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Parametrization of Môbius groups acting in a disk

Mika Seppala and Tuomas Sorvali

Introduction

We consider groups G generated by hyperbolic Môbius transformations acting
in the upper half-plane H or in the unit dise D. It is an interesting problem to find
invariants which détermine G up to conjugation. For properly discontinuous

groups G this is the same thing as parametrizing the Teichmûller space of the
Riemann surface H/G. In our considérations the discontinuity of G plays no rôle.

Consequently the results hold for rather gênerai groups G.

The proofs are elementary. We use multipliers of transformations of G to
parametrize G. In the considérations we suppose that G is finitely generated even
though the methods and computations could be easily generalized for infinitely
generated groups.

To formulate the main resuit suppose that the hyperbolic transformations
g\&gt; h\, gs, hs generate G and satisfy certain technical conditions described in
Theorem 2.2. Assume that the commutator cs hs°g~l°h~l°gs is hyperbolic and

suppose that a relation is given such that cs has a known représentation in the

group generated by glf hu g5_i, /i5_i. Then the multipliers of the following
6s — 4 transformations

gnh} andg^/îj for; l, s,

hjohx for y 2, 5,

gj «g! and h} °gt for ; 2, s - 1 and

gs°hs

détermine G up to conjugation (Corollary to Theorem 2.2). Further, the

multipliers of gs°hs and gs°hl can both hâve only two différent values for fixed
values of the other multipliers.
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150 MIKA SEPPALA AND TUOMAS SORVALI

Note that we dllow hère, in fact, conjugation by Mobius-transformations

mapping the upper half-plane (or the unit disk) onto îts complément Then the

conjugacy class of G becomes uniquely determmed by the multiphers of the
above transformations

For discontinuous groups G this resuit can be used to parametnze the

Teichmuller space Ts of S HIG globally by the multiphers of the above 65 — 4

transformations This îs the same thing as parametnzing Ts by the lengths of
6s — 4 closed geodesics Irwin Kra has shown that such a parametnzation îs not
even locally possible by 65 - 6 fixed curves only Corollary to Theorem 2 2 gives a

set of 6s — 4 closed curves whose lengths parametnze the Teichmuller space

globally Together with Kra&apos;s resuit this imphes that the minimal number of
curves parametrizmg the Teichmuller space îs either 6s — 4 or 6s - 5

Deleting the transformations gs°hx and gs°hs from the above hst we obtain a

set of 65 — 6 Mobius transformations whose multiphers parametnze an open set

of the Teichmuller space A remarkable fact îs that such a parametnzation can be

obtained by elementary computations concernmg the group G and that the

discontinuity of G or the geometry of HIG plays no rôle hère

We start with showing how certain basic results about the geometry of a

Riemann surface HIG are actually implied by elementary computations concernmg

hyperbohc Mobius transformations with intersecting axes The multiphers of
such transformations with a hyperbohc commutator satisfy an înequahty (16)
that, in the case of a Fuchsian group G, imphes an inequahty between the lengths
of closed intersecting geodesics The considérations hère are of the same nature
as those m [A], II 3 3, but the resuit îs somewhat stronger

The parametnzation of G îs achieved by considenng a suitably normahzed set

of generators of G That normahzation îs explained in Section 2 (e g Fig 3) It
allows us to avoid huge technical difficultés For Fuchsian groups a usual
standard set of generators satisfles the conditions of the normahzation

Using this set of generators we first parametnze certain free subgroups of G
This îs done m détail m Theorem 2 1 Thèse considérations should be contrasted
with those in [S-S] where a similar parametnzation was obtained for the

Teichmuller space of a Riemann surface HIG There we apphed rather strong
results of the geometry of HIG The présent paper reflects, in our opinion, the

nature of thèse things more truly Many of the results which, a priori, look rather

deep are actually simple conséquences of elementary computations
Similar questions hâve been considered by manv authors We would especially

hke to mention the work of H Helling [H] His methods are closely related to
those of this paper and his results were a starting point of this investigation

We thank the référée for valuable comments
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1. A collar inequality

Let g be a hyperbohc Mobius transformation Dénote by a(g) and r(g) îts
attracting and repelhng fixed points, respectively Then îts multiplier k(g) îs given
by the cross-ratio

k(g) (g(z),z,r{g),a(g))

for any z e ù not fixed by g
For the values k &gt; 0 let

and dénote

Then /(g) &gt; 2 For a parabohc g set k(g) 1 and /(g) 2

If

cz 4-

îs any transformation conjugate to g, then

Let (g, /i) be a pair of hyperbohc transformations of the unit dise D onto
îtself Suppose that g and h hâve no common fixed points Dénote

t (r(g),r(h),a(h),a(g))

Then a calculation yields
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Divide the pairs (g, h) in the classes $?, 9 and % as follows:

(g, h) e %&lt;*f(g*h) tf{kxk2) + (1 - t)f{kxlk2) s* 2

h (2 ~f{kxlk2))l(f{kxk2) -f{kxik2)) (1.1)

&lt; r2 (-2 -f{kxlk2))l(f{kxk2) -f{kxlk2)) (1.2)

2&lt;r&lt;/,. (1.3)

Suppose that &amp;! and &amp;2 are kept fixed but f is let to vary. If t increases from

-x to t2&gt; then (g, h)e&amp; and f(g°h) decreases from oc to 2. If t2&lt;t&lt;tx then
(g, h)e% and g°A is elliptic. If t increases from tx to «, then (g, h) e ffl and

f(g°h) increases from 2 to x.
If we conjugate by a Môbius transformation sending r(/i)-»l, a(h)—»0,

a(g)—»x and r(g)-^r, we get Fig. 1. Hère the open interval ]t2, tx[ séparâtes the
classes 9 and 2t. Note that the pairs (g, h) and (h, g) belong to the same class.

We state two theorems (cf. [S-S], §1).

H

*2 fci t « r(g) 0 « a (h) 1 r(h)

Figure 1.

THEOREM 1.1. For any kx&gt;\y k2&gt;\ and k3&gt; 1 there exist up to conjuga-
tion unique pairs {g&gt;h)eW and (g, h)e 3P such that kx A:(g), k2 k{h) and

h). D

THEOREM 1.2. Deform a(g), r(g), a{h)y r{h), k{g) and k{h) continuously.

If g, h and g°h stay hyperbolic during the déformation, then the class of (g, h) is

not changea.

Theorem 1.2 shows that, in later applications, the class of any pair (g, h) can
be kept fixed.

Theorem 1.1 shows that the numbers kx &gt; 1, k2&gt; 1 and &amp;3&gt; 1 can be given
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freely in the classes 9 and %€. We consider next the class Sif, impose some natural
restrictions on (g, h) and show that kx and k2 cannot then be simultaneously «1.

Consider the commutator

c h°g~l°h~l °g.

A straighttorward calculation (cf. [L], p. 100) yields

/(c) |r(l - t){f{k\) - 2)(f(kî) &quot; 2) - 2|.

Suppose that the axes of g and h intersect, î.e., 0&lt;t&lt;l (cf. Fig. 1). If c is

hyperbolic, then either

f(c) r(l - r)(f(*ï) - 2)(f{k\) - 2) - 2 &gt; 2 (1.4)

or

f(c) 2 - r(l - t)(f{k\) - 2)(f(kl) ~ 2) &gt; 2

Since 0&lt;f&lt;l, t(l-t) is positive. Hence also f(l - t)(f(k2{) - 2)(f(k22) - 2)&gt;0

which implies that (1.4) holds. Since 0 &lt; t{\ -1) ^ J for 0 &lt; / &lt; 1, it follows from
(1.4) that

2 &lt;/(c) S ï(f(kï) ~ 2)(f(k22) - 2) - 2

or

or
V W &gt; 4. (1.5)

If fc2-^ 1 then /:!—&gt;». We state our resuit as a theorem.

THEOREM 1.3. Suppose that g and h are hyperbolic Mobius transformations
of the unit dise D onto itself If the axes of g and h intersect and the commutator
h°g~ÏQh~l°g is hyperbolic, then

k(g)&gt;l6/(k(h)-l)2. (1.6)

Proof Under the hypothèses of the theorem, (1.5) holds with k{ k(g) and
k2 k(h). Since 0 &lt; 1/V*, &lt; 1, j 1, 2, we get

4 4



154 MIKA StPPALA AND TUOMAS SORVALI

To (16) analogous collar înequahties are proved e g in [K] and [A]
Retaining the assumptions of Theorem 1 3 we dérive an équation satisfied by the

multipliers

ki=k(g),
k2 k(h),

From (1 1) we get

f(kd-f(kx/k2)
f(kxk2)-f(kx/k2)

Hence by (1 4)

2
_ r(1 f) _ (f(*0 -f{kxlk2))(f{kxk2) -/(*,))

(f(k\)-2)if{kl)-2)

With respect to f(k^), the équation (1 7) îs of second degree This proves the

followmg theorem

THEOREM 1 4 Suppose that g and h are hyperbolic Mobius transformations

of the unit dise D onto itself such that the axes of g and h intersect and the

commutator c h°g~{°h~l ° g is hyperbolic If kx-k(g), k2 k(h) and k4- k(c)
are known, then k^ k(g°h) has two possible values except in the case

f(k4) + 2 \if(k]) - 2)(f(kï) ~ 2) (1 8)

when kï is uniquely determined

By (1 4), the case (18) occurs if and only if t {
Dénote by A^ and k&apos;3 and two possible value* in Theorem 1 4 If

f(k,) tf{kxk2) + (1 - t)f{kxlk2), (1 9)

then, by (1 7),

f(k&apos;à (1 - t)f(kxk2) + tf{kxlk2) (1 10)
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Figure 2 The angle between the axes of g and h îs y

In the case (1.9), conjugate in such a way that r(g)—&gt; -1, a(g)-+1, a(h)-+el&lt;p
and r(h)-&gt; -el(p, O&lt;cp&lt;jz (Fig. 2). It follows that t cos2 (&lt;p/2). If we dénote
by &lt;p&apos; the corresponding angle of (1.10), then

Hence cp&apos; n - cp. In both cases the acute angle between the axes of g and h is
the same. We hâve proved the following corollary to Theorem 1.4:

COROLLARY. The axes of g and h are orthogonal if and only if (1.8) holds.
In other cases k(g), k(h) and k(h°g~l °h~l °g) détermine uniquely the acute angle
between the axes of g and h. D

Analogous results for Fuchsian groups representing compact Riemann
surfaces hâve been applied e.g. in [S-S].

2. Parametrization of a Mobius group with a relation

Let J{ {gi, hlf g2, h2, gs, hs) be a set of hyperbolic Mobius transformations

of D onto itself. Suppose that the cyclic order of the fixed points is given
by Fig. 3 for any y e {g2, h2, g,.,, /i5_,}. Then (glf hx) e X and (gs, h,) e X.

Figure 3
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X

Figure 4

Suppose the classes of (y, gx) and (y, ft,) are fixed for ail y e {g2, h2f gç, /î5}.

Conjugate to the upper half-plane // in such a way that r(hi)-*0, a(h{)-^^,
a(gl)~* 1 and r(gx)-+x 1 - Ht &lt;0 (Fig. 4).

Fix the multipliers A:1 /:(g1), k2 k(hx) and /c3 A:(^!°/ii). Then, by
Theorem 1.1, x is uniquely determined.

LEMMA 2.1. Under the above assumptions, the numbers k(y), k(y°gi) and

ï) détermine y e {g2&gt; h2, g,, A,} uniquely.

Proof. Let y&apos; be another candidate for y. By Theorem 1.1, the pairs (y, gx)
and (y&apos;, g!) as well as the pairs (y, h^) and (y&apos;, /ij) are conjugate. Hence we hâve
Môbius transformations t// and a such that

y&apos; 1, a(0) =0, a(oc)

X.

Moreover, ip and a are hyperbolic. Let yx and y2 dénote the fixed points of y.
Then

or

since cr(2) fcz, for k /c(a) or k~~x A:(a).

The next Lemma shows that t/; id and y&apos; y.



Parametrization of Môbius groups acting in a disk 157

LEMMA 2.2. Let y : H -^ H,

(ak- r)z - ar(k - 1)
^(2) ~

(k -l)z-kr + a
&apos;

k &gt;0, /c ^ 1, be a hyperbolic Môbius transformation with the fixed points a and r
and with the multiplier max (kf \lk). If there exist real numbers yx y2 such that

D {2A)
i - r)(y2 - r)

The proof of Lemma 2.2 is a direct calculation. To prove Lemma 2.1 assume
that \p is not the identity. Then we can apply, to this ip, Lemma 2.2 with a 1,

r x&lt;0, yx&lt;x and y2&lt;x. Hence k&lt;0 which is impossible. Lemma 2.1 is

hereby proved.

At this stage we hâve proved the following resuit:

THEOREM 2.1. Let 3if {gl} hXy gs, hs} be a set of hyperbolic Môbius
transformations of D onto itself Suppose that the cyclic order of the fixed points is

given by Fig. 3 and the classes of the pairs (y, gx) and (y, hx) are fixed for ail

y e {g2) h2f gs, hs}. Then the multipliers of the following 6s — 3 Môbius
transformations détermine JC uniquely up to conjugation:

g}&gt;h,&gt;g,°hu y l, ,5

hjohugjogi&gt;hjogi, / 2, ...,5.

Suppose next that the commutator

C h o p~ o h~ OQC5 ns 6 s ns 6s

is hyperbolic and that cs has a given représentation in the group generated by the
set {gly hi, gs-i&gt; hs_x}. Suppose also that cs and hx hâve no common fixed
points. Let the multipliers of the following 6s - 9 Môbius transformations be

given:

gj,hjygjohu 7 1, ,5-1.
hj°hugJoguhJogu 7 2, ,5-1.
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Then, by Theorem 2.1, the set {g,, hu gs_i, hs_x) is determined up to
conjugation. Hence k(cs) is uniquely determined.

Assume that also k(gs) and k{hs) are given. Then, by Theorem 1.4, k(gs°hs)
has at most two possible values. Choose one of thèse. By Theorem 1.1,

is uniquely determined.

Finally, give k(h,°hx). Let (gs\ h&apos;s) be another candidate for the pair (gv, hs).
Since both hâve the same cross-ratio fv, there exists a Môbius transformation ip

such that

h[ —

,-1

Since (gs, hs) and (g,, h&apos;s) hâve the same commutator cs, \p is hyperbolic and has

the same axis as cs. Dénote by a and r the common fixed points of cs and ip.

Dénote yx r(hs), y2 a{hs). Since k(hs°hx) k(h&apos;s°hx), it follows as in
Lemma 2.1 that y2\p(yx) =y\ip{y2)&apos; By Lemma 2.2, we hâve two alternatives.
Either xp id or

(ak - r)z - ar(k - 1)

(2.2)

(k - ï)z - kr + a
&apos;

k^r(yx-a)(y2-a)
« Oi — r)(y2 - r)

&apos;

Hence we hâve in gênerai two alternatives for the pair (g5, hs).

THEOREM 2.2. Let %= {gu hu 9 gs, hs) be a set of hyperbolic Môbius
transformations of D onto itself. Suppose that the cyclic order of the fixed points is

Figure 5.
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given by Fig. 3 and the classes of the pairs (y, gx) and (y, hx) are fixed for ail
ye {g2, h2, gif h,}. Suppose that the commutator c, hs°g~l°h~l °gs is

hyperbolic and has a given représentation in the subgroup generated by
{gi, Ai, g,_i, *5-i}. Suppose that cs and hx hâve no common fixed points. Let
the multipliers of the following 65-6 Môbius transformations be given:

grhr y l, ...,5,
g,°hx, ; 1, ,5-1,

gjogi and hjogu ; 2, ...,5-1. (2.3)

Then the set {g\,hx, gs-\, /ï5_i} is uniquely determined up to conjugation. If
{gu hi, gs-i, A5_J w ^xed f/ie/i (gs,hs) has at most four possible
alternatives.

The 65-6 multipliers in Theorem 2.2 give in fact local parameters for the
Teichmiiller space of the group generated by %. To obtain a global parametrization

for the Teichmiiller space, additional multipliers are needed.

We retain the assumptions of Theorem 2.2. We add to the 65 — 6 multipliers
(2.3) also k(gs°hi) and suppose that the cyclic order of the fixed points of cs is

given by Fig. 5. Dénote vl r(gs) and v2 a(gs). Then similarly as for hs,

v2ip(v1) u1i^(u2). Hence we get a second expression for the number k in (2.2):

k
a(vl-r)(v2-r)

Hence

vx — a v2- a __y\- a

vx-r v2-r yx-r y2-r
or

(V\,y\, a, r) (y2, v2, a, r).

But this is impossible, since (vuyx, ayr)&gt;\ and (y2, u2, a, r)&lt; 1. Hence \p id.

The set X is not uniquely determined up to conjugation by the 65-5
multipliers (i.e. the 65-6 multipliers of the transformations (2.3) plus k(gs°hx)
since k(gs°hs) still has in gênerai two possible values. Theorem 1.4 and its

Corollary give a clear picture of thèse two alternatives.
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If we finally give k(gs°hs), then % îs uniquely determined up to conjugation.

COROLLARY. Suppose that jK satisfies the hypothèses of Theorem 2.2. Ifthe
cyclic order of the fixed points of cs is gwen by Fig. 5, then the multiphers of the

following 6s — 4 Mobius transformations détermine % uniquely up to conjugation •

g)

g,

h,

g,

gs

,h,,

°hl&gt;

°hx,

°g\&gt;

•h,.

h,

7 1,

7 1,

7 2,

7 2,

Note that the 6s — 3 multiphers in Theorem 2 1 give global parameters also for
a set 3if without any relation.
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