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Lefschetz fixed point theorem for intersection homology

Mark Goresky(1) and Robert MacPherson(2)

§1. Introduction

In this paper we give some formulas for the Lefschetz numbers in intersection
in homology of a class of &quot;placier

&apos; self maps of singular spaces. A placid self map

/ : X —» X induces a self homomorphism

on the intersection homology IHf(X) of X. Its (intersection) Lefschetz number

IL(f) is given as usual by the formula

JL(/) £(-Dl Trace (/*,)

We show that both the graph of / and the diagonal carry fundamental classes in
the intersection homology of XxX, and that the Lefschetz number IL(f) is the
intersection number of thèse two classes. This is exactly the procédure originally
used by Lefschetz to study fixed points in manifolds using ordinary homology [L],
So the results of this paper can be viewed as an addition to the séries of theorems
which show that the intersection homology of a singular space behaves like the
ordinary homology of a smooth variety (see [CGM], [GM4]).

Let X be an n dimensional Witt space. (See §2 for the définition of a Witt
space. Any complex analytic variety of pure dimension k is a 2fc dimensional Witt
space.) A self map / of X is called placid if X can be stratified so that the
dimension of the inverse image of each stratum is at most the dimension of that
stratum. For example, ail maps of manifolds are placid and ail flat maps of
algebraic varieties are placid. The induced map

1Partially supported by a grant from the Alfred P. Sloan Foundation and National Science
Foundation grant #MCS 82-01680.

2 Partially supported by National Science Foundation grant #MCS 82-02334.
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Lefschetz fixed point theorem for intersection homology 367

on the middle intersection homology groups IH™(X) of X may be defined by
observing that with appropriate stratification the image of an allowable cycle in
the sensé of [GM 1] is still allowable.

Our approach hinges on the fact that the graph G(f) &lt;= Xx X and the diagonal
â^XxX carry fundamental classes [G(/)] and [4] in IH^(XxX), where n is

the dimension of X. This fact is rather surprising since G(f) and A are usually not
allowable as cycles for middle intersection homology. For example, if p e X is an
isolated singularity, then A goes through the stratum pxp, but allowable n-cycles
in X x X must miss ail zéro dimensional strata. Our solution to this difficulty is to
show that G(f) and A can be &quot;moved slightly&quot; to allowable cycles in a unique
way (up to homology). We make this précise in two ways:

1) There is a larger perversity p (see §3) for which A and G(f) are allowable
as cycles for JHjftXxX) and for which IH*(X x X) -* 1H£ (X x X) is an

isomorphism (Proposition 4.2). Then [G(f)] and [A] are the IH%(XxX) éléments
which map to thèse cycles.

2) Let N(G(f)) and N(A) be regular neighborhoods of G(f) and A. Then
there are unique classes [G(f)]eIH%(N(G(f))) and [A]eIH%(N(A)) that restrict
to their usual fundamental classes in the nonsingular parts of N(G(f)) and N(A).
(See Theorem 5.2.)

Like any two intersection homology n-cycles in a 2n dimensional Witt space,

[G(/)] and [A] hâve an intersection number [G(f)] • [A]

THEOREM I (§6). IL(f) [G(/)J • [A]

One corollary of this theorem is that IL(f) can naturally be expressed as a sum
of contributions from the connected components of the fixed point set of /. In
particular, if / has no fixed points, then IL(/) 0. This corollary is not new; it
foliows from the Lefschetz fixed point theorem of Verdier [GI]. Verdier&apos;s

formula for IL(f) is less explicitly computable than Theorem I above, but it is

more gênerai: it treats an arbitrary complex of sheaves S instead of the complex
IC&apos; which gives rise to intersection homology, and it treates an arbitrary self map

/ provided with a lift to S. (The lift may not be naturally induced by /.)
Probably there is no single ultimate Lefschetz fixed point theorem. There will

always be a trade-off between explicitness and generality. In this vein, we give two

more formulas for IL(f) which are still more computable, but which apply only to
spécial cases. If p € X is an isolated fixed point of /, then the cycles A and G(f)
intersect the link «S? of (p, p) in X x X in disjoint n -1 cycles which we dénote by
AL and GL(/).

THEOREM II (§9). If p is an isolated fixed point off, then the contribution of p
to the Lefschetz number IL(f) is the linking number of [AL] and [GL(/)] in 5£.
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Thèse linking numbers make sensé because JHn_1(i?) IHn(&lt;S?) 0 (§8). (A
more explicit version of Theorem II for the case of algebraic curves is due to C.

Alibert [A].)
If p is an isolated fixed point of /, we call / contracting at p if there is a conical

open neighborhood N of p such that / takes the closure of N into N. For
example, if ail the eigenvalues of the self map of the Zariski tangent space to X at

p hâve absolute value less than 1, then / will be contracting at p. If / is contracting
at p, then there is an induced map

/* :M?(X, X-p) -&gt; MT(X9 X-p)

THEOREM III (§12). If p is an isolated fixed point of f and f is contracting at
p, then the contribution of p to the Lefschetz number IL(f) is equal to

I(-l)&apos;Trace (?*).

Theorem III is proved by an explicit géométrie computation of the linking
numbers of Theorem II. The class of [GL(/)] is decomposed into its Kunneth

components, each of which bounds a chain in 56. Half of thèse chains meet \A&amp;\

and the other half do not, for géométrie reasons stemming from the fact that / is

contracting. The intersection numbers with [à&amp;] of the half that meet it are the
terms of the summation formula of Theorem III. This is explained in détail in §11

and §12.

In Section 14, we give generalizations of the above theorems to the case where
the self map / is replaced by a placid self correspondence. This may be of interest
in the treatment of Hecke correspondences. We also treat the case of intersection
homology with perversities other than the middle one (§15).

We conclude the introduction with some spéculations as to the form that a

more gênerai Lefschetz fixed point theorem than the ones we state hère might
take for a compact complex analytic variety X. Suppose that the self map / is

provided with a lift to a complex of sheaves S (i.e., we are given a map of
complexes fropi /*(S) to S). Then this data induces a global Lefschetz number

L(/, S), the alternating sum of the traces of the maps induced on hypercohomol-
ogy, and a local trace number Tr (p) at any fixed point p, the alternating sum of
the traces of the maps included on the stalk cohomology at p. We also note that /
induces a self map on the normal cône C to the fixed point set Xf of /.

CONJECTURE: If the fixed point set of C contains only Xf, then the Lefschetz
number L(X, S) is the Euler characteristics ofXfwith coefficients in the constructible

function Tr(p).



Lefschetz fixed point theorem for intersection homology 369

(See [Mac] for the définition of the Euler characteristic of a variety with
coefficients in a constructible function.) Note that this conjecture is compatible
with Theorem III above, since the stalk cohomology of IC&quot; at p is just the
intersection homology of N. It is also compatible by analogy with Deligne&apos;s

calculation of the Lefschetz number of the Frobenius map [DB].
More generally, we conjecture that the Lefschetz number of an arbitrary self

correspondence on a compact complex analytic variety lifted to a complex of
sheaves is given by the Euler characteristic of the fixed point set with coefficients
in some constructible function whose value at a point p of the fixed point set is

determined by local data.
We would like to thank John Milnor for useful conversations on the contents

of this paper and Armand Borel for suggesting substantial improvements in the

manuscript, and we would like to thank the Eidgenossiche Technische Hochschule
in Zurich for its hospitality.

§2. Conventions

Unless otherwise specified, the spaces X and Y will be compact oriented
subanalytic (or P.L.) pseudomanifolds and ail maps between them will be sub-
analytic (or P.L.). By intersection homology we shall mean intersection homology,
with coefficients in the rational numbers Q, and with compact support.

fc-21If no perversity is specified, we mean the middle perversity m(c) —— so

we write

We shall also assume that X is a Witt space ([S], [GM 2]) which means that
there exists a stratification of X such that for each stratum of odd codimension c,

IH(c_1)/2(L; Q) 0

where L is the link of the stratum.
For example every complex analytic variety is a Witt space since it can be

stratified by even dimensional strata.
It follows ([GM 2]) that
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where n is the &quot;upper middle&quot; perversity,

n(c)

and this intersection homology group satisfies Poincaré duality.
We refer to [GM 1] for the définitions of (m, i)-allowability of cycles, geomet-

ric intersections etc., and to [GM2] for Deligne&apos;s construction of the sheaf of
intersection chains. We will use the sign conventions of Dold [D] VIII §13.

We shall also use &quot;relative&quot; intersection homology IH?(X, Y) where X is

compact and Y is open in X or else Y is a collared boundary of X. This group is

represented by (m, 0-allowable chains in X whose boundary lies in Y. (Alterna-
tively it is the hypercohomology with closed support of the restriction of the
intersection homology sheaf to X-Y). The relative Poincaré duality theorem
states that the intersection pairing

IH?(X, Y) x ffl£_,(X ~ Y) -» Q

is nondegenerate.

§3. Intersection homology of products and joins

The Lefschetz fixed point theorem requires a knowledge of the global and

local (intersection) homological properties of X x X, since the graph of a self-map
of X lies in X x X. The link of a point (p, q) in X x X is the join of the link of p in
X and the link of q in X, and a neighborhood of (p, q) is the cône over this join.
(This is shown in §7 below). We study the intersection homology of products and

joins in this preliminary section.
We recall from [GM 2] §6.3 that it is X and Y are Witt spaces then the natural

homomorphism

©= IH*(X)&lt;g)IH£(Y)-&gt; IH?(Xx Y)

is an isomorphism. Furthermore, Xx Y is again a Witt space. (This is proved in

[S], and also follows from Proposition 3.1 below.) So the natural homomorphism
IH%(X xY)-&gt; IH%(Xx Y) is an isomorphism (hère n(c) [(c -1)/2]).

PROPOSITION 3.1. Suppose X and Y are compact Witt spaces of dimensions
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r and s. Let X * Y dénote their join. Then ifr 2Ror2R + l and s 2S or 2S +1,

IHR+S(X * Y) IHR(X)&lt;g&gt;IHs(Y)

and

IHR+s+i(X * Y) IHR+S+2(X x Y) 0.

Proof. The intersection homology (with compact supports) of the open cône is

JH,(cX)=(IHl(
lo

,(X) for i&lt;R

for i &gt; R.

IHk (X * Y) may be calculated from the Mayer-Vietoris séquence for the covering
cXx Y, XxcY of X * Y, which (using the Kunneth formula) is:

where AVJ dénotes IHl(X)&lt;8&gt;IHJ(Y). Note that &lt;f&gt;k is surjective for Jc&gt;jR + S + 1

and injective for k &lt; R + S +1.
The following technical lemma will be needed in the next section when we

show that the diagonal and the graph of a placid map lift canonically to the middle
intersection homology of X x X.

Suppose X and Y are stratified pseudomanifolds. Stratify XxY by the
product stratification. Define the following (stratum-dependent) perversities on

XxY,
&apos;

f cod (A) + cod(B)-11
2 J

p(AxB)
L 2

rcod(A) + cod(B)1
L 2 J

cod (A) + cod (B)

q(AxB)

codim A
2

codim B

-1

-1

codim A codim B

if cod (A) cod (B) î 0

if codim B 0

if codim A 0

-2 otherwise.
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where A is a stratum of X, B is a stratum of Y, and [ ] dénotes the &quot;integer part&quot;

function. Note that q^m^n&lt;p.

COROLLARY 3.2. The natural maps

are isomorphisms, if X and Y are Witt spaces.

Proof. In fact the natural map of sheaves IQ -» IQ, —» IQ -» IQ are quasi-
isomorphisms. The middle arrow is a quasi-isomorphism since Xx Y is a Witt
space, as we noted at the beginning of this section.

If two perversités à and b difïer minimally, i.e., if they agrée except for their
values on one stratum &amp;&gt; where b(50 a(50+ 1, then to check that IQ —» ICg is

a quasi isomorphism it sufBces to check the vanishing of a certain intersection
homology group of the link of 5^ (see [GM2], §5.5). If they differ by more, this
technique can be applied inductively, one stratum at a time, starting with the
smallest ones. We proceed to check the relevant vanishing.

For the right hand arrow above, if codim A codim B C, the relevant group
is IHc^^L^ * LB), where LA, LB are the links of A and B. If C- 1 2R + 1

2S + 1 K + S + 1, this is zéro by §3.1. If C-1 2R 2S K + S, this is

IH(C_1)/2(LA)(8)iH(C_1)/2(LB) which is zéro since X and Y are Witt spaces.
For the left hand side, let dim LA 2JR or 2JR +1 and dim LB 2S or 2S +1.

In case dim LA 2R and dim LB 2S there are two offending groups (since then

q(AxB) and m(AxB) difïer by 2) which are IHR+S+1(LA * LB) and

IHR+S+2(LA * LB). Otherwise there is just one, which is IHr+s+2(La * LB). By
§3.1, thèse are zéro.

§4. Placid maps and their graphs

A subanalytic map / : X —&gt; Y between two subanalytic pseudo-manifolds will
be called placid if there exists a subanalytic stratification of Y such that for each

stratum S in Y we hâve

codimx f~\S) ^ codimY (S)

Examples of placid maps are: branched coverings, smooth maps and flat maps (in
algebraic geometry), Thom (Af) mappings, and ail subanalytic maps between
smooth manifolds.
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PROPOSITION 4.1. Suppose f:X-*Yis a placid map. Then pushforward of
chains and pullback of generic chains induces homomorphisms on intersection
homology,

f l IH?(Y) —* IHTVdun (X)-dim Y)( Y) •

Proof. Stratify X so that /&quot;l(S) is a union of strata in X whenever S is a

stratum of Y. (This can be done since / is subanalytic.) A simple dimension count
shows that for any (m, i)-allowable chain £ in X, the image /(|£|) is also

(m, i)-allowable. This defines /*. (Notation hère as in [GM 1].)
To construct /*, observe by McCrory [Me] that any homology class in IIf?(Y)

can be represented by a chain £ with the property that for any stratum S of Y and
for any stratum A &lt;=/~1(S) of X, the map

f\A:A-*S
is dimensionally transverse to |£|HS. It follows that /&quot;1(|^|) is

(m, i+dim (X) —dim (Y))-allowable. A similar remark applies to homologies be-
twen two cycles £i and £2- We thus obtain a homomorphism /* on intersection
homology.

Remark. The preceding calculation shows that for any perversity p and for any
coefficient ring JR we obtain homomorphisms

(&apos;; R)

whenever / : X —» Y is placid.

Remark. If X and Y are topological pseudomanifolds of dimension n and m

not necessarily subanalytic, then a placid map can be defined as a continuous map
for which there exist stratifications ([GM2], §1.1) {XJ and {Y} such that

r^^Jcy^ for ail i. Then Deligne&apos;s construction gives a map /* ICy-»
ICjJm - n] and hence gives the induced maps f* and /*. The map /* can also be

constructed from King&apos;s singular construction [K], /* is its adjoint.

DEFINITION. The intersection homology Lefschetz number IL(f) associated
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to any placid self-map f:Xr-^Xr is

IL(f) =t(-Dl Trace (/* : IH?(X; Z) -» IHT(X; Z)
i=0

This number is an integer. (Note that the two stratifications of X cannot be taken

to be the same).

PROPOSITION 4.2. If f:Xr-*Ys is placid map between two compact
orientée Witt spaces, then the graph of f détermines a canonical homology class

[G(f)]eIH?(XxY;Q).

Proof. Projection to the first factor G(f) -» X is a homomorphism and détermines

an orientation of G(f) from the orientation of X. Chooose a stratification
of Y with respect to which / is placid. Choose a stratification of X such that
/~1(S) is a union of strata in X whenever S is a stratum of Y. Let p dénote the

(stratum-dependent) perversity of §3,

P(AXB)=
cod(A) + cod(B)-l .£ J/Av J/Tï.

2
lf «*&lt;*)* codCB)

kcod(A) if cod (A) cod (B) + 0

We claim that the graph G(f) is (p, r)-allowable inXxy and thus détermines a

canonical class in IH?(Xx Y). (This together with Lemma 3.2 will complète the

proof of the proposition). We must show that for each stratum AxB,

dim (G(/) H A xB)&lt;r-cod (A)-cod (B) + p(AxB).

This is obvious if codim (A) codim (B) for in this case

dim (G(/) HA xB)&lt;dim (A)

If codim (A) &gt; codim (B) then p(A x B) &gt; cod (B). Since G(f) is a graph we hâve

dim (G(f)DAx B) &lt;dim (A)&lt; r-cod (A)-f p(A x B)-cod (B).

If codim (A)&lt;codim (B) then p{A xB)^cod (A). Since / is placid, we hâve

^ dim (A H f~\B)) ^ dim f~\B) r- codim f&apos;\B)

&lt; r - codim (B)&lt;r- cod (B) + p(AxB)- cod (A)
as desired.
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§5. Intersection homology of a neighborhood of a cycle

In this section, we establish a géométrie characterization of the middle intersection

homology class [G(/)J of the graph G(f) of a placid map /. Let 7 dénote the
logarithmic perversity

Suppose X is an rc-dimensional Witt space and £ is a /-dimensional subanalytic
cycle in X which is (7, j)-allowable. For example, the graph G(f) of a placid map
inXxXis (7, n) allowable since 7&gt;p. Let iV(f) be a regular neighborhood of |f|
(i.e., a subanalytic neighborhood with stratified and collared boundary dN(f) such
that dN(f) —» X is a normally nonsingular inclusion and such that there exists a

déformation retraction /:N(|)—» |f |).

LEMMA 5.1. The rank of IH?(N(Ç)) is no greater than the number of
connected components of the nonsingular part of |£|.

Proof. The nonsingular part of |f | is contained in the nonsingular part of X.
Choose one point in each of the fc connected component of the nonsingular part
of |f | and for each of thèse k points choose an n-j dimensional disk in X which
intersects |f | transversally. Take N(f) sufficiently small that dN(£) intersects each

of thèse disks transversally. We define a homomorphism

by assigning to any (m, j)-allowable cycle t\ its intersection number with each of
thèse k disks. We claim &lt;f&gt; is an injection. We shall sketch the argument since it is

essentially the same as that in [S] (where he assumes that |f| is (m, j)-allowable
but the same proof works when |f | is (7, /)-allowable): Suppose &lt;£(tî) 0- Using a

carefully chosen déformation retraction r:N(|f|)-&gt; |£| it is possible to deform |tj|
into |f |. The resulting j +1 dimensional chain tj is (m, / + l)-allowable because its

intersection with each stratum S has dimension no more than max (dim |t|| PI S +1,
dim |f | H S). Furthermore this chain r\ does not contain any component of the

nonsingular part of |f | since $(17) 0. This implies that dr\ 17, so the intersection

homology class represented by tj is 0.

Remark. The rank of ffl^./NCf), aN(f)) is also bounded by the number of
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components of the nonsingular part of |£| because the intersection pairing

IHf(N(0) x fflJ^Ntf), dN(€)) -&gt; Q

is nondegenerate.

If we combine the preceding lemma with Proposition 4.2, we obtain the

following

THEOREM 5.2. Let f:Xr-^Ys be a placid map between two compact
oriented Witt spaces and let N(G(f)) be a regular neighborhood of the graph of f in
X x Y. Then its homology class

[G(f)]eMr(N(G(f)))

is uniquely characterized by the following condition: For every nonsingular point

peX the intersection number

where j*:IHr(N(G(f)))-+ IHT(Xx Y) is induced by inclusion, and [p]x[Y] is the

(intersection) homology class represented by the oriented cycle {p}x Y.

Proof. By Lemma 5.1, there is at most one such class. But the cycle
represented by the graph lifts canonically to IHf(XxY) and satisfies the above

équation, so there is at least one such class.

§6. Intersections in Xx Y

In this section, we calculate the fundamental class [G(f)] of the graph of / in

IHn(XxX), and we prove the first version of the Lefschetz fixed point theorem:
that the Lefschetz number IL(f) is the intersection number [G(f)] • [A].

Suppose /:Xr-*Ys is a placid map between Witt spaces. Let [G(f)]e
IHf(XxY;Q) dénote the homology class represented by the graph of / (via
Theorem 4.2). If U]eIHr(X; Q) and [tj]gIHf (Y; Q), let [(]®M dénote their
cross product in ffl^/Xx Y) and let [G(/)] • ([f ]&lt;8&gt;[tî]) dénote the image of the
class [G(/)]®([£]®[tj]) under the intersection product

IHf(Xx X)®IHT+i(Xx Y) -* JHÏ+J_S(X x Y)
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where t is the top perversity t(c) c-2. Let ttx and tty dénote the (placid)
projections of X x Y to the first and second factors respectively. Using the sign
conventions of Dold [D] VIII. 13, (see appendix) we hâve:

LEMMA 6.1.

f*(M) € ihu,_

In particular, if [£] and [tj] are classes in intégral intersection homology then
thèse two products will also be intégral classes.

Proof. Choose stratifications of X and Y so that f~\S) is a union of strata in
X whenever S is a stratum in Y. Choose géométrie cycles ÇeIC?(X) and

t) €/Cf(Y) representing [£] and [t?], so that the support |tj| of r\ is dimensionally
transverse to / (as described in §4) and also to /(|£|). Let p and q dénote the
(stratification-dépendant) perversities defined in §3. Then the graph G(f) is a

(p, r)-allowable chain inXxX and the cycle |£|x|tî| is a (q, i+/)-allowable chain

inXxX (This is a simple dimension count). By [GM 1] we hâve a commutative
diagram, where the top and left side are the isomorphisms from §3.2 and §3.3,

f(Xx Y)&lt;8&gt;IH?+,(Xx Y) -» JH?(Xx Y)®IHf+J(Xx Y)

î î
IHf(Xx Y)®iHf+J(Xx Y) -* IHf+J_s(Xx Y)

It follows that the classes [G(/)] and [£]&lt;8&gt;[ï?] may be multiplied in the lower left
hand corner, where they hâve transverse représentatives G(/) and |£|x|tj|. Since

p + q&lt;t we obtain their product by orienting the intersection G(/)n|f|x|rj|
([GM1]). Thus (7tx)Hc([G(/)]-[^](8)[7î]) is represented by the cycle irx(G(/)n
(l€|xhl)) |{|nr1(hl). Similarly (irYU[G(f)] • [|]®[n]) is represented by the

cycle /(|f|)n|Ti|. This complètes the proof.

Remark. The integrality statement is explained by the fact that the bottom
line of the diagram can be defined with integer coefficients.

We now use the method of Lefschetz ([L]) to compute the homology class of
the graph of a placid map. Let fxx,..., jLta be a basis for IH%(X\ Q) with dual
basis jllÎ, fx* and let PtJ eifx, • /ut,) where e : H#(X) -&gt; Q is the augmentation
(so PtJ 0 unless dim OO + dim (jULJ) dim (X)). Let vl9..., % be a basis for
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IH%(Y; Q) with dual basis a?,..., v% and let Ql} e(vt • u,). Let F^fâ,) be the
matrix of f*:IH%(X)~*IH%(Y) with respect to the bases {^} and {v,}. We shall

use the symbol \v\ to dénote the dimension of a homology class v.

PROPOSITION 6.2. The homology class of the graph G(f) is given by

[G(/)]= 11 (-

where T is fhe matrix T P~1FQ.

Remark. If we specialize to the case / identity: X-»X and jti, ut for ail i,

then this second formula becomes

/. By Poincaré duality it suffices to show that both sides of the équation
hâve the same product with each class fi,®^* where |jLL,| + |t;*| s. By the

preceding lemma,

which coincides with

Thèse formulas give the following resuit:

THEOREM I. Suppose f:Xr-*Xrisa placid self map of a Witt space. Let

[A]€lHr(XxX;Q) dénote the homology class represented by the diagonal Then
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the Lefschetz number IL(f) is given by

§7. Local geometry of Xx Y

In this section the points in a join A * B of two spaces will be denoted by
triples (a, t, b) where aeA, te[0,1], beB, and where we identify (a, 0, b)~
(a&apos;, 0, b) or (a, 1, b)~(a, 1, br). The cône c(A) (with vertex v) over a space A is

the join A * {v}. We will omit the third coordinate (which is always v) when
denoting points in c(A).

Suppose X is a pseudomanifold and Lx is the link of a point xoeX. Then it is

possible to choose a stratum preserving homeomorphism ht : ciL^ —&gt; Ux between
the cône on Lt and a neighborhood Ut of Xo, such that h± (vertex) x0 and
fei | La is the identity. This détermines a &apos;radial distance&quot; function | | : U1 —» [0,1]
by specifying that IMI, 01 t for ail leLx and te[0,1].

A similar choice of homeomorphism

between the cône on L2 and a neighborhood U2 of a point yoeY détermines an

embedding

which is a homeomorphism onto the conical neighborhood

V {(x,y)el/1xl72||x| + |y|&lt;l}

of (x0, y0) in X x Y, by specifying

H((Ilf A, l2), t) (hSu td - à)), h2(l2, tA)).

We may think of A and t as &quot;polar coordinates&quot; on V, since

t(x,y) |x| + |y| and 4(x, y) |y|/(|x| + |y|).

We shall dénote by SB the boundary of this conical neighborhood, i.e.
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Thus, SE is homeomorphic to the join Lx * L2. It contains two distinguished
subsets, the &quot;top&quot;

and the &quot;bottom&quot;

which are homeomorphic to Lt and L2 respectively.

§8. Local linldng numbers

Suppose X is an n-dimensional Witt space. Fix a point xeX. Let L dénote the
link of x in X and let X dénote the link of (x, x)inXxX. Let N be a regular
neighborhood (in &lt;£) of AL=An&lt;£. We use &quot;Alexander duality&quot; to define a

nondegenerate linking pairing

^-N) -» Q

by

where d* is the Connecting homomorphism in the following diagram of dually
paired exact séquences:

0 0
II II

&gt; IHn(^N) -*&gt; IHn

x

0 0

(The vanishing of the intersection homology groups on the ends was computed in
§3.1).

We hâve already seen (§4.2, §5.2) that âL détermines a unique class [4jlJg
IH^_i(N) and that if X is normal then (§5.1) this group is one-dimensional. Thus

we hâve proven:
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PROPOSITION. If X is normal, the linking number with the diagonal détermines

an isomorphism

§9. Local contributions to the Lefschetz number

Suppose / : X -» X is a placid map with isolated fixed points. For each fixed
point x, choose a conical neighborhood U of x and let V cône {$£) be the

corresponding conical neighborhood of (x, x) in X x X. By choosing U sufficiently
small we can guarantee that it contains no fixed points other than x, and that the
graph G(f) of / is transverse to X. Orient the intersection GL(/) G(/) ni? with
the product orientation: it then détermines a homology class

where N is a small regular neighborhood of A H 56 in 5£.

THEOREM IL The intersection number [G(f)] • [A] IL(f) is the sum of the

linking numbers fxA([GL(/)]) taken over ail the fixed points.

Proof. The proof is standard, so we will only sketch it hère. Let xl9..., x«
dénote the fixed points of /. For each fixed point x, choose a conical neighborhood
Ux of (x,, x,) in XxX and let £x=dUx be the link of (x,, x,). Let N, be a regular
neighborhood of Af\SBl in S£% and let Kt be a relative cycle in CS^NJ so that
[dKt] [A D^t]eIH^xiN,). Find a chain H.^N, which realizes this homology,
i.e., so that dHt dKt-A n«Sfr Thus there is a cycle A1 with support,

It is easy to see that A&apos; is an (m, n)-allowable cycle which is contained in a regular
neighborhood of the diagonal in X x X and which only differs from the diagonal
near the fixed points of /.

Since [A9] [A ]e IH^{Xx X) they hâve the same intersection number with the

graph G(f). However [G(/)]n[^;] I[G(/)nifl]n[iCl] since the points of
intersection of the graph of / with A&apos; occur in the chains Kx. But this sum is

precisely the définition of the local linking numbers of each iGif)CM£x) with
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§10. The local trace

Suppose f:Xn-*Xn is a placid self map with an isolated fixed point x e X. Let
and U2 be (conical) neighborhoods of x, with boundaries dUx and dU2, such

that

If £ is a compactly supported cycle in IQiUx) then /#(£) is a compactly supported
cycle in IQ(U2). Thus / détermines a &quot;local homorphism&quot;

The adjoint to /* is a homomorphism

which may be interpreted geometrically as assigning to almost every relative cycle
AfyydUi) the (appropriately oriented) relative cycle /1

DEFINITION. The local trace Trx (/) of / at x is the sum

Trx (/) t (-D1 Tr (fï). (~Dn I (-D1 Tr (/*),
1=0 1=0

Remark. Let L dénote the link of the point x. Then

0 for &apos;M-H

IH,(L) for &apos;&apos;

for i^

for i.
Thus the local homomorphism (/£), corresponds to a homomorphism
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IHt(L) if i&lt; —— (and is 0 otherwise) while its adjoint (/î)n_, corresponds to

the homomorphism IH^-iCL)-» IH^^L) if i&lt; I—— (and is 0 otherwise).

§11. The local dass of the graph

Let 5£ dénote the link of (x, x) in X x X. Consider the n -1 dimensional cycle

GL(/)= G(f)n&lt;£. Since IHn-1(^£) 0, the graph does not represent an interesting
class in «S?. However it is always contained in a subset ££-N(T) which is

homeomorphic to c(L) x L. (Hère, T is the &quot;top&quot; defîned in §7, and N(T) dénotes

a small regular neighborhood of T in 5£) We will now compute the homology
class [GjLifïïelHn^-NiT)) which is represented by GL(/).

Observe that the intersection product (§2)

is a nondegenerate pairing between

IHn^(&lt;£-N(T))= © lHa(L)®ffln_1_a(L)

and

IHn(££~N(T)= © IHa(L)®IHn-1-a(L).

Suppose a&gt;p—— aeIHa(L), and |3 elHn_i_a(L). Let a®|3 dénote the

corresponding class in IHn(£,N(T)).

LEMMA 11.1. The product GL(/) • (a®/3) under the intersection pairing (*)
is equal to the product

under the intersection pairing
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Proof. Choose conical neighborhoods Ux and U2 such that U&lt;^f~x (interior
(U2)) as above. Let L1 dU1 and L2 dU2. Choose homeomorphisms hx : c(Lv) -&gt;

Ul9 to obtain H: cône (Lx * L2) —» V as in §7. The homeomorphism H restricts to
a homeomorphism, H:LiXL2—?•S? dV. Choose cycle représentatives £ in Lt
and t) in L2 of the homology classes a and 0, so that the cycle £xc(tj) is

dimensionally transverse to the cycle G(f) in L^ x C/2.

It is easy to verify the following assertions:

(1) The class /§ e IHn-a(U2, dU2) corresponding to (3 e IHn^a^x(L2) is rep-
resented by the chain c(£).

(2) The class a®/3GiHn(i?,N(T)) is represented by the chain H(Ç*r\)

(3) The class GL(/)e JH^^-NOO) is represented by the chain
Consider the chain

a[(c/1xi/2-v)nG(/)n(c(|)xc(Tî))]
a(u1x[/2-v)nG(/)n(cfâxc(ri))
(- l)nG(f) H (f x c(r|)) - SE n G(/) n (c«) x c(t|))

(-i)nG(/)n({xc(îï))-(-i)nGI.(/)n({ * t,)

By the same argument as in §6.1, the first term is the number

this is homologous to (-l)nGL(/) • (a®|3) as desired.

§12. Contracting fixed points

DEFINITION. A fixed point xeXofa placid self map f:X-*Xis contracting

if there exists a (conical) distinguished neighborhood U of x which contains no fixed
points other thon x, such that fjaf&apos;1 (interior (U)).

THEOREM III. Suppose xeX is an isolated contracting fixed point of f. Then
the local contribution at x to the Lefschetz number off is precisely the local trace off
atx.

Proof. By §9, we must compute the intersection number of [GL(f)]e
IHn^(Se~N(à)) and the unique class K e IHn(S£, N(A)) such that d*(K) [AL].
We will instead view this intersection as taking place in the &quot;lower half&quot; of SE.

For simplicity of notation we now identify SE with the join L * L. Since / is

contracting, there exists e &gt;0 so small that the graph GL(f) does not intersect the
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&quot;middle section&quot; of the join,
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which we may assume contains the regular neighborhood N(AL) of the diagonal
A ni?, (see §7 and §8 for notation.)

Let T {(Ii, t,l2)eL * L | f&gt;|-e}. Corresponding to the inclusions

we hâve a diagram of groups

which are dual to the groups

IHn(Z, T) *¦ n&amp;, M) «- IHn(&lt;£, N(A))

n-1
0

a=[(n + l) a=0
IHa(L)®IHn^a(L)

(The vertical arrows are isomorphisms since IHn{5£) IH^^) 0 by §3. The
calculation of IHn^x(t) appears in §3).

Let {el9..., er} be a basis for IH*(L), with dual basis {e*,..., e*}. The local
homomorphism

may be expressed as a matrix (ftJ) with respect to the basis {el9..., cr}. The
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intersection number of [GL(/)] with K can be computed as follows (using the fact
[AL] which was calculated in §6):

• j*i* B*l

n-1
L Y
kl=[(n + 1

k|=[(n + l)/2]

&quot;l (-1)(
kl-t(n+ l)/2]

Trx(/)

§13. Nonexpanding fixed points

Suppose Ui&lt;^ U2 are (compact) conical neighborhoods of an isolated fixed
point x0 of a placid self map / : X —» X, such that

Let h:c(dU2)^&gt; U2 be a stratum preserving homeomorphism (as considered in
§7) between the cône over dU2 and the neighborhod U2. For each xeU2 we
define the ray containing x to be the set of points

{h(h-\x),t)\te[Q,l}}

PROPOSITION 13.1. Suppose U2 contains no fixed points other than x0, and

suppose that for each xsU2 either (a) f(x) € U^ — dUi or (b) f(x) does not lie on the

ray containing x. Then the local contribution at x0 to the Lefschetz number of f is

equal to the local trace of f at x0.

Proof. Modify the map / : X —&gt; X near x0 by composing it with a contraction
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which préserves rays. The new self map is contracting and assumption (b) implies
that it has no new fixed points. However the new map has the same local linking
number at x0 and the same local trace at x0 as did the original map /. Theorem III
implies that thèse numbers are equal.

§14. Correspondences

We define a placid correspondence C between n-dimensional Witt spaces X
and Y to be an n-dimensional compact oriented pseudomanifold C^XxY such
that each of the projections

ttx : C -&gt; X and irY : C -? Y

is placid. (Notice that a map / : X -» Y is placid ifï its graph is a placid correspondence).

Such a correspondence détermines homomorphisms on intersection
homology

* IHT(X)

If Cx and C2 are two such correspondences we define the Lefschetz number
IL(CY, C2) to be the alternating sum of traces of the induced map

It is an integer.
The methods of this paper also work for correspondences: C, détermines a

canonical intersection homology class [Cj€lH™(Xx Y; Q) and the main
theorems become:

THEOREM I&apos;. The Lefschetz number IL(Ct, C2) of two correspondences is

equal to the intersection product

[QHC2]

of the intersection homology classes represented by C1 and C2.

THEOREM II&apos;. Suppose Ct intersects C2 in finitely many points (xl9 yv),

U2, y2), • • •, (xa, y«). Let £x dénote the full link (in XxY) of (x,, y,) and let
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C) Cj n&lt;gt be the intersection of Ct with this link. Then by Alexander duality there
is a well defined linkiing number /m(C\, Cl2) (see §8) and the Lefschetz nwnber
IL(Cl9 C2) is equal to the sum

ï |t(C\, C2)
1=1

of thèse local linking nwnbers.

§15. Other perversities

It is possible (in a somewhat artificial way) to extend the results of this paper
to other perversities. This situation is amusing when the fixed points of / are
isolated because the associated local intersection numbers of the graph of / with
the diagonal will change as the perversity changes.

If / : X —» X is placid we hâve an induced homomorphism

and an associated Lefschetz number

ILp(f) I(-l)t Trace (fj,
for any perversity p. Let q be the complementary perversity, q(c) c-p(c).
Stratify XxX with a product stratification and consider the (stratification dépendant)

perversities

whenever A and B are strata in X. Thèse are also dual perversities so the
intersection of dimensionally transverse géométrie cycles ([GM 1]) détermines a

nondegenerate pairing

&gt;Q.

Furthermore the graph of / canonically détermines a homology class [G(/)]e



Lefschetz fixed point theorem for intersection homology 389

IH™(X x X) and the diagonal détermines a homology class [A ] € IH™(X x X). We
obtain

THEOREM r. The Lefschetz number ILp(f) is equal to the product
[G(f)]-[A] under the intersection pairing described above.

At an isolated fixed point x we can again define a linking pairing: let
SE L * L be the link of (x, x) in X x X, let Nbea regular neighborhood in SE of
AL A H j£ Thèse spaces inherit a stratification from the product stratification of
XxX, and a calculation as in §3.1 gives IH^(SE) IH™{S£) IH^^SE)
JH^1(c2&gt;) 0. Therefore we can again use Alexander duality to define a non-
degenerate linking pairing

V* :IHT-iWÇïIHZL^L * L -N)-» Q

by |ULp(a(2)5) 6i1(a) • b where d* is the Connecting homomorphism

The cycles GL(/) G(f)DS£ and AL canonically détermine homology classes

THEOREM II&quot;. If /:X-&gt;X has isolated fixed points then the Lefschetz
number ILp(f) is equal to the sum of the linking numbers

at each of the fixed points.

As in §10 we obtain a local trace and the same proof as in §12 gives:

THEOREM IIF. If x is a contracting fixed point of a placid self map then this
local linking number is equal to the trace of the induced homomorphism on the stalk
cohomology.
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§16. Appendix: sign conventions

In this section we summarize the sign conventions of Dold [D] VIII. 13 for the
intersection products. Let X* and Ys be oriented pseudomanifolds and let

/:X^Ybea placid map which induces homomorphisms /#: IH?(X)-&gt; IH?(Y)
and /* : Bf?(Y) -&gt; IH?+r-s(X). We will use the symbol /x to dénote the map from
cohomology

and we will use a period to dénote the intersection product

+ H*(X).

We will use a &quot;cap&quot; to dénote multiplication by cohomology class, and a symbol
&lt;8&gt; to dénote the intersection homology cross product

IH%(X)&lt;8&gt;M%( Y) -+ JHj(Xx Y).

1. a • b (-I)(r&quot;l)(r-J)b • a for ail a e IH?(X), b e IHf(X).
2. m&lt;(A)-jm(B) M&gt;(AUB) AnjLL(B) for ail
3. f*(f*(a)-b) a-U(b) for ail a€lHj(Y),
4. /#(A)nb) An/JH(5) for ail A€H*(Y),
5. axb (-l)r(a&quot;&quot;j)(ir$(a) • tt^)) for ail a gIHj(X), 6 eIH?(Y)
6. (a1®b1)-(a2®b2) (-l)(s&quot;J)(r&quot;l)(ai-a2)(8)(b1-b2) for ail a^IF

elH.CX), 6l€ffl;(Y), ^elH^Y).
Orienting the graph G(f) so that OX)JG(/)] [X] we hâve; for ail a
and b€lH,(Y) the foliowing equalities:

7. (?rY)*([G(/)] • 7r*(a)) (rlYiM%(a)
8. (^rY)*([G(/)] • a x b) (-l)a(r-%(a) • b

9. (ttx)*([G(/)] • 7r*(b)) (-l)r(s
10. (vx)*aG(/)] &apos; a x 6) (-l)s&lt;-

The choices of sign in formulae #2 and #5 détermine ail the other signs.
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