determined by X up to homotopy (cf. [9], p. 418). We use the same
notation for CW-spectra.

The k-invariants k"*'(X) are maps X[n — 1]— K(Il, X, n + 1) and therefore
cohomology classes in H**'(X[n — 1]; 1, X), n =1.

Our first objective is the following theorem: the k-invariants of a connected
infinite loop space are cohomology classes of finite order (cf. Theorem 3).

For the proof of this assertion we need some results on the ordinary integral
homology of spectra. Let K(G, n) denote the spectrum whose homotopy groups
vanish in all dimensions except in dimension n where its homotopy group is G.

LEMMA 1. Let G be any abelian group. Then for each i >0 the homology
group H(K(G, 0); Z) is a torsion group of finite exponent. More precisely, if M,
denotes the product of all prime numbers p <i/2+ 1, then M;H(K(G, 0);Z)=0
fori>0.

Proof. This is a direct consequence of [3], Thm. 2.

LEMMA 2. Let X be a connective CW -spectrum (i.e., [I; X =0 for i <0) and
let m be an integer =0 such that [1; X =0 for i > m. Then for each i > m the group
H;(X; Z) has finite exponent.

Proof. Let i be an integer >m. We first look at the spectrum X(m —1) =
K(l,. X, m): by Lemma 1, H;(X(m —1);Z)=H,_,,(K(Il,. X, 0); Z) has finite
exponent. Now we use the following induction argument: for kK <m the long
exact homology sequence associated to the cofibration X(k)— X(k—1)—
K(I1x X, k) implies that, if H;(X(k); Z) has finite exponent, then H,(X(k — 1); Z)
has also finite exponent; the induction starts with k =m — 1 and stops with k =0
(X(=1)=X).
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Remark. Let X be as in Lemma 2. It follows from our induction argument
that, for i >m, the positive integer N, ,,:=1I;"( M;_, is an upper bound for the
exponent of H,(X;Z): N, .H(X;Z)=0.

We are now able to prove the main result of this section.

DEFINITION. S,.,:=I1""' M; (for n=1), where M, is defined in Lemma 1.
Note that a prime number p divides the positive integer S, if and only if
p<(n+3)/2.

THEOREM 3. For any connected infinite loop space X and for each n =1 the
k-invariant k"*'(X) satisfies:

S, 1k"1(X) =0.

Remarks. 1) The integers S, ., do not depend on X.
2) The statement of this theorem is valid without any finiteness condition
on X.

Proof. Let X be a connected infinite loop space and let X denote the
associated (connective) spectrum. For n=1 the k-invariant k"*'(X) e
H"(X[n —1];II, X) is the image of an element of H"*'(X[n — 1]; 1, X) under
the cohomology suspension (cf. [9], p. 438). Since X[n —1] is a spectrum
such that [I; X[n —1]=0 for i>n—1 it follows from Lemma 2 and the
universal coefficient theorem that the group H"*'(X[n —1];II, X) has finite
exponent which is bounded by lem(N,41,,-1, Npn-1) =lem(MoMs- - - M, 4,
MM, ---M,)=S,,,. Therefore k"*'(X) is a cohomology class of finite order:
S, 1k"(X) =0.

LEMMA 4. Let X be a connected, simple CW-complex and let the k-invariant
k"*}(X) be a cohomology class of finite order s in H**'(X[n — 1];I1, X), then
there exists a map f:X— K(Il, X, n) such that the induced homomorphism
f«:Il, X—> 11, X is multiplication by s.

Proof. The identity map id: K(II, X, n + 1)— K(II, X, n + 1) is a cohomol-
ogy class in H"'(K(Il,, X, n + 1); 1, X); we can therefore consider the map
sid: K(I, X, n +1)— K(II, X, n + 1). The composition

X[n - 11529, K[, X, n + 1) =4 KT, X, n + 1)
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is actually [k""'(X)]*(s - id) = s[k"*'(X)]*(id) = sk"*'(X), where [k"*'(X)]*:
H" " (K(Il, X, n +1); I, X)> H"*'(X[n — 1]; I1, X) is the homomorphism in-
duced by k"*'(X).

We have the following map of fibrations:

K(I, X, n) —"— K(11, X, n)

4, i

X[n] —> PK(I,X.n+1)

v
skt I(X)

Xn—1] — KU1, X,n+1)

where the second fibration is the path-fibration over K(II, X, n + 1). The map ¢
induces a multiplication by s on [], X.

Let now K(II, X, n)— E— X[n — 1] denote the fibration which is induced
from the path-fibration by sk"*'(X). Because E is a pull-back we get a map
Y : X[n]— E and the following commutative diagram:

K(Il, X, n) \gb*
s

l K1, X, n) —> K(IT, X, n)

el |

E— PK(IL, X, n+1)

kn+]X l
Xin—-1] 295 ka1, x, n+1)

It follows that the induced homomorphism yx, :II, X— I, X, and therefore also
Y, 1L, X[n]—=I1.E =11, X, is multiplication by s.

Because sk"*'(X)=0 we obtain a homotopy equivalence E =X[n —1]X
K(Il,. X, n). We then can define a map

X35 X[n] Y E = X[n — 1] x K(1, X, n) = K(I1, X, n),
where 7 is the projection on the second factor, and f: X — K([I, X, n) induces a
multiplication by s: f, :II, X—1II, X.

COROLLARY 5. Let X be a connected infinite loop space. Then there exists a
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map
f:X_),,Ij,K(H" X, n)

such that, for each n=1, the induced homomorphism f,:II,X—Il,X is
multiplication by some positive integer dividing S, . ,.

Proof. This assertion follows from Theorem 3 and Lemma 4.

COROLLARY 6. Let X be a connected infinite loop space such that, for each
i=1, II; X is the direct sum of a torsion group and a free abelian group of finite
rank. Then, for each i =0, H,(X; Z) is a group of the same form.

Proof. Let C denote the Serre class of all torsion abelian groups. If we
compose the natural map

g: ﬁK(Hn X,n)—>Y:= ﬁK(Hn X /torsion, n)
n=1 n=1

with the map f of Corollary 5 we get a map A =gof:X— Y, which induces a
C-isomorphism on homotopy groups and therefore also a C-isomorphism on
homology groups: h,:H(X;Z)—> H(Y;Z), i=0. For each i=0 the group
H,(Y;Z) is finitely generated; consequently H;(X;Z)/kerh, is also finitely
generated and ker &, € C. It follows that H;(X; Z) modulo its torsion subgroup is
a free abelian group of finite rank.

2. The main theorem

Let F be a number field, SL(F) =_1_i_1_n)SL,,(F ) its infinite special linear group

and BSL(F)* the space we obtain by performing the plus construction on its
classifying space BSL(F). The space BSL(F)" is a simply connected CW-complex
and its singular homology groups are isomorphic to the homology groups of the
group SL(F): H(SL(F); Z) = H(BSL(F); Z) = H(BSL(F)*; Z), i =0.

Because BSL(F)* is the universal cover of BGL(F)* (GL(F) denotes the
infinite general linear group over F), we have for i =2: [, BSL(F)* = K,F. Let
now A be the ring of algebraic integers in F. We consider the localization exact
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sequence (cf. [7], Thm. 8):
ce > ,'+1A'—)K,'+1F_‘) @KiA/m"‘)K,'A"')"'

where m runs over the set of maximal ideals of A. For every maximal ideal m,
A/m is a finite field and therefore:

K.Alm = {0, | ' 1fz ?s even,
a finite cyclic group, if i is odd.

We get the following exact sequences:

--—> K,A— K,F—0, for i odd, =3,
0— K,A— K,F— DK;_A/m, forieven, i=2.

D. Quillen proved in [6] that K;A is finitely generated for all i = 0; using the
fact that K;A ® Q =0 for i even (cf. [2], Cor. of Thm. 2) we conclude that K;A is
finite for i even (i =2). We obtain the following description of the homotopy
groups of BSL(F)™ fori=2:

a finitely generated abelian group for i odd,

t=KF =
Hi BSL(F) K:F {a torsion group for i even.

If i is odd the rank of the group K;F is given by [2]. If i is even the group KF is
not finitely generated; therefore there are homology groups of this space which
are not finitely generated.

Since BSL(F)™ is an infinite loop space (cf. [8]) we deduce from Corollary 6
our main result which describes the structure of the integral homology groups of
BSL(F)*.

THEOREM 7. Let F be a number field. Then for all i=0 H(BSL(F)";Z) is
the direct sum of a torsion group and a free abelian group of finite rank.

Remarks. 1) The rank of this free abelian group is given by [2], Thm. 2.

2) Let A be the ring of algebraic integers in F, § a multiplicative subset of A,
and let us consider the localization S 'A; then the statement of Theorem 7 is also
true for the space BSL(S™'A)™.

3) Theorem 7 remains true if we replace the infinite special linear group by
the infinite Steinberg group.
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COROLLARY 8. Forall i=0 H'(BSL(F)"*; Z) contains no infinitely divisible
element except 0.

Proof. Let X:=BSL(F)*. We know from the universal coefficient theorem
that H'(X; Z)=Hom (H;X, Z) @ Ext (H;,_, X, Z). Because the homomorphisms
of Hom (H;X, Z) take values in Z, the unique infinitely divisible element of
Hom (H;X, Z) is 0. On the other side, by Theorem 7, Ext (H;_, X, Z) = Ext (T, Z)
where T is the torsion subgroup of H; ;X and the conclusion follows from
Lemma 4.2. of [1].

COROLLARY 9. For all i=0 H'(BGL(F)*;Z) contains no infinitely
divisible element except 0.

Proof. Because BSL(F)* is the universal cover of BGL(F)* we have the
fibration BSL(F)*— BGL(F)*— BF*, where F* denotes the multiplicative
group of the units of F. The three spaces are H-spaces and there exists a section
BF*— BGL(F)" induced by the inclusion F* = GL,(F) < GL(F); this implies a
homotopy equivalence BGL(F)* = BSL(F)* x BF*. Since F* is the direct sum
of a finite cyclic group and a free abelian group, it follows from Theorem 7 that
H,(BGL(F)*; Z) is the direct sum of a torsion group and a free abelian group,
i =0. The assertion is then a consequence of the argument used to prove the
previous corollary.

3. Chern classes of group representations over a number field

We consider in this section representations p: G — GL(F) of discrete groups
G over a number field F c C and their Chern classes: our objective is to prove
that these Chern classes are torsion classes.

Let G be a discrete group and p: G— GL(C) a complex representation of G.
The Chern classes c;(p) € H*(G;2), i =1, of the representation p are defined as
the Chern classes of the associated flat complex vector bundle over the classifying
space BG = K(G, 1) of G (cf. [1], [4], or [5]). For a number field F cC let
c:(GL(F)) denote the i-th Chern class of the inclusion GL(F) <~ GL(C), i=1,
where we consider GL(F) as a discrete group. If a representation p of the
discrete group G is realizable over a number field FcC, e,

G 25 GL(F) < GL(C), then the Chern classes of p and of GL(F) are related by

ci(p) = p*c(GL(F))
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where p* is the homomorphism H¥*(GL(F); Z)— H*(G;Z) induced by p, i =1.
Therefore the order of ¢;,(GL(F)) in H¥*(GL(F); Z) is the best upper bound for
the order of c;(p) when p ranges over all F-representations of all discrete groups.

Let now Eg(i) be the integer described in [4] and [5]. Namely Eq(i):=
max {n with exp (Gal (F({,)/F)) dividing i} where {, denotes a primitive n-th
root of unity and exp (Gal (F(§,,)/F)) is the exponent of the Galois group of F({,,)
over F.

The main result of this section is the following

THEOREM 10. Let F < C be a number field. For any discrete group G and
any representation p : G— GL(F) one has

Er(i)ci(p)=0 for i=1.

Proof. Tt follows from [5] (Main Theorem) that Eg(i)c;(GL(F)) is an
infinitely divisible element of H*(GL(F); Z) and we conclude by Corollary 9 that
Er())c;(GL(F))=0. The theorem is then proved because the order of c,(p)
divides the order of c¢;,(GL(F)).

Remark. This theorem gives for i = 1 an upper bound for the order of the i-th
Chern class of all F-representations of all discrete groups but not necessarily the
best upper bound. In fact we deduce from [4] that the best upper bound ( = the
order of ¢;(GL(F))) is equal to Ex(i) unless i is even and F formally real (i.e., —1
is not a sum of squares in F), where it is Ex(i) or 3E(i) (we do not know which is
correct).

4. The case of the field Q of rational numbers

If F=Q, the field of rational numbers, then we can give a more precise
answer. In this case Eg(i) =2 if i is odd and Eg(i) = denominator of B;/2i if i is
even, where B, is the i-th Bernoulli number (B, =%, B,=+, .. .). The best upper
bound for the order of Chern classes of rational representations of discrete groups
is given by

THEOREM 11. The order of c(GL(Q)) in H*(GL(Q); Z), i =1, equals
a) 2 foriodd,

b) Eg(i) for i =2 mod 4,

¢) Eg(i) or 3Eq(i) for i=0mod 4.
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Proof. We write ¢ (GL(Z)) for the i-th Chern class of the inclusion
GL(Z) > GL(C); clearly its order divides the order of c¢;,(GL(Q)). The proof
follows from Theorem 10 and the study of the order of ¢;,(GL(Z)) in [1].

Remark. The homomorphism Hiy(BSL(Z)"; Z)— H;(BSL(Q)"; Z), induced
by the inclusion Z < Q, is surjective, because the corresponding homomorphism
K57 — K,Q is surjective, and we know that Hy(BSL(2)*; Z) = Z/24 (cf. [1], Satz
1.5). Since the group H*(BSL(Q)™"; Z) (=H(BSL(Q)*; Z)) contains the element
c,(SL(Q)) of order Eg(2)=24 we conclude that Hy(BSL(Z)*;Z)—
H;(BSL(Q)*; Z) is an isomorphism.
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