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Classification and stable classification of manifolds: some examples

M. Kreck* and J. A. SCHAFER

I. Introduction

Two closed n-dimensional differentiable manifolds M and N are called stably
diffeomorphic if there exists an integer r eN such that

M#rS=N #1S

where
S_{S"XS", n=2%k }
Sk xSk, n=2k+1)

In the literature there are some cases of manifolds which can be classified up
to stable diffeomorphism, for instance 1-connected 4-manifolds [11] and mani-
folds of type B(SO) [4]. The problem we want to discuss in this paper is how much
information about a differentiable manifold is lost if one passes to its stable
diffeomorphism class. We begin with the following observation about the stable
classification of even-dimensional manifolds. We use the notations of [14].

PROPOSITION 1.1. n=2. Let M*" and N*" be two normally bordant mani-
folds. Then M and N are stably diffeomorphic. More precisely if n>2 and W is a
normal cobordism between M and N with surgery obstruction 6(W)elL,, .,
(Z[w,(M)], wy) represented by a matrix A € SU, (Z[m7,(M)]) then

M #r(S"xS")=N #r(S"x8S").
Proof. By ([14], Theorem 6.5) for n>2 we can assume that W is the normal

cobordism constructed in the proof of this theorem. That means: W=
MxIbr(S*xD"*")Ur handles of index n+1. If one considers the dual handle

* The first author was supported by SFB Theoretische Mathematik in Bonn (1981/82) and both
authors were partially supported by the University of Aarhus (summer 1981).
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decomposition starting from N we obtain the same picture. Thus
M #r(S"XS™")=N #r(S"xS").

In dimension 4 the same proof works after additional stabilization by the methods

of ([2], [8D.

Remark. The corresponding statement for odd-dimensional manifolds is false.
For instance a homotopy sphere 3*~ !¢ bP,, is normally cobordant to $*~! but
if 3#7r(S) was diffeomorphic to S* ' #r(S) then 3 would be contained in the
inertia group of r(S%* x §2*~1) which is zero or Z, by [3].

For some manifolds M the set of diffeomorphism classes of manifolds which
are normally cobordant to M was computed and this leads to some non-
cancellation results.

EXAMPLE. n=5. The set of diffeomorphism classes of manifolds which, are
normally cobordant to T" contains the non-trivial orbit space
H*(T";Z,)/JH(T";Z,) as a subset ([17], § 15 A). By the proposition above for n
even they are all stably diffeomorphic to T". Thus for even n = 6 there exist many
fake tori which are stably diffeomorphic to T" but not diffeomorphic.

Remark. For n=5 all fake tori are homeomorphic to T" ([17], p. 227).

In this example cancellation holds in the topological category. We will now
give some examples which show that in general stably diffeomorphic manifolds
are not even homotopy equivalent. The easiest examples of this type are obtained
from stably parallelizable (2n—1) connected 4n-manifolds, n>1. According to
Wall [12] two such manifolds with equivalent intersection forms differ only by a
homotopy sphere. Thus if M*" and N*" (n>1) are two such manifolds with
non-equivalent intersection forms (which one can construct by plumbing, compare
[1]) then M # S?"x 8?" and N # S>" X §*" have equivalent intersection forms [6]
and thus there exists a homotopy sphere 3 such that S #M#S and S #N#S
are diffeomorphic but 3 # M and N are not even homotopy equivalent.

In dimension 8k one can use the invariant consisting of the isomorphism class
of the triple (Hy (M;Z), °, P,), where ° is the intersection form and P, :H,,
(M; Z) — Z is the Pontrjagin class, to detect (4k — 1) connected 8k-manifolds with

equivalent intersection forms which are stably diffeomorphic but not diffeomor-
phic.

Remark. In dimension 4 the cancellation problem for connected sum with
$?%x 82 is much more difficult. By recent results of S. K. Donaldson (compare
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Atiyah’s talk at the “Bonner Mathematische Arbeitstagung” 1982) the intersec-
tion form of a 1-connected differentiable 4-manifold is always indefinite or the
standard definite form. Thus it is completely determined by its rank, signature and
type. This implies the intersection form can not be used to distinguish stably
diffeomorphic 1-connected differentiable 4-manifolds. Moreover it implies two
1-connected differentiable 4-manifolds are stably diffeomorphic if and only if they
are homotopy equivalent. By Freedman’s result two smooth homotopy equivalent
1-connected 4-manifolds are homeomorphic [18]. Thus the existence of stably
diffeomorphic 1-connected 4-manifolds which are not diffeomorphic is equivalent
to the existence of a 1-connected 4-manifold which has two different differenti-
able structures. It should be remarked here that Freedman’s work implies that
there are many 1-connected topological 4-manifolds which are stably
homeomorphic but not homotopy equivalent.

The examples of non-cancellation results described above are of the following
type: (a) stably diffeomorphic manifolds of dimension 2n >4 which are normally
bordant and modulo some indeterminacy are distinguished in LS, . ,(Z[7,]).

(b) manifolds of dimension 4k, k > 1, which are distinguished by the intersec-
tion form together with some stable tangent bundle information.

We will show in this paper that in odd dimensions also stably diffeomorphic
doesn’t imply diffeomorphic and in dimension=0mod 4 there are stably
diffeomorphic manifolds which have equivalent intersection forms and are stably
parallelizable but are not even homotopy equivalent. In particular this seems to
be the first non-cancellation result in dimension 4.

THEOREM 1.1 (see also Theorem II1.3). For all n=4 with n# 2 mod 4 there
exist stably diffeomorphic manifolds with trivial stable tangent bundle, and equival-
ent intersection forms if n=0mod 4, which are not diffeomorphic. In fact these
manifolds are not even homotopy equivalent.

We will give an explicit construction of such manifolds in the following
section. In it we will compute some basic invariants such as cohomology and
intersection form and deduce the theorem in the odd-dimensional case from a
non-cancellation result for some CW-complexes. The even-dimensional case is
comparatively more difficult. In Section III we will introduce the basic invariant
for this case and compute it for some examples in order to obtain the even-
dimensional result.

Remarks. (1) Our examples are not 1-connected, the smallest fundamental
group is ZsXZsxZs. The existence of 1-connected examples in dimension 4 is
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equivalent to the existence of a closed 1-connected differentiable 4-manifold
which has two different differentiable structures.

(2) It is perhaps interesting to note that even if our examples are not normally
cobordant they are distinguished within a L-group.

(3) Our construction also works in dimension 4k +2 but in this case the
invariant is too weak to distinguish.

I1. Boundaries of thickenings

Our k-dimensional examples will be the boundary of a thickening of a finite
[k/2]-dimensional CW-complex X. More precisely, let X be a finite n-dimensional
CW-complex. Then there exists a thickening of X in R**! for k =2n ([13]). This
means that there exists a compact k + 1-dimensional submanifold with boundary
N(X) in R**! which is simply homotopy equivalent to X. The boundary of N(X)
is unique up to s-cobordisms and we denote it by M(X)*. Moreover Wall has
proved that if X and Y are simply homotopy equivalent then M(X)* and M(Y)*
differ by an s-cobordism. Thus we have a map from the set of simple homotopy
equivalence classes of finite n-dimensional complexes into the set of diffeomorph-
ism classes (s-cobordism classes if kK =4) of k-dimensional manifolds.

Remark. There are several ways to visualize a thickening of X in R**'. One
possibility is to consider X as subpolyhedron of R*** and to take a smooth regular
neighborhood of it in R**'. Another possibility is to construct N(X) as a handle
body whose handles correspond to the cells of X and the way the handles are
attached is determined by the fact that the resulting manifold is to be stably
parallelizable. We will discuss the consequences of this description of N(X) later.

From all constructions one can easily see the following property of M(X).

LEMMA IL1.
M(X)* # S" x S" k=%n }

MX n k:{ s .
(XvE) M(X)* #S"x 8", k=2n+1

Thus the construction X+ M(X)* gives a connection between our problem
and the homotopy theoretical problem of the stable classification of n-
dimensional CW-complexes (X and Y are stably homotopy equivalent if X VS =
YY S™) and the classification up to homotopy equivalence. The first homotopy
theoretical results in this direction were obtained by J. H. C. Whitehead who
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proved that if X and Y are 2-dimensional CW-complexes with isomorphic
fundamental groups and the same Euler characteristic then X and Y are stably
homotopy equivalent. This result is also valid for n-dimensional complexes whose
universal cover is (n— 1)-connected.

It took rather a long time until one could show there exist complexes of this
type which are stably simply homotopy equivalent but not homotopy equivalent.

THEOREM ([5], [9], [10]). For all n=2 there exist finite n-dimensional
CW-complexes X and Y such that (i) the universal covers are (n —1)-connected, (ii)
XvS" and YvS" are simply homotopy equivalent. (iii) X and Y are not
homotopy equivalent.

Thus if X and Y satisfy (i), (ii) and (iii) we know M(X)* and M(Y)* are stably
diffeomorphic for k=2n or 2n+1. Furthermore we know they are stably
parallelizable and the intersection form of M(X)?*" is completely determined by
the Euler characteristic. This follows since the signature of M(X)>" is zero and
the intersection form is of even type as M(X)?" is stably parallelizable, hence it is
classified by its rank ([6]). Thus we would have examples of stably diffeomorphic
but not diffeomorphic manifolds if M(X)* =M(Y)* would imply X and Y are
homotopy equivalent. This is easy to show for k=2n+1. In fact we have a

somewhat stronger result, which implies the odd-dimensional case of Theorem
I.1.

PROPOSITION I1.1. Let X and Y be finite n-dimensional CW-complexes. If
M(X)***' and M(Y)*"*' are homotopy equivalent then X and Y are homotopy
equivalent.

Proof. The first observation is that if we have a thickening N of X in R* then
NxI<R**! is a thickening in R**!. As X has a thickening N(X) in R*"*! we
know that M(X)>"*! =3(N(x)x I) = N(X)U (—~N(X)), the double of N(X). Since
N(X) has a handle decomposition whose handles correspond to the cells of X we
obtain a handle decomposition of M(X)*"*! whose handles of index =n form
N(X) and the handles of index >n correspond to —N(X). This implies
Wl(N(X)Z"H) = Wl(N(X)) = ‘"'1(X)~

A general position argument implies H; (ON(X); A) S5 H;(N(X); A), where
A =Z[r,(x)] is the group ring, is an isomorphism for i <n and surjective for i = n.
This and the Mayer—Vietoris sequence imply

H,(N(X); A)S HM(X)>™*; A) for i=n.
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Now given a homotopy equivalence f: M(X)*"** — M(Y)***! one can deform
it so that N(X) is mapped into N(Y). Assuming this, f|xa: N(X)— N(Y) is an
isomorphism on 7r; and on all homology groups with coefficients in A. Thus
N(X)=N(Y) and the result follows as N(X) and N(Y) are homotopy equivalent
to X and Y respectively.

In the proof of the preceding proposition we computed the homology of
M(X)**1. It is easy to make a similar computation for M(X)?" but we also must
know the cellular chain complex with coefficients in A. For this we will show
M(X)® can also be written as a double L(X)U—L(X) where L(X) is also a
thickening of X but in general is not contained in R>"

PROPOSITION I1.2. Let X be a finite n-dimensional CW-complex. Then there
exists a 2n-dimensional thickening L(X) (which in general is not contained in R*"
and is not unique) of X such that

(i) MX)*=L(X)U-L(X) and
(ii) the intersection form H,(L(X);Z)® H,(L(X);Z)—Z is zero.

Proof. We construct L(X) as follows. Let Y be the (n —1)-skeleton of X and
N(Y) a thickening of Y in R*". Then N(Y) X I is a thickening of Y in R*"*! and
we know that we can obtain the thickening N(X) of X in R*"*! by adding
n-handles to N(Y) X I which correspond to the n-cells of X. Given a characteris-
tic embedding f:S" ' x D"*! <« 9(N(Y) X I) of such a handle we can isotope the
embedding such that g=f|gxp~ maps into A(N(Y)) and f=
gxXId:S" ' x D"t - 3N < a(N(Y) X I).

For by a general position argument we can find an embedding S" ' = aN(Y)
which in a(N(Y)xI) is isotopic t0 f|ss-1xi. Thus we can assume flgn-1x0; IS
contained in dN(Y). This embedding has trivial normal bundle in dN(Y) so we
can extend it to an embedding g:S" 'xD" < 3(N(Y)). As m,_,(SO(n))—
T,-1(SO(n + 1)) is surjective we can choose this embedding so that g x Id : S™ ! X
D" - 3N(Y)x I<a(N(Y) X ) is isotopic to f.

If we choose characteristic embeddings with this property we see N(X)=
L(X)x I where L(X) is obtained from N(Y) by adding handles with the g’s. In
particular it follows that M(X)?" = L(X)U-L(X).

For the proof of the second statement we use the fact that we are free to
choose the embedding S"~' = dN(Y) which in d(N(Y) X I) is isotopic to f|gm-1x}
arbitrarily within its isotopy class. Further, if we have chosen g=S""'xD" =
d(N(Y)) we can twist this by an arbitrary element of Ker (m,_,(SO)(n)) —
Tn-1(SO)(n +1)).
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Now let g;:S" ' x D" <> 3N(Y) 1=i=r be the disjoint characteristic embed-
dings of L(X). Then H,(L(X);Z)=Ker(Z — H,_,(N(Y);Z)) where e —>
(g)¢[s""']. This kernel is a direct summand in Z'=m,(X,Y) as H,_,(Y;2) is
torsion free (Y is a (n—1)-dimensional complex). Thus if we possibly change the
presentation of X as CW-complex we can assume that ey, ..., ¢ form a basis of
Ker (Z' — H,_(NY; 2)).

Denote the corresponding elements in (H,(L(X);Z) by é,,...,é,. It is a well
known fact that for i#j

é °é,' = iL(gi(Sn—-l x{0}), gj(sn_1 x{0})),

where the linking numbers of the null-homologous embeddings g;(S™~* x{0}) and
g(S" 7' x{0}) in AN(Y) are given by Co(g)[S" '] where C is a chain bounding
g, (S" "' x{0}). But for i<j we can change this linking number by an arbitrary
integer if we add an appropriate multiple of g;({*}xS™™") to g(S" ' x{*}) which is
allowed as it does not change the isotopy class. Thus we can change our
characteristic embeddings so that for i# j:

éiOéi 20.

For n odd we are finished and for k even we know é;°é; is even as L(X) is
stably parallelizable. We are allowed to change f;: S" ' X D" — dN(Y) by twisting
with any element a in Ker (m,_,(SO(n)) = m,,_1(SO((n +1)). If we do this then
only é ¢¢é; changes, namely by the Euler number of the bundle over S" corres-
ponding to a. Thus we also can achieve é;°¢; =0 as there exist bundles over S"
with arbitrary even Euler number.

Now we compute the cellular chain complex of M(X)*". For a left module A
we denote by A* =Homy (A, Z) the A-module with (g - f)(x)=f(g™" - x).

PROPOSITION I1.3. Let M(X)>"=L(X)U—-L(X) as in Proposition IL2.
With respect to the corresponding handle decomposition the cellular chain complex
of M(X)*" is given by

(=3, 0)

0= Co(X; AV 225 CL(X; A)* — -+ = Co_y(X; AV 2,

0
G AV @ Co(X; )5 €, (X3 A) 22 - s Cy(X5 A) =0,

(the sign of dFf is (—1)*) where A is the group ring Z(w) and w=
m1(X) S m (M(X)™).
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Proof. We recall that L(X) is homotopy equivalent to X and has a handle
decomposition corresponding to the cell decomposition of X. Thus for i=n—1
the left hand disks (notation as in [7]) of M(X)?" correspond to the i-cells of X
and up to dim n—1 the cellular chain complex of M(X)?" is given by

Co1(X5A) =+ - = Co(X;A)— 0.

For i>n the left hand i-disks of M(X)*" are all contained in —L(X) and
correspond to the right hand i-disks of —L(X). From the duality between right
hand and left hand disks we know by ([7]) that C(M(X)*";A)=
Con_i(—L(X); A)* = C,,_;(X; A)* and that the cellular chain complex in dimen-
sions Zn+1 of M(X)>" is given by

0— Cy(X; A 225 Cy(X; A)* —> - - - — (X AY*,

There are two types of left hand n-disks in M(X)?", those sitting in L(X) and
those sitting in —L(X) which again correspond to the right hand n-disks in
—L(X). Thus as above we have a splitting

C.(M(X)*"; A)=C,(X; A)*D C (X; A)

For the boundary operator C,.;(M(X)*"; A)=C,_(X;A)*—> C,(X; A)*D
C.(X; A) it is clear from ([7]) that it is of the form (%97, ?). On the other hand
the boundary of a left hand (n + 1)-disk in C,.;(M(X)>"; A) which corresponds to
a right-hand (n+ 1)-disk of —L(X) is contained in —L(X)4 so it has no compo-
nent in L(X) and thus ? is O.

For the boundary operator C,(M(X)*;A)=C,(X;A)*DC,(X;A)—

()
C,._1(X; A) it is clear that it is of the form (a' ) To show ?=0 in this case we

consider a left hand n-disk in M(X)?*" which corresponds to an element of
C.(X; A)*. Geometrically it is given by a right hand n-disk of —L(X). The
boundary of it is zero in C,_;(L(X); A) as it bounds the same disk considered as
sitting in L(X).

Finally for ,(X) ﬁ% we need some information about the intersection form
of the universal cover M(X)?". This form is invariant under the action of ;. If we

consider H,(M(X)?"; A) as a Z-module then

H,(M(X)*"; A) = H,(M(X)*"; Z).
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From Proposition I1.3 we know that
H,(M(X)*>"; A)=H"(X; A)® H,(X; A)

or as H*(X; A)=H,(X; A)* (X is (n—1)-connected) we have
H,(M(X)*"; A)= H,(X; AY*® H,(X; A).
Thus H,(M(X)*"; 2)=H,(X; )* ® H,(X; 2).

PROPOSITION I1.4. Let m,(X) be finite. If we write M(X)*" as L(X)U — L(X)
as in Proposition II. 2 then with respect to the splitting above:

H,(M(X)*";27) = H,(X; 2)* ® H,(X; 2)
the intersection form is equal to

ey &)

Proof. The splitting H,(M(X)*";Z) = H,(X;Z)*® H,(X;Z) corresponds to
the splitting of the exact sequence

0— H,, (LX) x I, 3(L(X) ¥ I); Z) - H,(L(X) U—-L(X); Z)

]zu ;—;—’_"‘—z n(a)f)XI;Z)AO
H"(L(X); 2)

Sl
H"(X:;2)

J

where p is the projection onto i?f ) x{0}.

It is well known that for W an oriented 2n-manifold and a € H,.. (W, dW; Z),
be H,(dW;Z) the intersection number dacb is equal to £(A " 'a, ixb) where A is
Poincaré duality.

Thus in our case the intersection form vanishes on im (d) and corresponds to
the Kronecker product for a e H*(X;Z) and b e H,(X; 2).

Some final remarks. From the results mentioned before we know there exist
finite n-dimensional complexes X and Y such that X and Y are (n—1)-connected



Classification and stable classification of manifolds: some examples 21

and X and Y stably simply homotopy-equivalent. Thus M(X)*" and M(Y)?" are
stably diffeomorphic. We will construct in the next section an invariant which for
n even shows that for certain X and Y, M(X)*" and M(Y)*" are not homotopy
equivalent. We have already mentioned that M(X)*" and M(Y)?" have equival-
ent intersection forms. This will prove our Theorem I.1.

There is an obvious question to be asked. Namely in the non-simply connected
case there is another invariant which one might use to distinguish stably
diffeomorphic manifolds: the intersection form of the universal cover considered
as a Z-valued form of A-modules. In our case it Mgt difficult to show that if
|7(X)| is odd then the intersection form on H,(M(X)*";Z)=H}(X;A)*®

0 ( :
H,(X;A) is equivalent to ( ) ( 0>) under a transformation of the form
(; 1). Thus also these invariants agree in our examples.

II1.1. The 4n-dimensional case

In this section we will summarize the geometric results of section II, translate
to algebra, and outline the procedure we will use to produce the examples of
dimension 4n. G will always denote a finite group and A its integral group ring.
All modules will be finitely generated.

Recall that if A is a A-lattice (i.e. free as an abelian group), A* =Hom; (A, Z)
is the A-module with (g - f)(x)=f(g 'x). The function A — A* is exact on
A-lattices and maps projectives to projectives since A =A* via the A-map which
sends 1€ A to ,, projection on the identity component.

If A is a A-module H°(G, A)= AS/NA will denote the Oth Tate cohomology
group of G with coefficients in A. Since it is used often in this paper we will
sometimes denote this group by A.

Let n=1 and consider the following categories.

(1) F%€,.(%,); the category whose objects are A-free (projective) chain com-
plexes Cy of length n, exact except at C, and C,, with Hy(Cy)=Z. (i.e. free
(projective) syzygies of Z). The maps are chain maps inducing the identity on H,,.
We will denote H,(Cy) by m,(Cs) or m, or sometimes even 7 if Cy and n are
clear.

(i) FM,, (M,,): the category whose objects are pairs (Dy, @p) where Dy is a
free (projective) chain complex of length 2n exact except at D,, D,, D,, with
Hy(Dy) = H,,(Dy) =Z. ®p:H,(Dy) — H,(Dy)* is a A-isomorphism i.e. is the
adjoint of a nonsingular A-equivariant bilinear form on H,(Dy). If A is any
lattice and (A, b) is a Z-valued A-form on A, then b induces forms (A€, b€) on
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the fixed point set and (A, 6) on the Tate group. The form b is a Z/|G|-valued
form.

The maps in the category FM,,, (M,,,) will be chain maps inducing the identity
on H, and H,, and an isometry of (H%G, H,(Cy),bc) with
(H%(G, H,(Dy)), bp).

(iii) %n(‘én); the category whose objects are the objects of F%,(6,.). A
morphism C — C’ consists of a pair of homomorphisms f:C— C'and g:C' — C.

Consider the functor M: %n (€,) > FMs, (Ms,) defined as follows. M(Cy) =
(Dy, @) where

-

+3] *d,_, (%3],0)
Dy:Cf—Ct— - —S Ck_, — CEDC,

G i

n—1

e C 2 D Gy, Py =id,  sign of 8%:(—1)

If f:Cy4— Cyx and g:Cy—> Cy then M(f, g)=h where h;=f, 0=i<n; h,=g%,
n+1=i=2n and h, =g} ®Df,. We will see in Section 5 that M(f, g) is a map in
FM (Msy,).

Finally, let M be a A-module and a € Aut G. Denote by .M the A-module
where g - .,m=a(g) - m. Note that if f:M— N is a A-map, then f is also a
A-map f: M— _N. Hence if Cy is a A-chain complex then so is ,Cy4 where
(Cs)n =oC, and 0, =9,.

In Section II we saw that the manifold MX?" had the following properties. (i)
mMX =, X, (ii) the chain complex C(MX; A) is chain homotopy equivalent to
M(C(X™; A)) (Proposition I1.3) (iii) under the chain homotopy equivalence in (ii)
the intersection form b, on H,(MX:A) corresponds to the form on
H,(M(C(X™"; A))=H,(X, A)*® H,(X, A) given by the matrix (<0> <,’)>) where
(,) is the Kronecker product on H, (X, A) (Proposition II.4), (iv) the form b,
when restricted to (H, (X, A)*® H, (X, A))C is given by <(__ 12} O <6>) =e,. The
zeros follow from Proposition I1.2 as over the rationals (H,(X;A)*®
H,(X; A)° ®Q=H,(MX; Q)° = H,(MX; Q)=H,(LX: Q)®H,(-LX;Q), the
isomorphisms respect the splittings and the forms vanish on H,(LX;Q) and
H,(—LX; Q).

Our procedure is as follows. Let X and Y be two finite n-complexes with the
same Euler characteristic and (n—1)-connected universal cover together with
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isomorphisms of the fundamental groups to a given group G (polarized com-
plexes). We denote the cellular chain complexes of X and Y with A-coefficients
for a moment by C and D. The cellular chain complexes of MX and MY are then
given by M(C) and M(D).

Let h: M(C) — M(D) be any chain map which induces the identity in dim 0
and 2n. The map H,(h): H,(M(C)) — H,(M(D)) induces a map of Tate cohomol-
ogy groups, H,(h) : H°H,(M(C)) — H°H,(M(D)). We show that this map is
unique moduo composition with

(I(;j Ioél)’ where we split H,(M(C)) as H,(C)*® H,(C). (Proposition 111.4).

If MX and MY are polarized orientation preserving homotopy equivalent
then we can take the induced cellular map for the h. It induces a map
H,(M(C))°— H,(M(D))€ which is an isometry of the restriction of the intersec-
tion form to the fixed point sets. If |G| is odd then all maps (I(;i I‘:l) on Tate
groups as above are induced by isometries of the fixed point sets (Lemma IIL5).
Thus if MX and MY are polarized orientation preserving homotopy equivalent
then for every chain map h the map H,(h)  is induced by an isometry of the fixed
point sets.

We will use this information to distinguish certain MX and MY. For this we
study the maps and how they change if we choose different polarizations more
systematically in the rest of part II1.3.

To study the isometries of the fixed point set H, (M(C))® we have to
determine the restriction of the intersection form to them. As the forms are given
by evaluation this is a purely algebraic problem which we investigate in part IT1.2.

With this information we construct in II1.4 some non-cancellation examples. It
is easy to see that if the complex is of the form X v S" then for every h as above
H,(h)" is induced by an isometry. Thus we only get informations if the Euler
characteristics of X and Y are minimal.

In some cases, for instance if G = (Z/p)*, the isometries of the fixed point sets
determine elements in the Wall group L{(Z) (for the notation compare [15]). If in
addition X and Y have minimal Euler characteristic the Tate groups are the
reduction of the fixed point sets mod p, thus H, (k)" defines an element in L(Z/p).
The knowledge of these Wall groups and of the map between them leads to
non-cancellation results for some oriented manifolds MX and MY in every
dimension =0 mod 4 (Corollary after Theorem II1.3). As MX is diffeomorphic to
—MX (by § 2 MX is a double) we can forget the orientations.
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II1.2. The forms ¢ and é on (7*® 7,)° and (7* D7)

The evaluation form e on H,(M(C))=#n*® = (7w =H,(Cy)) gives rise to
forms e and é on (w* @D m)C and (7* D m)" respectively. In this section we wish
to evaluate these fo/rms\. More generally we wish to determine the forms
(H, (Dy)®, ®°) and (H,(Dy), ®) induced by (Dy, ®)€ M,,. The form e is not
quite the evaluation form since as we shall see below (7*)°# (7°)* in general.
However there is a close relationship between them.

PROPOSITION II1.1. If A is an A-module, there exists an exact sequence
0—(A%® =5 (A9)* > Ly —0 1)

where L, is finite.

Proof. From the exact sequence 0 > A€ —- A — A/A® — 0 we obtain the
sequence

0 — Homg (A/AC,Z) »> Homg (A, Z) = Homg (A%, Z) — Extl (A/AS, Z)
— Extl (A, 2) - Ext} (AS, 2)

Since Homg (A, Z)=(A*)® and obviously Homg (A°,7Z)=Hom, (A°,Z)=
(AS)*. It is enough to show Homg (A/AC, Z) = (0).

But this is obvious for if ®:A/A° —Z is a G-map, then 0=®Q gx)=
|G| ®(x) for all xe A. Note that L, is finite since Extg (A/AC, Z) is.

The usefulness of this proposition is due to the fact that the form e on
(7* @ 7)€ is obviously the restriction of the evaluation form on (7°)*@® 7€ and
hence if we know the torsion coefficients of L., say B;,..., [, then we may
choose a basis {f}, of (w©)* so that {B,f;} is a basis of (w*)C. If {x;} is the dual
basis to {f;}, then with respect to the basis {Bf;, x;} of (7*)° ® 7 the form e has
matrix

B
B,

O

Br..
"
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In order to compute L, we have the following,

LEMMA IIL1. If A is a A-lattice, then in (1) rest (N(A*)) =|G| (A®)* where
NA ={3 ga | a€ A} for any G module A.

Proof. We first note that for any finitely generated A-lattice A, A/A€ is a
A-lattice since it is clear that nae A, neZ only if ae A°.

If he N(A*) then for xe A, h(x)=Y_,h'(g"'x) for some Z-map h': A - Z. If
x € AS, then h(x)=|G| h'(x) and so rest (h) € |G| (A°)*. Conversely if h =|G| h'
for some h': AC —Z then since A/AC is a lattice, A=AC ® A/A€ as abelian
groups. We may therefore define h:A —>Z by h| AS=h", h|AJA®=0. he A*
and for xe AS, Nh(x)=Y, h(g 'x)=|G| h'(x) = h(x).

Therefore we have the following diagram with exact rows and columns.

NA* rest , |G| (AG)*

=

l l

0 — (AMCG =y (AG)* — L, — 0

| | :

0 — H°A*) — (A9)*|G|(A®)* — coker —> 0

l l

0 0

Hence to compute L, it is enough to compute the cokernel of the map
H(A*) = (A®)*/|G| (A9)*.

Since |G| annihilates all Tate cohomology groups of G, the torsion coefficients
of H%(G, A) must divide' |G|,

PROPOSITION II1.2. If the torsion coefficients of H(G, A) are 7 |72] - - | 7«
where k =rank A® and we allow 7,=1 then L, has torsion coefficients

‘G‘/Tk ‘ |G|/Tk-1 | T | ‘G‘/Tl-

The proposition is an immediate consequence of the following lemma.

k
LEMMA III.2. If ¢:DZ/s;,— (Z/s)* is an embedding where s;|s for
1

all i, then cokernel ¢ = @ Z/(s/s;).
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Proof. By considering the p-torison it is enough to assume s =p', s, =p", [ =1L
Consider the generator e, of Z/p% - p“e, =0 implies @e, has order p* and
therefore e, =p'™ for some ye(Z/p")* of order exactly p'. But any element
of order p' is part of a basis of (Z/p')* since it must contain a component relatively
prime to p. Therefore there exists an automorphism f: (Z/p')* — (Z/p")* such that
f(y) = & a generator of the last factor of (Z/p')*. Since f is an isomorphism, coker
fo =coker ¢, fop(e,)=p' & and coker fop=2Z/p'™* @ coker ¢

Z/p% —> Zlpt —> Z/p'%

D /)

k
@z/p" L5 @/pH) —> coker foo
1

Do) )

k-1 .
&® z/pt > Z/p")*' —> coker ¢
1

since all the vertical maps split. Hence we are done by induction.

This computes the form e€ on (7* @® 7)°. The form é on (7*® =) is induced
from e and so has the same matrix but considered as a Z/|G|-valued form.

COROLLARY. Suppose H, (G) is elementary abelian (i.e. all 7, =7;=7) and
d(H,(G))=x(Cg)+(=1)"*'. Then e“(é) is a multiple of the hyperbolic form

((I) (;) on (m*® m)° (w* D m)"). More precisely there exists a basis {x;, y;} such

that x;y; =beZ(Z/|G|) for b=|G|/r. Hence by dividing through by b we may
consider e to be the Z-valued hyperbolic form and é to be the Z/t-valued
hyperbolic form.

Proof. Since Z— C§— -+ — C¥ — w™* — 0 is exact we have by degree shift-
ing H°(w*)= H"*Y(G, Z) which is in turn isomorphic to H,(G, Z) since G is finite.
Moreover the same sequence (or its dual) shows rank (w*)¢ =rank n° =
x(Cg) +(=1)"*. Since d(H,)(G)) = x(Cyx)+(—1)"*! all the torsion coefficients of
L. equal b =|Gl|/r by the proposition and the result follows.

We shall now proceed to show that if (D, ¢) is an arbitrary element of #,,,
then the induced form on H, (D) is non-singular.
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LEMMA I11.3. Suppose h: F, — F, is an embedding of a free abelian group in
another of the same rank. Suppose F,< F, is a subgroup such that h(F,) = kF, for
some keZ*. Let w,:F,— F,/F, and m,:F,— F,/F, be the natural projections.
Suppose {f;},{g;} are bases of F,, F, resp. such that h(f;) = B;g. Then {m,f;} is a
basis of F,/F,.

Proof. Clearly {m,g;} is a basis of F,/kF,. Since m(kg)=0, B;| k.
(i) o.f; has order k/B; since (k/B;)m,f; maps to the image of kg; =0 in F,/kF,.
Since Fi/F, <> F/kF,, (k/B;)mf,=0. If am f;=0, then aB;g; maps to zero in

k
E,/kF, so k| af; which is equivalent to saying E\ a.
j

k
(i) If Y mym,f; =0 then } m;B;g; maps to zero in F,/kF, so as above, E— m.
j

LEMMA 1I11.4. Let A be a A-lattice and consider the dual of (1) from
Proposition III1.1,

(rest)™

0—>A° — 5 (A*)* 5 Ext(L,,Z)=L, — 0.

Then rest* (N,)) = |G| (A*°)*, where we have identified A and A** by means of
the natural isomorphism.

Proof. Let xe A*® and y € NA, then (rest)*(y)(x) =x(y). If y=) hy for ye A,
then x(y)=|G|x(¥). If i:A** —> A* is the inclusion, i*(y)e(A*’)* and
|G| i(¥)(x) =|G| ¥(ix) =|G| x(¥). Hence rest* (y) |G| (A*°)*. Conversely if g=
|G| f |G| (A*°)*(ix), then since A/AC is a A-lattice, i*: A — (A*°)*(ix) is onto.
If i*(z)=f and y = gz € NA, rest* (y)(x) = |G| x(z) = g(x) for xe A**.

THEOREM III1.1. If (A, ¢) is a non singular A-form, then the induced form
(H%A), ) is non-singular.

Proof. Since ¢:A — A* is an isomorphism, A and hence A/A® are A-
lattices. Consider the following diagram.

Né

NA — N(A* — |G|A®”

|

G
A° 25 A¥ 5 AC

==

l l l

H°A) — H°(A*) —> AS"/|G| A"
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By Lemmas II1.1 and II1.3 we may choose bases {f;}, {g¥} of A°, A°* respec-

tively so that (i) re¢®(f;)=BigT (ii) {mf;} is a basis of H°(A). If we dualize

(red)*(g)) = B;f* and use Lemma IIL.1 and II1.4 we have {m,g;} is also a basis of

H°(A). Moreover ¢(m.f,, 718¢) = 8;Bx mod |G| since ¢ is induced by the form on

AS whose adjoint map is ro¢C. Hence if x =Y, mymf, € H°(A) has ¢(x, y) =0 for
|G|

all y we must have B,m, =0 mod |G| for all k which is equivalent to — | m; &

Bx
x=0 since mfi has order l-éil Hence the adjoint map Bé:H(A)—
k

Hom;, (FIO(A),Z/iGI) is a monomorphism and hence an isomorphism since both
groups are finite and abstractly isomorphic.

II1.3. The invariant

Let Dye M,,, consider the exact sequence 0— Ima,,, >kerd, — H, -0

and let
(@) K@Dy =coker {H°(i): H(im d,.,) — H(ker 3,)}
(b) L(Dy)=ker {H'(i): H'(im d,..;) — H'(ker 3,)}
so that one has the exact sequence

0 — K(Dy) — H°(H,) — L(Dy) — 0 (3)

PROPOSITION II1.3. Suppose Dy, Ex€ M,,, and h:D4— Ey is a chain map
inducing the identity on Hy and H,,,. Then (i) H%(hy) : H°(H, (Dy)) — H°(H, (Ey))
is an isomorphism. (i) If h : Dy — Ey is another chain map (inducing identity on H,
and H,,) then ﬁo(ﬁ*)”lﬁo(h*) =Id+ jpa * mp for some map a : L(Dy) — K([Dy).

Proof. Since 0 —kerd, > D, —---—Dy—7Z—>0 is exact and the D, are
projective, the chain map h induces a map from H'(ker 92) — H'(ker 8F) which is
independent of h (since any chain map lifts the identity) and hence must be an
isomorphism for all i. Similarly the exact sequence 0 >Z—>D,,, —»---—>D,,;—
ima, ., — 0 implies that h induces a map from H'(im &2,,) — H'(im &) which
is also independent of h and hence also an isomorphism. From the definitions of
K and L we see h induces unique isomorphisms w(Dy, Ey): K(Dx) — K(Ex) and
v(Dy, Eyg) : L(Dy) — L(Ex). (i) and (ii) are now immediate.

Now suppose Dy and Ey are in the image of the functor M: G, —M,, (see
Section I11.1), say Dy = M(By), Ex= M(Cy).
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The definition of M(Dy) shows immediately that the map H'(i): H (im 9, ) —
Hi(Ker d,..,) is zero and we have K([Dy)=Hker3,) and LD = H'(ima,.,).
Since 0—imd, ., — D, —cokerd,,;—>0 is exact we have L(Dy)=
H°(coker d,,.,,) and we will think of » as being induced by the chain map on
coker dy,; —>coker & ,;. As Homg (By, Cy)# @, there exists chain maps
h: M(f, g) : M(By) — M(Cy). Now we have

(i) cokerdZ,, =coker ((3%)*, 0) = m,(Bsx)* ® B,.

(ii) ker o2 =ker (a(:’) =B¥® 7, (By).

(iii) H,(M(By)) = mnr(Bs) ® m.(By).
and similarly for E4. From the definition of w and v and the form of M(f, g) we
see w is induced by H,(g)*®f,, v by gt ® H,(f) and H,(h)=H,(g)*® H,(f).
Since B*(C*) and B,(C,) are A-projective H(B,)=H°B*)=0 and we may
identify H°(coker 62, ,) (resp H°(ker %)) with H(1r, (Bs)™) (resp. HO(r, (By))) via
the projection and injection maps. Moreover using this identification the maps w,
v are given by H°(H,(g)*) and H°(H, (f)) respectively.

PROPOSITION I11.4. If Dy, Eyx<€ M., are in the image of the functor M: €,, —
M., then (1) there exists a chain map h:Dy—[Ey such that H°(H, (h)) =
1 (D, Ex) @ v(Dy, Ey). (2) The map is an isometry of the form éy, with ég,. (3) If

_ A 0\/Id
h:Dg—E4 is any other map in M,, then H‘)(Hn(h))z(pL )( a) where
14

0 0 Id
Id a) . . " A
(() Id) is an isometry of (mn(B)® m,(B)), ép,)-

Proof. We have already verified everything but (2). We have seen from the
above that the map p ® v = o is given by H(H,(g)*) ® H°(H, (f)) where f: By —
C4 and g :Cy— By are chain lifts of id:Z — Z. Since fog:Cy — Cy is a chain lift
of the id:Z — Z we have H°(H, (g)*) = H°(H, (f)*)* (the map induced on H(x*)
is independent of the chain map). The form ég (&) is induced by e§(e&) which is in
turn the restriction of the evaluation form eg(ec) on wh@® m, Hence if [{]e
H(m,(Bx)*), {e(mBx*°® and [ule A%m(By), uem(By° then
ép([£], [u]) = ¢(u) mod Z/|G|. (Recall #¥C < (79*) On the other hand
H(H, () ([¢D=[¢'] where H,()*()=¢ with {'e(m(Cy*)® and
H(H, (ful=[H.()w)]=[u']. Therefore &c([¢'],[u'D={'(u') modZ/|G|=
{'(H,(f)u) mod Z/|G| = H,(f)*(¢')(u) mod Z/|G| = ég[£], [u]). Therefore o is an
isometry. (3) now follows since by definition any map h € M,, induces an isometry

on H°(H,).

Suppose one can show the isometry o=pu@v of &, with ég,
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(D = MBy, Ex = MCy) cannot be lifted to an isometry of eg, with eg,; then the
following lemma and Proposition III.4 (3) will show that there cannot be any

chain homotopy equivalence of MBy with MC, and which preserves the forms on
H,(MBy) and H,(MC,) providing |G| is odd.

LEMMA 111.5. If |G| is odd, every isometry of é of the form (é ?) or
(I 0) lifts to an isometry of €.

A T
Proof. It is sufficient to prove it for (/i 2) Let B= (l())l : ) b,|-:-|b, and
H=HA%n)=2/t,x- - -xZt, where t,|---|t. By Proposition IIL2, tb =|GI.
The form €€ is (Z" xZ", (1(; Ig)) and the form é is (H x H, (g g)) the last

being considered as a Z/|G|-valued form. Denote the basis of the first copy of H
by {x;} and the second copy by {x*} so that the order of x; and x* is ¢, and é
(x;, x*) = b; mod |G|; all other products are zero. Let A:H — H be given by
Ax; =Y a;x’ where a; are only defined mod ¢,. Since the order of x; is t; we see
that for i <j we may write a; = aj;t;t; " where a); is defined mod t,. The fact that
I 0

( A I) is an isometry of € is equivalent to

(1) 2a;b; =0(mod |GY)

(i) for i<j, aub;+bajtt;' =0 (mod|Gl).

G
Since (2,|G|)=1, (i) says a;=0mod Lb—lEO mod t. Since b;|b, (ii) says
G ' L
a;bb; '+ ajtt;y ' =0 modLB-—IEO mod . But bb; ' =4t ". So (ii) implies a; +aj; =
j

O mod t,. Now define C:Z" —Z" by ¢; =0 and for j>i let ¢; be any integer

I O
congruent to a; mod t. Let ¢;=—b;'bc; for i<j then clearly ( C I) is an
0 B

B 0) on Z"xZ". But c¢;=-bj'bc;=—t"ta; modb;=

ajtt; ' mod ¢, i.e. C reduces to A.

isometry of (

In order to show o does not lift to an isometry of eS with eg it is easier to
collect the o(D, E) into a group valued invariant. Let C,,C,€ &,

DEFINITION. (i) An isometry of (m*@®m,)", é,) = (w5Bm,), &,) is called
diagonal if there exists maps f: 7 — 7 and g: 7$ — 7€ inducing isomorphisms
f:#,— #, and g*| (w*)C: 4% — 7% such that p=(g*|) Df.
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(ii) An isometry A of (7% ® m,)°, e¥) = (7% D m,)C, eF) is called diagonal if
it is of the form f*'| 7¥° @ f for some isomorphism f: 7 — n5.

Note that the isometry o of é, to é, is a diagonal isometry.

We will denote by Isom (é,, é;,)(Diag Isom (é,, é,)) the set of isometries
(diagonal isometries) of ((w*®m,),é,) with (wi®m),é,) and by
Isom (e, e$)(Diag Isom (¢, e)) the subset of Isom (é,, é,)(Diag Isom (¢, é,))
induced by an isometry (diagonal isometry) of ((w¥@®m,)C,eS) with (73D
™ 2)G, € g ).

PROPOSITION III.5. Given Cy, Cg€ %6, such that x(Cy) = x(Cy) then there
exists a diagonal isometry ¢:((w ¥*®m.)C, e'®) — (7D m,)°, e®) inducing a
diagonal isometry ¢:(w/ *® w!) ", e) = (w*® ), é).

Proof. Recall from Lemmas III.1 and III.4 we have commutative diagrams.

H(m) — ()M (Nm)** >—(m*)*/|G|(m*°)* }—> coker

T T T I

76— (gOY>—C s () —— Ext(L,2) (2)

1 1 1

N ———— (Nm)** ——— |G| (=*°)*

H(w*) > w°"/|G|- % —> coker

T T I

’lT*G ) rest TrG* > L,,,, (2)

1 1

No* ——> |G|#n%”

There are similar diagrams for #'. Now since x(Cy) = x(Cy) there exists an
isomorphism p: L, — L,.. This follows since x(Cy) = x(Cy) implies by Schanuels
lemma and semi-local cancellation that gy~ ) (A, denotes A localized at
those primes dividing the order of G). Since localization commutes with Ext and
|G| Ext =0 for lattices we have

L. =ker{Ext § (m/n°,Z) - Extg (7, Z)}=L,..
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This isomorphism can be lifted to an isomorphism B*: 7€  — #'S". From (2) we
see that B*| #*° induces an isomorphism H°(w*) — H°(w'*). Dualizing we see
that B: 7' — 7¢ induces an isomorphism H°(m") — H°(wr). It is obvious that
B* | 7*) BB (n*Pn)° - (w*Dw)° is a diagonal isometry of e'C to €€
and induces a diagonal isometry of é' to é.

This proposition allows one to collect the invariants o(Dy, Ey4) of Proposition
II1.4 into a group valued invariant as follows. We fix an Euler characteristic = k
and let C,(k) be the full sub-category of %, consisting of objects of Euler
characteristic k. Similarly #,,(k) will denote the image of 4,(k) under the
functor M. Fix an object Cy € 4, (k) and denote m,(Cy4) by II. From the above
proposition if M(Cy)e M, (k) there exists a diagonal isometry oc:((I1*®
I1)%,e°) — (m,, (C4)* ® m,(Cy), eg) inducing a diagonal isometry @ from é to éc,.
For each M(Cy)e M,, (k) choose such a ¢- and for Dy = M(By), Ex= M(Cy) e
My, (k) let I(Dy, Ey) = ¢clo(D, E)$p € Diag Isom (é). To obtain a well defined
invariant we proceed as follows.

PROPOSITION I11.6. Given f: 1, — w, a homomorphism, there exists a uni-
que g: 75— 7% such that é,(gy, x) = é,(y, fx) for ye #%, xe #,.

Proof. Lift f to a map f:#$ — #$. This restricts to a map f: Nm, — Nmr, and
hence from (2') to a map |G| 7#¥°* — |G| w3°*. This last obviously lifts to a map
g* (17 ¥°)* — (73°)* since these are free abelian. Note that if f is an 1somorphxsm so
is g*. It is clear that

(¢ —= (=1°)*

bk

(G~ (g

commutes.

Hence g = g** — %% maps Nmr%¥ — N#r¥ and so induces a map g: 7% —
#7 so that g, f have the desired property. The uniqueness of g is a consequence of
the fact €, is non-singular (Theorem III.1).

3¢

COROLLARY. There exists a bijection (DiaglIsom (é,,é,), Diag
Isom (€€, e$)) with (Iso (H°(m,), H(1)), Iso (7, w$)). If Ciq=Coy, this is an
isomorphism of group pairs.

Proof. 1f f: H°(s,) = H®(r,) is an isomorphism, then f~ :4,—> 4, gives rise
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to an isomorphism g:#7% — 7% from the proposition and g ® f is diagonal. The
inverse map is given by g @ f — f. These clearly map the subsets into each other
and the last statement is obvious.

It is not difficult to see that if #=2Z/t;x---XZ/t, with t;|t,]| - -|t, and
wC =27Z", then Iso (7€) is normal in Iso (#) and Iso (#)/Iso (7°) = (Z/t,)*/(x1) via
reduction mod t,, and the determinant map [17]. Note that we may have t; =1
and hence Iso (7)/Iso (7)) =(0). If C4<c €, then by taking fixed points we see
rk,mC = x(Cye)+(=1)"*'. Also by degree shifting H°%w)=H "*(G,2)=
H,(G, Z). Hence if d(H,(G, 7)) < x(C4)+(—1)"*', where d(B)=minimal number
of generators of B, then Iso (#)/Iso (w©) = (0).

From the corollary we have Diag Isom (é)/Diag Isom (e°)=1Iso (#)/Iso (7<)
which is abelian. Clearly Diag Isom (e°) < Isom (¢“) N Diag Isom (é) which is
normal in DiaglIsom (é). Let I'(G)= Diag Isom (é)/Isom (¢€) N Diag Isom (é)
where n =length of the complex and k = Euler characteristic. I'“(G) is indepen-
dent of Cye €, (k) by Proposition IIL.5 and is a quotient of (Z/t,)*/(x1) by the
preceding remarks. Let {I(Dy, E4)} denote the class of I([Dy, Ey) in I'(G).

This is well defined for if ¢g, ¢ are different choices for the diagonal iso-
metry (7*®w) — (r(BY*@nw(B)) then $c'oDs, Ex)@abeo Oy, Ex) '¢ce
Isom (¢“) N Diag Isom (&) since this is normal in Diag Isom (é).

PROPOSITION IIL7. (i) {I[Dy, Ex)} - {I(Ex, Fs)} = {I([Dy, Fs)}

(ii) {I([Ds, Ex)} ' ={I(Ex, Dy)}.

(iii) If there exists a chain homotopy equivalence Dy — [E4 inducing an

isometry of (H,([Dy), ep) with (H,(Es), eg) then {I([Dy, Eyx)}=1.

Proof. (i) is obvious from the definitions. (ii) follows from (i) and the fact that
{I(D4,D4)}=1. If h:Dy—Ey is the chain homotopy equivalence inducing the
isometry then since H,(h)€ is an isometry of e5 to ef and by Proposition III1.4
and Lemma II1.5 o(Dy, Ey) differs from H°(H, (h)) by an isometry which lifts to
an isometry of e with e, {I(Dy, Ex)}=1.

From the remarks in Section III.1 and Proposition II1.7 (iii) in order to show
MX is not homotopy equivalent to MY we must show {I(MCy(X, A),
oMCy(Y; A))}#1 for all a € Aut G. Now if h: MBy— MCy is a chain map then
h: ,MBy— ,MC is also a chain map for any a € Aut G. Since for any A-module
A, ,AC =A° we have o(Dy, Eyx) = 0(, Dy, ,Ex). Consider the map g:Aut G —
I'N(G) given by g(a) = {I(Cy, .Cs)}. The above remark together with 3.5 (i) shows
g is a homomorphism and {I([Dy, .Es)} = g(a) {I([Dy, Ex)}. Hence if we denote by
BY(G)<TI%G) the image of g and by [I(Dy, Ex)] the class of {I(Dy,Ey)} in
I's(G)/BX(G), we have the following theorem.
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THEOREM 1I1.2. If [I(D4, Egx)]# 1eI'(G)/BX(G), then for all acAut G
there does not exist an isometry inducing chain homotopy equivalence of Dy with
oEx-

II1.4. The examples

From the first section and Theorem IIl.2 we see that in order to produce
examples where MX+# MY it is sufficient to show I't(G)/B¥(G) is non-zero and
that we may realize these non-zero invariants. From the remark after the
corollary to Proposition IIL6, I'“(G)=(0) unless k =d(H,G)+(—1)". We will
after [10] say that a group G with the property that there exists Cqe F4€, with
x(Cy) = d(H,G)+ (—1)" = Xin(G) satisfies the minimality hypothesis in dimension
n. It is shown in [10] that all finite abelian groups and all finite p-groups satisfy
the minimality hypothesis for all dimensions n. We will from now on assume G
satisfies the minimality hypothesis in dimension n and that all complexes consi-
dered have x(Cx) = Xmin(G). We will denote I't(G)/(BX(G)) by I',(G)/(B,.(G)).

The corollary to II1.6 shows there exists an epimorphism ¢ :Iso (#)/Iso (7°) —
I.(G). If Dy = MBy and E4 = MCy and one defines {b(Bx, C4)} € Iso (7)/Iso (7 )
where b is defined analogously to I using w instead of o, then the uniqueness part
of II1.6 shows {I(Dy, E4x)}=d{b([B«, C4)} i.e., we have, somewhat loosely, a
commutative diagram

MxM
anxcgn - ) *"t2nx‘/“2n

l{b} l{f }

Iso #/Iso w¢ —— T,(G)

Clearly the map g:AutG—1I,(G) factors as ¢og where Z:AutG—
Isp 7/Iso 7€ is the map g(a)={b(Bs, B}

The following two propositions may be found in [10]. Recall that if #=
Z[t, X+ - XZ[t,t;| - |t then there exists an isomorphism det:Iso (7)/
Iso (7%) = (Z/t,)*/(x1).

PROPOSITION 111.8. Let G be a finite abelian g;oup with d(G)=s and
H.(G)=Z|t; X+ - -xXZt, t,|---|t. Then Image (deteg)< (Z/t,)*/+1 equals

(Z/t)*™® for some integer e(n, s).

The integer e(n,s) is defined as follows. Let M(n, s)=set of zero or odd
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partitions of n of length s i.e.,, n=n;+n,+---+n, 0=n,=n,=---=n, and all
n; are zero or odd. Let N(n, s) = M(n, s) be those partitions where all n;#0. If
a € M(n, s), let . =number of n; =]j.

n+s—1l, s!

Define f,,:M(n,s) —>Z by f,.(a)= where of course 0!=1.
2s lo! ll! s

Then

e(ns)= 2 fua)+ X f..(B).

aeM(n,s) BeN(n—-1,s)

It is not hard to see
e2,s)=s—-1,

e(3,s)=(s'2'1)+2ifs>2,
= if s=2,

e(4,s)= (s - 1)+ 3(s—1) for s=4,e(4,2)=3,e(4,3)=17.

3
PROPOSITION II1.9. Let G be finite abelian, say G=7Z|/m,;X- - -XZ|mg;
my|---|my. Given yelso (7)/Iso 7w, there exists By, Cyc %€, such that

{b(By, Cx)} =y. More explicitly, for each q such that (q, m,) =1 there exists a chain
complex C(q)x€ F%6,, and det {b(C(1)x, C(q)x)}=[qle @/m)*/+1.

Remark. These chain complexes correspond to the chain complexes of finite
n-dimensional CW-complexes. For n=2, C(q) is the chain complex of the
standard 2-complex associated to the presentation {a,, ..., a,|a™=1, (a$, a,)=
La,a)=1,1=i<j=s(,j)#1,2)}ofZ/m,X - - - XZ/m,. For n > 2,C(q)4 corres-
ponds to the complex whose (n —1)-skeleton is the (n—1) skeleton of K(G, 1) =
[1; K(Z/m;, 1) but some of whose n cells are attached differently than those of the
n-skeleton of K(G, 1) (except of course for C(1)y).

We see from the above discussion that the non-zero elements of I',(G)/B,(G)
(if there are any) may be realized as obstructions [I(D, E4)] provided G is finite
abelian. Therefore we are left with showing I, (G)/B, (G) # (0).

We shall restrict ourselves to the case of elementary abelian p-groups,
G =(Z/p)*, where p is an odd prime. It is obvious that # is also an elementary
P-group and hence we see from the corollary to Lemma III.3 that we may assume

the form e to be the Z-valued form ((I) (:) and é to be the Z/p-valued form
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0
( I o) The Wall group L{(R) detects equivalence classes of automorphisms of
determinant 1 of the hyperbolic form ((I) 0

Hence under the assumption G is p-elementary we obtain the following diagram.

over R under stabilization [16].

Isom (e®) N Diag Isom (¢) “ Diag Isom (¢) — I',(G)

l I I

L{2Z) = > LY(Z/p) —> coker (red)

The following results may be extracted from [15].

PROPOSITION I11.10. (I) LY(Z)=2Z/2 generated by the class of (“(1) __(1))
(ii) LY(Z/p)=12Z/2 generated by the class of ((; r(‘)l) where r is a non-square
mod p.

THEOREM I11.3. Suppose G =(Z/p)® is elementary abelian where p is a prime
congruent to 1 mod4 and both n and e(n,s) are even. Then there exist finite
n-dimensional CW complexes X, Y such that (i) MX*" and MY?>" have isomorphic
intersection forms (ii) MX # t(S" X S") is diffeomorphic to MY # t(S" xS") for
some t(t =1 if n=4). (iii) MX is not homotopy equivalent to MY.

Proof. We have seen that it is sufficient to show I',(G)/B,(G) # (0). Now the
above proposition shows ¢, and hence ¢ is onto. Moreover the discussion relating
B,(G) and the image of §:Aut G — Iso #/Iso € shows

e(n,s)

¢(B,G) = {class of ( 0 r-gm)); (r,p)= 1}

in coker (reduction) which is zero by III.10(ii) since e(n,s) is even. Since
p=1mod 4 the reduction map is zero and hence I',,(G)/B,(G) maps onto coker
(reduction) =2Z/2.

COROLLARY. There exist examples satisfying (i), (i) and (iii) in every
dimension=0 (mod 4).

Proof. From the above theorem it is sufficient to show that for any n, there
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exists an s such that e(n, s) is even. Referring to the definition of e(n, s) given
after Proposition II1.8 claim: If « is a zero or odd partition of n of length s and

aal |
Isc- 1). Accepting the claim

has s —k zeros, then f,(a) is an integral multiple of (
for the moment we see that if s>n, e(n, $) =Y, cpmms fu(@) =2, rkc

~ k) and if

s—1=2N each binomial coefficient is even. To demonstrate the claim we have

£ )__n+s-—(s——k) s! _n+k (s—1)!
i 2s Gl - - - L 2 (kML - -1t
where l;+---+L =k, n=1,+3L,+5l;+---. Hence
_n+k  (k—1)! (s—l)
fule) = k-1
n+k k-1 ) . .
and we must show y= > 10 o is an integer. Since n=

k+2lL,+4ly+- - - implies n+k =2k +2l,+4l;+- - - and hence

l, 2, ) k!
= +_.+__ ..
d (1 AR I T
The term
G-} k! (=Dl k! m; !
k10 -0 L) k l,-!'m,-!ll!°--'-f,~!-----l,!

where m; =1, +--- [;+---+1. So

k! , k-l) m;!
L' L!+Z(] 1)(11_-1 LYo oee o LU e oo o Lt

i=2

y:

(X1 4+ -+ x,)!
X! ox,!

As expressions are integers y is an integer.

Since e(2, s) = s — 1 the simplest examples of such manifolds are as follows. Let
P=1mod 4, s odd, and let X(q) be the finite dimensional complex based on the
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presentation
{a,...,a|a?=1(af,ar)=1,(a, @) =1, 1=i<j=s,( ) #(1,2)}

Then if gq'! is a non square mod p, M(X(q))* and M(X(q"))* are a pair of
examples.
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