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Homomorphisms of Fuchsian groups to PSL (2, R)

Mark Jankins and Walter Neumann(1)

Introduction

Let r F(g:a1,... ,an) be a cocompact Fuchsian group of genus g with
branch indices al9..., an. In this paper we détermine the set of components of
Hom (F, PSL (2, R)). This was done by the first author in [J] for g &gt; 0 so we only
prove the genus zéro case.

The main results are in terms of an euler class

e : Hom (F, PSL (2, R)) -&gt; H2(r; Z)

defined as follows: e(/) /*(c) where f*:H2(B PSL (2, R), Z)-» H2(Br;Z)
H2(r; Z) is the map induced by / and c e H2(B PSL (2, R), Z) Z is a generator. In
[JN] it is shown that H2(F,Z) is the abelian group:

H2(r; 1) ab(x0,... 9xn\alxl xo;i= 1,..., n&gt;,

(this can easily be seen by constructing an explicit BF: replace each of n dises in a
surface of genus g by a B(Z/at)). Thus any x e H2(F9 Z) has a unique représentation

x bxo+(31x1+ ••• +pnxw 0&lt;ft&lt;a(,

called the normal form représentation.

THEOREM 1. The above x equals e(f) for some f if and only if the following is

true:

(i) If g&gt;0 then 2-2g-n&lt;fc&lt;2g-2;
(ii) If g 0 then either

(a) 2-n&lt;6&lt;-2

1 Research partially supported by the NSF
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or
(b) fc -

or
(c) b 1 - n and lr=i (A/cO&gt; n -1.

THEOREM 2. The /ïfcers o/ e are the components of Hom (JT, PSL (2, R)).

If T(r) Hom (r, PSL(2, R))/PSL (2, R), where the action is conjugation, then
our results apply also to T(F). One component of T(F) is Teichmùller space; W.
Goldman, in his 1981 Berkeley thesis, showed that this component is charac-
terized by its euler class. The gênerai case g&gt;0 of Theorem 1 was proved in
[EHN] in the context of transverse foliations of Seifert fibrations (this means that
it was assumed that each pair (an 0,) is coprime; this was however not needed in
the proof). Both theorems are proved for g&gt;0 in [J]. For F a surface group (that
is n 0) Goldman [G] has an independent proof of Theorem 2 and Theorem 1

was proved earlier by Milnor [M].
In [JN2] we apply thèse results and other methods to discuss the question of

which Seifert circle bundles over S2 admit a transverse foliation. For Seifert circle
bundles over higher genus surfaces this was answered in [EHN]. The genus 0 case

turns out to be much more subtle - in particular we show in the final section of
this paper that the answer conjectured in [EHN] and claimed in [Ga] is false.

§1. Fundamentals

In the following we shall dénote PSL (2, R) by G and its universal cover by G.
G acts by projective automorphisms on (RP1 S* and this action lifts to an action
of G on (S*)~ R. Following [EHN] we let 3) dénote the group of homeomorph-
isms /:R-»R which are lifts of homeomorphisms of the circle S1 (R/Z. Con-
tained in 3), as a subgroup of index 2, is the group

®&quot;h {g:R —^1R 1 g monotone and g(r+l)= g(r) + l for ail reU}.

Therefore we can consider G as a subgroup of â&gt;+. For each real number y we
define sh(y)eG by sh (7): r*-*r + 7 for reU, The center of G is

Z(G) {sh(n)|neZ} Z

and GIZ(G) G.
Since SL (2, R) is a connected 2-fold cover of G PSL (2, R), G is also the
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tr|&lt;2 ltrl&lt;2 ltrl&lt;2

Fig la

fK

Fig lb

universal cover of SL(2,R). For AeG we define tr(A) to be the trace of the

image of A in SL(2,R). We say A£Z{G) is elliptic, parabolic, or hyperbolic
according as |tr(A)|&lt;2, |tr(A)| 2, |tr(A)|&gt;2 respectively. G is homeomorphic
to (RxD2 and is subdivided according to trace as in Fig. la (an explicit
difïeomorphism is given in an appendix to this paper). We label the components
of the elliptic and hyperbolic régions as in Fig. lb. The cônes 9f which separate
the elliptic from the hyperbolic régions consist of parabolic éléments and the cône

points are the central éléments. A convenient way of distinguishing ail thèse

régions is by the following invariants of A g G (see [EHN].):

mA min {A(r)-r\re r},

mA max {A(r)-r\re R}.

Namely,

A g ^OlmA, mA]c(i, i +1),
A g Xt O i € (mA, mA),

A g &amp;?&lt;£&gt; mA i &lt; mA,

Any élément of SL (2, R) has a unique lift into the région

â? ={AgG |-1&lt;ma&lt;l,-l&lt;
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Fig 2

We call this lift the principal lift and we call 9 the principal région (Fig. 2). We
dénote the principal lift of A by A~.

PROPOSITION 1.1. Eléments A,BeG~Z(G) are conjugate if and only if
tr A tr B and A and B lie in the same région (*„ S?,, 9? or 9~).

This is immédiate from the corresponding fact for conjugacy classes in SL (2, R)

plus the easy observation that inner automorphisms of G préserve régions.
For a hyperbolic élément AeSL(2,R), the région (3i?0 or 96x) in which its

principal lift lies is determined by tr A. For elliptic and parabolic éléments trace is

insufficient and we need the following lemma.

LEMMA 1.2. Given A (a e SL (2, R)-{± J&gt; with |tr A\ &lt;2, the princi-
_ \c dJ

pal lift A satisfies

Proof. We first consider the case |tr A\ &lt; 2. Since the set of B g SL (2, R) with

tr B tr A has two components, we only need show that thèse components are

distinguished by sgn(c-fc). Thus we consider f
J subject to the constraints

(\t\&lt;2)

ad-bc 1.

Letting a x + y, d x - y, b z - w, c z + w, équations (1) combine to give

ci)

(2)
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and c - b is 2w. Equation (2) describes a hyperboloid of two sheets with the sheets

distinguished by the sign of w. This proves the case |tr A|&lt;2 of the lemma and
the gênerai case follows by continuity.

COROLLARY 1.3. The conjugacy class of A eSL(2,R)-{±I} (and hence

of its principal lift A~~) is determined by tr A if |tr A|&gt;2 and by tr A together
with sgn (c - b) if |tr A\ &lt; 2.

§2. Products of conjugates

The proofs of Theorems 1 and 2 dépend on understanding what éléments of G
can occur as products of conjugates of given éléments. The gênerai answer easily
follows from Lemma 2.1 and Proposition 2.2 below; we describe only the case we
need, which is the most subtle case, in Corollary 2.3.

For A,ReG write A~B for &quot;A is conjugate to B.&quot; For fixed Al5..., An e
G define

U An) {B1 • - • Bn | A, ~B,, î 1,..., n}.

In particular, S (A) is the conjugacy class of A.

LEMMA 2.1.
(1) S(Al9..., An) S(At,..., Ak)S(Ak+1,..., An)
(2) S(Al9..., An) SiA^,..., Avin)) for any permutation cr of {1,..., n}.
(3) SCshCk^Ai,..., sh (fcn)An) sh (lr=i k^SiA,,..., An) for ku...,knel.
Proof. (1) and (3) are trivial. Statement (2) follows for n 2 from the identity

AiA2 A2(A21A1A2) and then follows for gênerai n by induction using statement

(1).
In view of this lemma, the following Proposition gives ail possible S(Al9 A2)

up to intégral shifts.

PROPOSITION 2.2. The following régions in G are S(AX, A2) for the indi-
cated Ax and A2. Hère

7, 8 €(0,1),
P,Ag(0,oo).

In the pictures we just draw a slice through the picture of Fig. 1 ; dotted Unes indicate
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open boundary and sh (k) is in S(Al9 A2) forkel only if explicitly indicated by a
dot

(a) Ax
(i)

sh(ô)

(ii) y + 8

(iii)

(b) (i) A1 sh(7)

\

(ii) A1 sh(7)

S(sh(/))
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(c) L sh(7) A l~\0 e-7

Q J A2 [^ i J : mirror image o/ (d)(i).

/C : /

(ii) Ai= j A2= __,j : mirror image of (e)(i).

sh(o)€S(Ai,A2)«&gt; I =X
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Proof. The gênerai technique in each case is that an elementary computation
using m and m gives a rough bound on S{AU A2) and then the exact S(Al9 A2) is

found by Computing the possible values of a + d (and, if necessary c-b) for

la product of conjugates of the images of A1 and A2 in SL (2, R). We do
\c al
the first case, (i), which is typical. In this case a trivial computation with m and m
shows S(A1,A2) is contained in the following région

Thus we see it suffices to calculate the possible traces.

A gênerai élément A e S(Au A2) is conjugate to the principal lift of

(a b\ /cos 0 -sin 6\ (a ft\ /cos i/r -sin i/A

\c d/\sin0 cos0/ \c d) Vsin t/f cos i^/

and (/r Try, 6 ttÔ. In particular a + d 2 cos i/r and c - 6 &gt; 0. Thus

//a b\(cos6trA tr \\c d/\sm6
/a b\(cos6 -sine

COS0

By équation (2) in the proof of Lemma 1.2 we see that c - b (=2w in the notation
of that proof) lies in the interval [2V(1 - *2/4), °°) with t 2 cos i/f. It is easy to see

that c-b takes on ail thèse values. Therefore, since &gt;/(l-t2/4) 2sin ^, we see

that tr A takes on ail values in the interval (-&lt;», 2 cos (0 + $)]. This complètes the

proof of case a(i); the other cases are similar calculations.

COROLLARY 2.3. The following régions are S S(sh (71),..., sh (7n)) for
the indicated yt with 0&lt;7l&lt;l and n&gt;l.

(a) 0&lt;l &apos;

1 1

sh(o)

S(sh(Z y,))
1=1
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(b) is

(c) n-

sh (1

The proof is an easy induction using Lemma 2.2.

Remark. Since a commutator [A, B] is in S(A, A&quot;1), Lemma 2.2 easily gives a
resuit proven in [EHN], namely that the set of commutators in G is given by

sh(H) shH)

By induction then, the set of products of g &gt; 1 commutators is

§3. Proofs of Theorems 1 and 2

We use the notation of the introduction. The case g &gt; 0 is done in [EHN] (it
also follows easily with our présent approach); we thus assume now g 0.

F F(0; al9..., an) has présentation
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Given a homomorphism /:F —&gt; G PSL(2,IR), an équivalent way to define the
euler class e(f) is as follows. Take the pull-back central extension from

O-»Z-*G-&gt;G-»1.

This gives a diagram

II ï&apos;f ïf CD

where F has a présentation (by lifting q, e F to an élément, which we also call ql9

in F)

(ql9 qn, z | qf= z\ qx- • • qn z~b, z central)

with 0 &lt; j3t &lt; a,. In the notation of the introduction we then hâve

This is shown for instance in [JN] (see also [J]; ît is essentially the statement that
H2(r; Z) Ext (F; Z) which is the group of central extensions of F by Z). Thus

bxo+ piX-L* &apos; - • + j3nxn is e(f) for some / if and only if diagram (1) above exists.

This is so if and only if / : F -&gt; G exists with f(z) sh (1). Equivalently, there must
exist Qly...,QneG with Q^ sh (ft) and Qx • • • Qn sh (-b). But Qa sh (fi)
if and only if Q~sh(/3/a) so case (ii) of Theorem 1 reduces to showing that

s(sh(—Y...,sh(—

contains sh (-b) if and only if (a), (b), or (c) of Theorem 1 holds. This is immédiate

from Corollary 2.3.
For Theorem 2 we again assume g 0, since the case g &gt; 0 is proved in [J].

We introduce the foliowing notation for QeG and l&lt;k&lt;n:

7,=~ i l,...,n,
Pi

Xk(Q) {(Qlf..., Qk) | Q-shM, Q1-Qk Q}

Qx • • • Qk~Q}.
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By the previous discussion, e~\bxQ + /3i*i + • • • + |8nxn) &lt;= Hom (F, G) is a continu-
ous image of Xn(sh(-6)) (it is actually homeomorphic to Xn(sh(-b)). Thus it
suffices to show Xn(sh(-b)) is connectée. Notice that, since sh(-b) is central,
Xn(sh (~b)) Yn(sh (-b)). We shall show the more gênerai resuit that Xn(Q) and

Yn(Q) are connected for any Q.

LEMMA 3.1. Xn(Q) is connected if and only if Yn(Q) is connected.

Proof. For A € G and Q g G define QA A&apos;CKAV1 where A&apos; is a lift of A
to G. Dénote ZG(Q) {A e G | QA Q}. The map 4&gt; : G x Xn(Q) -* Yn(Q) given
by &lt;£(A, Qi, • • •, Qn) (Qf, • • •, QA) has fibers isomorphic to ZG(Q) which is

connected. Since &lt;f&gt; is onto, the lemma follows.
We prove the connectivity of Yn(Q) by induction. It is trivial for n 1.

Consider the map

The image of i/f is

Im M {P g G | F Qi • • • Qu-i ; PQk ~ Q ; Qt ~ sh (7l) î 1 fc}

S(sh (7l),..., sh (y^O) H S(Q, sh (-

This is an intersection of two régions of the type described in Proposition 2.2 and

Corollary 2.3 and is thus connected. The proof is complète once we show i^~1(P)
is connected. The mapping (Ql9..., Qk)&gt;-*(Qi,..., Qk-i) maps i^~1(P) onto
Xk_!(P) with fiber

W {Qk|Qk~sh(7k),PQfc~Q}.

Since Xk_!(P) is connected by induction hypothesis and Lemma 3.1, we must just
show that W is connected. Since W is contained in the principal région, we may
work in SL (2, R) instead of G. If the image of P in SL(2, R) is ±1 then W is

trivially connected, so we may assume, by conjugating P if necessary, that

P=( (for |s|&lt;2 we should also consider P=( ); the argument is
\— 1 s/ M s /

similar). Thus we consider, with 6 iryk and T tr Q,

l &apos; \sin6 V((cos^/ VV-1 s



Homomorphisms of Fuchsian groups to PSL (2, M) 491

If |T|&gt;2 then W W; otherwise W consists of two disjoint (possibly empty)

pièces of which one equals W. We show W is connectée. Write JR so
\c al

the conditions on a, b, c, d are a + d 2cos 0, c-b&gt;0, ad-bc l and

c-b + sd T. With the change of coordinates used in the proof of 1.2 thèse
become:

{*•

w2-y2-z2=l (f 2cos0)

w&gt;0

l2w + s(f-2y)=T.

The first two conditions détermine one sheet of a hyperboloid of two sheets. The
third équation describes a plane which thus intersects this sheet in a connected
set.

§4. Transverse foliations in Seifert fibrations

Let M be a Seifert fibered 3-manifold with normal form Seifert invariant
(g; b; (au pr),..., (an, j3n)). In [EHN] it was suggested that the numerical conditions

of Theorem 1 might be necessary and sufficient for M to admit a codimen-
sion 1 foliation transverse to its fibers; this was proved for g&gt;0 but only
sufficiency of the conditions was proved for g 0. Hère we give an example to
show that the conditions are not necessary for g 0.

Recall that

2»+ {g:!R-»IR| g monotonie and g(r+l)= g(r)+l for ail reU}.

Let t t(g; b ; (at, px),..., (an, (3n)) be the central extension of F
F(g; «!,..., an) defined in Section 3 with center generated by z. In [EHN] it is
shown that M has a transverse foliation if and only if there exists a homomorph-
ism /:F-^S+ with /(z) sh(l). (This is équivalent to the existence of a

homomorphism / : F —&gt; Homeo+ (S1) with euler class e(f) bxo+ ^xXx + • • • +
0nxn.)

By our results we can find Rx, R2, R3gG with Rt ~sh (f) for i 1, 2, 3 and
RXR2R3 sh (2). Let Qt P^R^ for i 1, 2, 3 where P2 :R -^ R is map P2(r)
2r. Clearly, Q1g2&gt;+ and QI~sh(f) for each i. Moreover QiQ2Q3 sh(l). This
gives a homomorphism /:F(0; -1; (5,2), (5, 2), (5, 2))-&gt;S+ with /(z) sh(l),
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showing the existence of a transverse foliation on M(0; -1;(5,2), (5,2), (5,2)).
This is the claimed counterexample.

Analogous constructions using Pm :IR-»IR, Pm(r) mr give many more examples.

We hâve strong évidence that if M(0; b; (al9 /3X),... ,(an, j3n)) admits a

transverse foliation, then a transverse foliation can be constructed by this method;
détails will appear elsewhere (see [JN2]).

Appendix. A homeomorphism for Fig. 1

In the above paper we need only such topological information related to Fig. 1

as is easily available by inspection, so we did not give an explicit homeomorphism.
This appendix supplies such a homeomorphism, with a sketch proof.

PROPOSITION. Let D dénote the open disk of radius \ and parametrize UxD
asRxD {(z, r, 0) \ zeR,0&lt;r&lt;|} using polar coordinates. ForQeG let t(Q)eM
be any stable fixed point of sh (~ï(mQ + mQ))Q. Define

0:Q^(i(mQ + mQ), &amp;mQ - mQ), 2&gt;rrt(Q))

and

&quot;

: (z, r, 0)-»sh (z) • sh (0/2ir)
/sec (irr) + tan (irr) 0

\ 0 sec (irr) - tan (irr)
-sh(-fl/2ir).

Then 0 and W are mutually inverse analytic diffeomorphisms which exhibit the

structure of Fig. 1.

Remark. The projection of ^(z, r, 6) into SL (2, R) is

/cos (ttz + 0) sin (ttz 4- 6) \ /cos (ttz) -sin (ttz)\
tan(7rr)l +sec(7rr)l I.

\sin(7rz + a) -cos (ttz 4- $)/ \sin (ttz) cos (ttz)!

Thus the trace of W(z,r,d) is 2 cos (ttz)/cos(tït). In particular the cônes of
parabolic éléments in Fig. 1 are given by the équations cos (ttz)Icos (irr) ±1, i.e.

z n±r for neZ, while other surfaces of constant trace are given by smooth
surfaces 2 cos (ttz) t cos (irr) with t± ±2.
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Proof. The action of any q e SL (2, R) on R2 can be written in polar coordi-
nates in the form

(r,e)^&gt;(rqi(e),q2(e)). (1)

The action 0*-&gt;q2(0) on S1 is the double cover of the action of G PSL (2, R) on
UP1 S1 of §1. The action of SL (2, R) on M2 is area preserving. A map given as in
(1) above is area preserving if and only if

^=&lt;h(*)-2, (2)

so this holds in the présent situation. We deduce:

LEMMA. Let QeG be a lift of qeSL(2,R) and, for teU, let e(t) dénote
exp(m&apos;0e C IR2. Then one of mQ and mQ is attained at teU if and only if
||q-6(011=1.

Indeed, Q(x)-x has derivative 0 at x t if and only if Q&apos;(0 1» or equival-
ently, q&apos;2(0) 1 with 6 irt. By (2) this means qx(e) 1 and by (1) this means
||q «6(011=1. We must show that such a point t represents an extremum of
Q(x)-x and not just an inflection point. But q&quot;1 takes the unit circle in U2 to an

ellipse of area tt. Unless q is a strict rotation, this ellipse will intersect the unit
circle in just two points e(t) with 0&lt; t &lt; 1, so thèse points must be where the two
extrema of Q(x)-x are attained.

Returning to the proof of the proposition, we first show that &lt;P ° W= id.

Suppose &lt;Î&gt;(Q) (z0, r0, 0o). Then clearly &lt;2&gt;(sh (z) - sh (0/2ir) • Q • sh (-6I2tt)
(zo+ z, r0, 0o+ 6). It thus suffices to show for

_ /s^c (irr) + tan (irr) 0 \
V 0 sec (irr) — tan (irr))sec(7rr)-tan(7rr)/

that $(Q) (0, r, 0) with r \(mQ-mQ). In other words, we must show that
mQ r and mQ -r and Q(0) 0. The latter is trivial; for the former we apply
the lemma. Now

II /sec (irr) + tan (irr) 0 \/cos(0)\|
II \ 0 sec (irr) - tan (irr/ Vsin (S) II

—j-—r (1 + sin2 (ur) + 2 sin (irr) cos (20)),
cos (irr)
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which equals 1 if and only if 2 sin (rrr) cos (20) -2 sin2(irr). This holds if and

only if 6/tt ±(^ + 4) modulo 1. Symmetry properties of the graph of Q (or direct
computation) now show that Q(ir + |) |r-l-|-r and Q - |r - £) - ^r -1 -f r,

showing that mQ r and mQ — r.

To complète the proof that &lt;P and *P are inverse homeomorphisms it is

enough to show surjectivity of W. This follows easily from the following two
observations, each of which is a simple application of the intermediate value
theorem:

/.v ^ (a b\ ^ ,„ _ /cos ttz -sin ttz\
(1) For t|€SL(2,R) there exists al. such that

\C d) \Sin 7TZ COS7TZ/

/cos ttz -sin trzX&quot;1/a b\
l | l 1 is symmetric.\sin ttz cos ttzJ \c al

(a b\ (cos 6 -sin0\
leSL(2,IR) there exists I 1 such that

b d) \sin0 cos0/
/cos0 -sin0\~1/« b\(co$6 -sin 0\
Isine 00. ej le dAsine cos e)1S diagonaL

We next show analyticity of the maps &lt;£ and W. Away from r 0 this is clear.
To see it at r 0 we write ^ in the form

1 / x / / x/cos0 sin0\ X/1 0\\~(z,r,0)^sh(z)-(tan(7rr)( +sec(7rr)(
\ \sin 0 -cos 0/ \0 1//

But

/m / x j /r cos 0 rsin0\
tan (7rr)/r, sec (irr), and

\r sin 0 — r cos 0/

are analytic, so W is analytic. Using this description, the jacobian of W at any point
with r 0 is also easily seen to be nonsingular, so analyticity of &lt;P follows by the
inverse function theorem.
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