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Cohomology with free coefficients of the fondamental
group of a graph of groups

Kenneth S. Brown(1) and Ross Geoghegan(1)

Let G be an HNN extension H *A with base group H, associated subgroup
Aç,H, and monomorphism t : A —? H. Consider the Mayer-Vietoris séquence
with ZG coefficients

&gt; HQ(G, 1G) -h&gt; Hq(H, ZG) -£&gt; Hq(A, 1G) -&gt; • • •

(tf- [1]» [2], or [6]). We will be interested in the case where H and A are assumed

to be of type FPn for some n. [Recall that a group K is said to be of type FPn if
the ZK-module 1 with trivial K-action admits a projective resolution which is

finitely generated in dimensions &lt;n.] Bieri ([1], Theorem 6.6) showed in this case
that the map a is a split monomorphism for q &lt; n, provided A and t(A) are of
finite index in H, and he deduced under thèse hypothèses that G is a duality
group if H and A are duality groups. He proved similar results for amalgamated
free products in which the amalgamated subgroup is of finite index in both free
factors.

In this paper we generalize Bieri&apos;s results by (a) dropping the finite index
hypothèses and (b) allowing G to be the fundamental group of an arbitrary finite
graph of groups of type FPn. There is a Mayer-Vietoris séquence analogous to
that above, and we give an interprétation (in dimensions &lt;n) of a and its kernel
and cokernel in terms of the tree X associated to G [9]. This leads to a short
exact séquence for Computing H*{G,~IG), involving the compactly supported
cohomology of X with coefficients in the System {H*{G^ ZGa)}, where G^ ranges
over the vertex and edge groups. See Theorem 2.2 for the précise statement.

We are able to deduce, among other things, sufficient conditions weaker than
those of Bieri for a to be a monomorphism. In the HNN case, for instance, we
prove
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32 K S BROWN AND R GEOGHEGAN

THEOREM 0.1. Let H and A be of type FPn and let the restriction map
Hq(H,ZH)-*Hq(A,ZH) be a monomorphism for some q&lt;n. Then

a :Hq(HyZG)—» Hq(A, ZG) in the Mayer-Vietoris séquence is a monomorphism.

This holds, in particular, if A is of finite index in H, e.g., if H A\ t(A),
however, is allowed to be arbitrary. A concrète example of this situation is given
in [5], where we use Theorem 0.1 to show that a certain interesting group F of
type FPoo has Hq(F, IF) 0 for ail q.

Finally, in case (H:A)&lt;oo and G H*A as above, we obtain a resuit
(Theorem 3.3) relating properties of Hq(G, ZG) to corresponding properties of
Hq~1(H, ZH). In particular (i) if H is an m-dimensional duality group, then G is

an (m + l)-dimensional duality group, and, (ii) if H is of type FPn, q&lt;n and

K(H:A)&lt;oo, then Hql(H,IH) Z-free implies Hq(G,ZG) Z-free.
The paper is organized as follows. §1 contains some gênerai observations

about H*(G, ZG) as a functor of G. Thèse results might be well-known, but we
know of no référence for them. In §2 we apply the results of §1 to the

Mayer-Vietoris séquence discussed above. In particular, Theorem 2.2 falls out
immediately. §3 contains examples, including Theorem 3.2 which implies
Theorem 0.1, above. Finally, an appendix contains a direct proof via normal
forms of Theorem 0.1 for the benefit of the reader who is not familiar with the
theory of graphs of groups.

Some of the results of this paper were announced in [4].

§1. Preiiminaries: Functorial properties of H*(G,ZG)

Let D*(G) H*(G,ZG). We want D* to be a functor.
Recall that group cohomology is contravariant with respect to group

homomorphisms and covariant with respect to coefficient module homomorph-
isms. It will be convenient to formalize this as in [2], §111.8, by viewing H*(—, —)

as a contravariant functor on the following category % : the objects are pairs
(G, M), where G is a group and M is a left G-module; a morphism (G,M)-^
(G&apos;, M&apos;) is a pair (u : G —&gt; G&apos;, v : M&apos; —&gt; M), where m is a group homomorphism
and v is an abelian group homomorphism such that v(u(g)mf) gv(m&apos;) for geG,
m&apos;eM&apos;. Equivalently, v is a G-module homomorphism when M&apos;is regarded as a

G-module via u.

Let % be the category of groups and monomorphisms. There is a covariant
functor d.^-^^U taking G to (G, ZG) and i : H -&gt; G to d(ï) : (H, ZH) -&gt; (G, ZG)
given by d(i) a(r1)0), where (r1)0^) r\g) if gei(H) and (r1)°(g) 0

otherwise. [Hère and throughout this section we use a superscript 0 to dénote the
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&quot;extension by zeroes&quot; to ZG of a map defined on a subset of G.] We now set
D*(0 d(i)*:I&gt;*(G)-»D*(H); in other words, letting s&amp;t be the category of
abelian groups, D* : ^ —&gt; S&amp;&amp; is the composition ^ —&gt; % &gt; £/#, a contravariant
functor.

Some familiar concepts fit into this framework.

EXAMPLE 1.1. Let i:H-*G be an inclusion with (G:H)«*. Then
D*(i) : £&gt;*(G) —? D*(H) is an isomorphism; in fact, it is the usual Shapiro&apos;s

Lemma isomorphism. This follows from the description of the latter given in [2],
§111.8, exercise 2.

Suppose H and Hf are subgroups of a group G and suppose g is an élément of
G such that gHg&quot;1 çff&apos;. Suppose M is a G-module and N (resp. N&apos;) is an
H-submodule (resp. H&apos;-submodule) such that g^N&apos;çN. Then there is a map
(cg,Àg-0:(H,N)^(H&apos;,N&apos;), where cg(h) ghg~1 for h eH and Àg-i(n&apos;) g&quot;V

for

EXAMPLE 1.2. If we set H H&apos; G and M M&apos; N&apos; 1G, one checks that
d(cg) (id, Pz)°(cg, Ag-0 : (G, ZG) -&gt; (G, ZG), where pg(x) xg. The map (cg, Àg-0
induces id on H*(G,ZG) (cf. [2], III.8.3). So D*(cg) (id, pg)*. Thus the left
conjugation action of G on itself induces, by contravariance of D*(—), the usual

right action of G on H*(G, ZG) coming from the right-multiplication action of G
on ZG.

We wish to study H*(H, ZG), where HçG,in the context of the functor D*.
More generally, if S is a G-set, Le., a set with a left G-action, let Gs be the

isotropy subgroup of G at se S, and let So be a set of représentatives for
S mod G. Then we wish to study ©S6So H*(GS, ZG) functorially.

For s e S and g g G, the isomorphism cg:Gs-* G^ induces an isomorphism
D*(cg):D*(Ggs)-+D*(Gs). Let

D*(S) ®D*(GS)
seS

and

seS

Thèse are right G-modules in a natural way, via the isomorphisms D*(cg). [In case
S has only one élément, for instance, this is the G-module structure on D*(G)
discussed in Example 1.2. In the gênerai case D*{cg) is induced by d(cg)
(id, pg)o(Cg, A g-i) where (in the terms preceding Example 1.2) H Gs, H&apos; Ggs,
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M ZG, N ÏGS and N&apos; ZGgsg.] In the rest of this section, we will show that
Dg(S) is functorially isomorphic to 0seSoH*(Gs,ZG) under suitable finiteness
hypothèses - see 1.6 below.

First, we look at a spécial case. Let H be a subgroup of G and let S G/H
{gH\ geG}. Then D%(G/H) (BD*(gHg-1) where g ranges over a set of
représentatives for G/H. For each coset représentative g there are morphisms

(H, ZG) ^-^ (gHg-\ ZtgHg-1])

(H, ZG) ï-^- (gHg~\ ZtgHg&quot;1])

inducing

-» H*(H, ZG)

and, hence, morphisms of abelian groups

^ H*(H, ZG) -^ DS(G/H).

[Recall that, according to the convention mentioned above, Àg:ZG —» ZtgHg&quot;1] is

given by g&apos;*-&gt; gg&apos; if g&apos;eHg&quot;1 and g&apos;*-*0 otherwise.] Our main interest hère is in
the map &lt;f&gt;, but *p is useful because it enables one to compute 4&gt;~x in case &lt;/&gt; is an

isomorphism. Note that &lt;£g and i/rg dépend only on the class of g in G/H because

of the invariance of H*(H9 -) under H-conjugation (cf. [2], III.8.3).

PROPOSITION 1.3. ilf°&lt;f&gt; is the canonical inclusion of the sum in the product.
4&gt;is a monomorphism for any H and is an isomorphism in dimensions ^n ifHis of
type FPn. &lt;f&gt; and $ are morphisms of right G-modules, where H*(H, ZG) has the

usual right G-action coming from the right action of G on ZG.

Proof. The first sentence is checked in %. It follows that &lt;f&gt; is a monomorphism.

The left H-module ZG décomposes as 0ZHg~\ g ranging over coset

représentatives. The inclusions associated with this décomposition define &lt;f&gt;r in the

following diagram of abelian groups, which clearly commutes:

^ H*(H,1G)
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If H is of type FPn, 4&gt;&apos; is onto in dimensions &lt;n [1, p. 9] hence also &lt;f&gt;. We hâve a
commutative diagram

D*(gHg-i) ^!i D*(H)

i
H*(H,ZG)

from which it follows that 4&gt; is a morphism of G-modules. A similar argument
works for i/r. ||

We can apply 1.3 to gênerai G-sets by decomposing them into orbits. If So is a

set of représentatives for the G-set S, there is a monomorphism of right
G-modules &lt;ï&gt;:DS(S)-»©seSoH*(Gs,ZG); if each Gs is of type FPn, then &lt;2&gt; is

an isomorphism in dimensions ^n.
Next we wish to consider the efïect on DG(-) of maps between G-sets. Let S

and T be G-sets and let /: S —» T be a map commuting with the G-action. It is

easy to construct an induced map /*:Dg(T)-»Dg(S) by using the inclusions
is : Gs -» Gf(s) (s g S) and the induced maps D*(is) : D*(Gf(s)) -* D*(GS). Namely,
given (ud^T with ut e D*(Gt)9 set /^(w,)) (vs\ where ds D*(îi)(iifW) g D*(Gs).
In case /* carries DS(T) into Dg(S), we will also write /* for the induced map
E&gt;g(T) -&gt; Dg(S). This in fact happens under suitable finiteness hypothèses, as we
will see below.

The crucial case to understand is that where S G/H and T G/K, where
H, K c G. In this case / : G/H -* G/K is necessarily given by f(gH) gg0K for
some g0 such that H^goKgô1. Let y:(H9ZG)-*(K,ZG) be the map (cg-i, A^).
Note that 7* in the following proposition does not dépend on the choice of g0.

PROPOSITION 1.4. The diagram

^U D*(G/K)

commutes. In any dimension where &lt;£ : Do(G/H) -» H*(H, 1G) is an isomorphism,
f* carries D%(G/K) into DS(G/H), and fhe resulting diagram

&apos;

DS(G/K) -i» H*(K,1G)

f* H*(H,ZG)

commutes.
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Proof. For any gsG there is a commutative diagram

(K,ZG)
&lt;&lt;CW&quot;&apos; ^ (ggoKgô

Y Ui)

(H,ZG) c
(c ^

where i is an inclusion map. The first assertion of the propositions now follows at

once from the définitions, and the second assertion follows from the first. ||

An important spécial case of 1.4 is that where K G and g0 1. One obtains,
in particular:

COROLLARY 1.5. Let H^G be a subgroup of type FPn. Then there is a
commutative diagram

D*(G) H*(G,ZG)

Dg(G/H) -5-
in dimensions &lt;n, where res is the usual restriction map and the left hand vertical
arrow has as components the maps D*(ig):D*(G)~* D*(gHg~l) induced by the

inclusions i^igHg&apos;1-^ G (geG/H). In particular, for any deDq(G) (q&lt;n),

D*(ig)(d) 0 for almost ail g e G/H. \\

By decomposing a gênerai G-set into orbits and applying 1.3 and 1.4 we get
the following resuit, which will be needed in the next section. Let /:S-^Tbea
map of G-sets. Let So (resp. To) be a set of représentatives for S (resp. T) mod G.

For each s € So, let fo(s) be the élément of To which is équivalent to f(s) mod G,

and choose gseG such that f(s) gjo(s). Then Gsc Gf(s) gsG^gJ1. Let

7s : (Gs, ZG) -» (Gfo(s), ZG) be the map (c,-x, Àj.

PROPOSITION 1.6. Suppose that Gs and Gt are of type FPn for allseS and

teT, and suppose further that the inverse image under f of any G-orbit in T consists

of only finitely many G-orbits in S. Then /*:D%(T)-&gt;D\(S) is defined in
dimensions ^n and there is a commutative diagram

DS(T)^^ 0H*(G,,ZG)
&apos;1 I

t-* 0 H*(GS,ZG),
seS0
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where the unlabelled vertical map is given by (ut)teTol-^(Us)S€So with vs 7?(&quot;fo(S))-

AU maps in this diagram are maps of right G-modules. \\

§2. The Mayer-Vietoris séquence with IG coefficients

Let G be the fondamental group of a finite graph of groups of type FPn, and

let X be the associated tree [9]. Recall that X is oriented and cornes with an

orientation-preserving left G-action. For any vertex or edge or of X we dénote

by Go- the isotropy subgroup of G at a. By hypothesis, then, each G^ is of type
FPn.

Let Xo be the set of vertices of X and let Xt be the set of positively oriented
edges of X. Let Yp (p 0,1) be a set of représentatives for Xp mod G. Then the

Mayer-Vietoris séquence for Computing H*(G, ZG) has the form

&gt;Hq(G,ZG)~&gt; fi Hq(Gv,lG)^&gt; fi Hq(Ge,ZG)-» •••
veY0 eeYj

([6]; see also [2], §VII.9). It is a séquence of right G-modules. Note that the
direct products hère are in fact direct sums since Yo and Yx are finite. We wish to
use 1.6 to interpret the map a.

Recall that a can be described as follows (cf. [2], §§VIL8 and VII.9). For any
eeY1 let o(e) (resp. t(e)) be the origin (resp. terminal vertex) of e, as in [9]. Let
vo(e) (resp. vx(e)) be the élément of Yo équivalent to o(e) (resp. f(e)) mod G.

Choose gt(e)eG (i 0,1) such that o(e) go(e)vo(e) and t(e) g1(e)u1(e). The
éléments go(e) induce maps (cgo(e)-i, Ago(e)):(Ge,ZG)-^(GUo(c),ZG) as before,
which in turn induce a map (3 :©ueYoH*(Gt),ZG)-^©eeYlH*(Ge,ZG). Simi-

larly, gl(-) and vx(-) yield a map Ô :©U6YoH*(Gu,ZG)-^©eeYlH*(Gc,ZG),
and the map a that we are interested in is 8 —13.

The hypothèses of 1.6 are satisfied. so we bave:

PROPOSITION 2.1. The fonctions o,t:X1-*X0 induce maps o*,t*:
Dg(X0) —» DoiXx) in dimensions &lt;n. The map a in the Mayer-Vietoris séquence
is isomorphic to t* —o* in dimensions &lt;n. ||

This resuit can be conveniently rephrased in terms of cohomology of X with
compact supports. For each integer q we hâve a &quot;coefficient System&quot; 3)q on X
which associâtes to each vertex or edge a the group Dq(Ga) and to each
incidence relation &quot;t&gt; is a vertex of e&quot; the map Dq(Gv) -» Dq(Ge) induced by the
inclusion Ge —&gt; Gv. We can therefore form, in the usual way, the cochain complex
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with Cp(X,2)q) ricrexpOq(G&lt;T) (p O,l). Let Ccp(X,Sq)

p J I&gt;g(Xp). We say that 2&gt;q is locally finite if for each vertex v and
each d e Dq(Gv) the image of d in Dq(Ge) is zéro for almost ail edges e of which
v is a vertex. In this case C*(X, Sq) is a subcomplex of C*(X, Sq), and we dénote
by H*(X, Sq) the resulting cohomology groups. A restatement of 2.1, then, is:

THEOREM 2.2. Let G be the fundamental group of a finite graph of groups of
type FPn. Then 3)q is locally finite for q^n, and the map a in the Mayer-Vietoris
séquence, above, is isomorphic to the coboundary map C°(X, 2&gt;q)~» C*(X, 2&gt;q).

Consequently, kera«H^(X, 2&gt;q), coker a«H*(X, 3)q), and the Mayer-Vietoris
séquence yields a short exact séquence of G-modules

0 -&gt; Hl(X, S)*-1) -+ Hq(G, ZG) ^ H°C(X, 3)q) -* 0

for q&lt;n, where the (right) G-module structure on H*(X, Sdq) is induced by the

conjugation isomorphisms D*(c&amp;) : D*(G^) —» D^iG^). \\

Remark 2.3. The free coefficient module ZG can be replaced by an induced
module ZG®A in this and the previous section, and everything goes through
without essential change. Dually, one can prove analogous results relating homol-
ogy of G with coefficients in a coinduced module Hom (ZG, A) to homology of X
based on infinité chains.

Remark 2.4. With a little more effort, one can generalize the results of this
section to the case of a G-CW-complex X in the sensé of [2]. The analogue of
the Mayer-Vietoris séquence above is the equivariant cohomology spectral séquence

converging to HS(X,ZG) [=H*(G,ZG) if X is contractible], with Ex-term
involving the groups H^G^ZG) as a ranges over the cells of X. If X is finite
mod G and each isotropy group is of type FPn, then there is an analogue of
Theorem 2.2 which expresses the Ex-term in total degrees &lt;n as the cochain

complex of X with compact supports and coefficients in Systems 3)q ={Dq(Go.)}.
We hâve only treated the case where X is a tree, however, since the resulting
low-dimensional cohomology groups H£(X, 2&gt;q) (p 0,1) are often easy to com-
pute, and one obtains thereby concrète applications. We will illustrate this in the
next section.

§3. Examples

We continue to dénote by G the fundamental group of a finite graph of groups
of type FPn and by X the associated tree. To avoid trivialities, we will assume that
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X is infinité. [If X is finite, then G is an amalgamated free product of a finite tree
of groups, and the construction is trivial in the sensé that one of the vertex groups
is equal to the whole group G.] As our first illustration of Theorem 2.2 we will
generalize results of Bieri ([1], Theorems 6.3 and 6.6 and Proposition 9.16(b)) on
the cohomology of amalgamations and HNN extensions. In the amalgamation
case Bieri required the amalgamated subgroup to be of finite index in both free
factors, and in the HNN case he required both associated subgroups to be of finite
index in the base group. Both of thèse cases are included in the following:

THEOREM 3.1. Suppose for each edge e of X and each vertex v of e that

(i) The groups Dq(G(T), where a ranges over the vertices and edges ofX9 are ail
canonically isomorphic to the group Dq =H°(X,Q)q). The latter admits a right
G-module structure which, for ail or, is consistent with the usual action of G^ on
Dq(G&lt;T).

(ii) The map a in the Mayer-Vietoris séquence for G with ZG-coefficients is a
Z-split monomorphism for q&lt;n, with cokernel G-isomorphic to Hl(X,Z)®Dq
(with the diagonal G-action).

(iii) Hq(G,ZG)-Hc1(X,Z)(2)Dq-1 for q&lt;n; hence Hq(G,ZG) is Z-
isomorphic (non-canonically) to a direct sum ofE-1 copies ofD*1&apos;1, where E is the

number of ends of X (necessarily, E is 2 or °°).

(iv) If the vertex and edge groups are duality groups then so is G. The vertex and
edge groups ail hâve the same dimension m and ail hâve the G-module D Dm as

dualizing module; G has dimension m + 1 and dualizing module H*(X, Z)&lt;8&gt;£&gt;.

(Note that the FPn hypothesis is irrelevant for (iv) since duality groups are
known to be of type FP^ [3].)

Proof. Example 1.1 shows that the map D*(GV) -&gt; D*(Ge) is an isomorphism
whenever d is a vertex of e. The first assertion of (i) follows at once.

The G-action on Dq H°(X, 3)q) required for the second assertion is induced
as in 2.2 by the conjugation isomorphisms D*(cg):D*(Ggo.)-&gt;D*(Go.); it is

consistent with the usual action of G^ on Dq(G&lt;T) by Example 1.2. To prove (ii)
and (iii), note that C*(X, 2)q) « C*(X, Z)®Dq. Since H?(X, Z) 0 and H\(X, I) is
free abelian of rankE-1, (ii) and (iii) follow easily from Theorem 2.2. Turning
now to (iv), recall (cf. [1] or [2]) that a group H is a duality group if and only if (a)
H is of type FPoo and of finite cohomological dimension; and (b) there is a unique
integer m such that Dm(H)^0, and this Dm(H) is Z-torsion-free. The integer m
in (b) is then the dimension of H, and Dm(H) is the dualizing module of H.
Suppose now that the G,, ail satisfy (a) and (b). It is then well-known that G
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satisfies (a) (see, for instance, [1], proof of Propositions 2.13 and 6.1). Next note
that the G&amp; ail hâve the same dimension m and the same dualizing module
D Dm by (i). And (iii) shows that Dq(G) 0 for q^ m +1 and that Dm+1(G)«
H*(X, Z)&lt;8&gt;D, which is Z-torsion-free. Thus G satisfies (b), whence the first
assertion of (iv); the rest of (iv) has been proved along the way. ||

Next we wish to concentrate on the HNN case but, as promised in the

introduction, drop the finite index hypothesis. Let G be an HNN extension H *A
with respect to r:A ^ JB, where A and B are subgroups of H; thus G is

obtained from H by adjoining a new generator t and relations t~xat r(a) for ail

aeA.

THEOREM 3.2. Suppose that H and A are of type FPn and that the restriction

map Hq(H,ZH)-*Hq(A, ZH) is a monomorphism for some q^n. Then
H°C(X, 3)q) 0. Consequently, the map a : Hq(Hy 1G) -* Hq(A, 1G) in the Mayer-
Vietoris séquence is a monomorphism, and there is an isomorphism Hq(G,ZG)«
Hl(X, 2}*-1).

Proof. Recall that the tree X in this case has a &quot;fondamental&quot; edge e0 of the
form

v0 tv0

with the following properties: (a) every positively oriented edge of X is équivalent
mod G to e0; (b) every vertex of X is équivalent mod G to d0; and (c) the isotropy
subgroups of G at v0 and e0 are given by G^ H and G^ A. Thèse properties
imply: (d) the positively oriented edges of X starting at v0 are given by (geo)geH/A

and the positively oriented edges of X ending at v0 are given by (gt~160)geH/B.

In view of Corollary 1.5, the restriction map Hq(H,ZH)-^Hq(A,ZH) for
q&lt;n can now be identified with the map Dq(GUo)-&gt;0eDq(Gc) whose compo-
nents are induced by the inclusions Ge —&gt; GVo, where e ranges over the positively
oriented edges starting at v0. Our hypothesis that this map is a monomorphism
can therefore be restated as the following property of the vertex v0- For every
non-zero deD^iG^ there is a positively oriented edge e starting at v0 such that
the image of d in Dq(Ge) is non-zero. Since every vertex of X is équivalent to
i;0 mod G, it follows that every vertex has this same property.

It is now immédiate that H°C(X, 2q) 0. Indeed, an élément of H°C{X, 3)q) is a

compatible family d (dv)veXo, where dveDq(Gv) and dv=0 for almost ail v.
[&quot;Compatible&quot; means that if v and w are the vertices of an edge e then dv and d^
hâve the same image in Dq(Ge).] Suppose there is a non-zero such family, and let
v be a vertex such that dv^0. By the previous paragraph, we can then find a
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positively orientée edge starting at v such that d is also non-zero at the terminal
vertex of the edge. Repeating this argument, we obtain an edge path of positively
oriented edges

with &lt;2^0 at every vertex. Since X is a tree, this path contains infinitely many
distinct vertices, contradicting the fact that d^ 0 almost everywhere. ||

Finally, we specialize still further to the case where (H : A) &lt;&lt;*&gt;; B, however, is

allowed to be arbitrary.

THEOREM 3.3. Let G be an HNN extension as above with H and A of type
FPn and (H:A)«x&gt;. Then res : H*(H, ZH)-» H*(A, ZH) is a monomorphism.
Hence 3.2 applies and Hq(G,ZGHH*(X, 3)q~1) for q&lt;n. Moreover:

(i) IfDq&apos;l(H) is Z-torsion-free for some q&lt;n then Dq(G) is Z-torsion-free.
(ii) If (H : A) &gt; 1 and Dql(H) is Z-free for some q &lt; n, then Dq(G) is Z-free.
(iii) If H is an m-dimensional duality group, then G is an (m + l)-dimensional

duality group.

Proof. Example 1.1 shows that D*(GV) ^ D*(Ge) for every vertex v of X and

every positively oriented edge e starting at v. Arguing as in the proof of Theorem
3.2, one shows that res is a monomorphism. Now fix q &lt; n and set 3) 3)q~l and
DCT Dq~1(Cjtr). (i)—(iii) will be based on the following computation:

LEMMA 3.4. If (H : A) &gt; 1 then there is a subset S ofXx such that Hl(X, 3)) is

Z-isomorphic to ®eeSDe. If (H:A) 1 then there are subsets Wk of Xo (fc&gt;0)

such that Hc(X, 3)) is Z-isomorphic to the direct limit of a system of the form

^0D^ 0 Dv -&gt; • • •

ueWk t&gt;eWk+1

(i) and (ii) of the theorem follow immediately from the lemma; and (iii) then
follows from (i) and what was proved earlier, via the usual criterion for duality (cf.

proof of 3.1). It remains to prove the lemma.
The définition of H\{X, 3)) shows that the latter is the abelian group generated

by the groups De (eeXj), subject to relations of the following form for each

dgX0: for each deDv, Ze±Pu,c(d) 0, where c ranges over the éléments of Xx
having i; as a vertex and pve : Dv —&gt; De is induced by the inclusion Ge —? Gv. [The
sign above dépends on whether v is the initial vertex or the terminal vertex of e.]

The set of relations of this form associated to a given v will be denoted R». Recall
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that pve is an isomorphism if t; is the initial vertex of e. Hence if we choose for a

given v one eeXt starting at v, then R» can be viewed as expressing the éléments
of this De in terms of the others.

Now let Vk be the set of vertices of X whose distance from our fundamental
vertex v0 is fc. Let Mk be the abelian group generated by those De whose vertices

are in Ui^k K» subject to the relations R^ for u€UlSk_! Vt. Then we hâve a

direct System

• • • —? Mk -» Mk+1 -*•••,

and Hl(X, 3)) is the direct limit. [Note: Mk is in fact Hl(X, Xk; S), where Xk is

the full subgraph of X with vertex set (Ji^k V,.] For any w g Vk+1 let e(w) be the

edge in Xt Connecting w to Vk. Then the passage from Mk to Mk+1 consists of
adjoining new generating groups De(w) (w g Vk+i) and new relations R» (v e Vk).

Recall that each vertex of X is the initial vertex of precisely (H: A) edges in

Xx. For v g Vk9 ail except possibly one of thèse terminâtes in Vk+1. [The exception
is e(v), if the latter starts at v.] So if (H:A)&gt;1 there must be at least one w in
Vk+1 such that e(w) is oriented from v to w. In this case, then, Rv can be used to
eliminate the generating group De(w), and it follows that Mk+1 Mk©(©eeEkDJ
for some set Ek of edges joining Vk and Vk+l. Passing to the limit, we flnd
Hl(X, 2&gt;) 0CGs^ where S \Jk Ek.

Suppose now that (H: A) 1, so that every vertex v is the initial vertex of
exactly one edge in Xt. Then a reduced path in X necessarily consists of zéro or
more positively oriented edges followed by zéro or more negatively oriented
edges. In particular, the path from t;0 to a vertex w e Vk+1 must end with a

negatively oriented edge unless w tk+1îv&gt; hence e(w) starts at w unless w
tk+1v0, in which case e(w) is the edge tke0 from tkv0 to tk+1v0. For v tkv0, then,
Ru can be used as above to eliminate the generating group De(w), where
w tk+1v0. For veWk Vk-{tkv0}, on the other hand, Rv expresses the
éléments of Im {De(v) —» Mk+1} in terms of the De(w) for w g Wk+1. If we now assume

inductively that Mk =©ueWkDe(u), it follows easily that Mk+1 ©weWk+i De(w).
Since Deiv)^Dv for v g Wk, this complètes the proof. ||

Remark 3.5. It follows from the proof that the map Mk —&gt;Mk+1, in case

H A, is équivalent to the direct sum of card (Wk) copies of the restriction map
Hql(H, 1H) -&gt; Hql(B,

Remark 3.6. It is not clear to us whether Theorem 3.3(ii) can be improved to
include the case H A. In case n q 2 this can be done, provided the
hypothesis that H and A be of type FP2 is strengthened to &quot;finitely presented.&quot;

Then, combining results in [7] and [8], one gets D2(G) Z-free when H A.
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Remark 3.7. As we write, there is no known example of a group G of type
FPn and an integer q&lt;n for which Dq(G) is not Z-free. For the topological
meaning of this problem, see [7].

Appendix: A proof of Theorem 0.1 using normal forms

The map Hq(H,ZG)-*Hq(A,ZG) is denoted by a in §§1-3. Hère it is

convenient to dénote it by a*, reserving the letter a for a cochain map which
induces it.

We recall the définition of a normal form in G. Let {Au \ueU} and

{Bv | v e V} be the right cosets of A and B in H, where U and V are sets of coset
représentatives, both containing 1. Let t be the stable letter in H *A (with respect
to t: A ^&gt;B). A normal form is a product htBiwx • • • fe«wn where (i) heH and

et ±1, (H) if e, — 1, w, e U, (iii) if et 1, wt g V, and (iv) t6 lt~e does not occur.
h is called the initial élément. The normal form is spécial if its initial élément is 1.

The length of the above normal form is n. Each élément of G can be written as a

normal form uniquely. If gl5 g2e G, the product gig2 is reduced if its normal form
is the product of the separate normal forms of gx and g2.

We need the following commutative diagram for

Hq(A, IH) &lt;8&gt;h ÏG -!£? H«(A, 1G).

To set it up, we start with a free ZG-resolution P* of Z, and define the morphisms
in the following diagram

HomH(Pq,ZH)&lt;g)HZG -±* HomuiP,, ZG)

HomA(Pq, ZH) &lt;g&gt;H ZG -^ HomA(Fq, ZG)

by: jut(/®jc) ftc/, v(f®x) pxf and ex(/) /-Àf/Àt-t. Hère p2 and Àz stand for
right and left multiplication by z. It is well known (see [1]) that /m* and v* are
isomorphisms when q^n, and that a* (in the Mayer-Vietoris séquence) is

induced by a. Define à to get commutativity.

LEMMA Al. Letc®xG W{H, ZH) &lt;8)HZG, where xisa spécial normal form.
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Then â(c®x) has the form

res (c)&lt;g)x - Z cx &lt;8&gt;to,x (t;, g V).

LEMMA A.2. Lef M be a right H-module. Suppose

Z mx&lt;8)x X Z Wx,i&gt;®tox
xeX xeXueY,

in M&lt;S&gt;H 2G, where X is a non-empty finite set of spécial normal fonns in G, and
Yx is a finite subset of Vfor each x e X. Suppose every mxv j= 0. Then some mx 0.

Theorem 0.1 follows easily from Lemmas Al and A2. Suppose 0 ^Zx
ckerâ, where X is a finite non-empty set of normal forms, and each

Hq(H, ZH). We may assume each x is spécial. By Lemma Al,

Y, res(cx)®x= X Z mx&gt;t)&lt;8)ft?x

xeX xeXveYx

as in the hypothèses of Lemma A2, which therefore implies res (cx) 0 for some

x. This contradicts the fact that res is a monomorphism. It only remains to prove
Al and A2.

Proof of Lemma Al. Let S be the set of spécial normal forms; then G
LJ{Hs|s€S}. H«(A,ZG) Hq(A,©sZH) can be canonically identified with
©sHq(A,ZH), since A is FPn and q^n. If x&apos; is such and deHq(A,ZH), then
the élément of ©s H* (A, ZH) whose only non-zero entry is d in the Hxf position
is mapped by v*1 to d®x&apos;. Now, tH \JveVAtv&lt;^\JveVHtv, so any élément of
ZtH lies in ©uev Z-Htv. In the light of thèse remarks, if ^ïloa*°/uL* is applied to
c®x, one clearly obtains an élément of the form stated. ||

Proof of Lemma A2. We will repeatedly use the cancellation principle that if
™o®go X!?=i &quot;*!&amp;&amp; in M&lt;S)H2G with mo^0, then go^Hg, for some i. In
particular this results out card X 1 in the hypothesis of the lemma.

Suppose the Lemma is false. Pick a counter example for which card X is

minimal (necessarily &gt;2). Let xeX be of maximal length. Let X&apos; X\{x}.

ms&lt;8&gt;x+ Z ^x®^= Z Z mXjl3®fDx+ Z m^^tux.
xgX&apos; xeX&apos; ueYx

*

veYt

must cancel with some mXft/®ft/x&apos; where x&apos;eX&apos;, v&apos;eYx&gt;. x h&apos;tv&apos;x&apos;
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(h&apos;eH). The latter is reduced, by maximal length. Thus x tv&apos;xf, reduced. We
claim Y* is empty. Suppose there exists v g Yx. Applying the cancellation princi-
ple to the above équation we get

tvx h&quot;tv&quot;x&quot; (h&quot; e H, x&quot; e X\ v&quot; e Yx.),

for the other possibility, tvx h&quot;x&apos;\ is ruled out by maximal length since tvx
(=tvtvfxf) is reduced. If h&quot;tv&quot;x&quot; is reduced then x x&quot;, a contradiction. If h&quot;tv&quot;x&quot;

is not reduced then length (x&quot;)&gt; length (h&quot;tv&quot;x&quot;) length (tvx) length (x) +1, a
contradiction. The Claim is proved. Thus if we let Y&apos;x&gt;=Yx&gt;\{v&apos;}, and Y&apos;x= Yx
when x^x&apos;, we get

X mx&lt;8&gt;x= X Z mXv®tvx
xeX&apos; xeX&apos;ueY,;

and ail mx^0. X&apos;=£&lt;(&gt; and cardX&apos;&lt;cardX, a contradiction. ||
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