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K.-analogs of Hasse’s norm theorems

ANTHONY BAK and ULF REHMANN

} 1. Introduction

The classical norm theorem of Hasse for fields and the classical norm theorem
of Hasse and Schilling for simple algebras can be stated in the language of
algebraic K-theory in terms of the functor K;. The goal of this paper is to show
that K,-analogs of these results are valid. It turns out that whereas the classical
norm theorem for fields is valid essentially only for cyclic extensions of global
fields, its K,-analog is valid for all finite extensions of global fields. Our results
lead us to ask whether or not there are K,,-analogs of the classical norm theorems
for all n>1.

The K,-analog of the Hasse-Schilling norm theorem would not have been
possible without a reduced norm homomorphism for the functor K,. The estab-
lishment of the reduced norm as well as several other spectacular, fundamental
results for K, appeared recently in articles of Merkurjev and Suslin [12] and
Suslin [18]. Moreover, the special case of our K,-analog for fields (resp. simple
algebras) such that the index of the field extension (resp. simple algebra) is square
free can be deduced from the results in Merkurjev and Suslin [12,§17]. A
significant contrast between the methods of Merkurjev and Suslin and those in the
current paper is that the former use in an essential way the connection between
K, and Galois cohomology uncovered by Tate in [19] and [20] (cf. also [6]),
whereas the latter do not use this connection. One consequence of the contrast is
that Merkurjev and Suslin require taking special care in positive characteristic
when the characteristic divides the index, whereas we can work uniformly. An
2xcellent survey of the results of Merkurjev and Suslin is available in Soulé [17].

The reduced norm for K, of simple algebras of square free index is developed
in [12] and for simple algebras of arbitrary finite index in [18]. It is reasonable to
2xpect in view of [18] that one could remove the index restrictions in [12, § 17],
using the methods employed already in [12]. Suslin has informed us, in fact, how
io do this in computing the cokernel of the reduced norm homomorphism
Np/x: Ky(D) — K,(K) when K is a global field and D is a finite, K-central,
division algebra. The key to his proof is afforded by the following smooth
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2 ANTHONY BAK AND ULF REHMANN

transition from K-theory to Galois cohomology. To begin, one uses transfer
methods, in particular [12, 6.1.3], to reduce to the case that the index of D is a
prime number. Next, one reduces as in [12, § 17] the computation of coker (Np,k)
to that of the cokernel of the transfer homomorphism N x: K,(L) — K,(K) for
maximal cyclic subfields L of D. Then Suslin makes the key observation that the
image of either homomorphism above contains the subgroup [L:K]K,(K), be-
cause composition of either homomorphism with the canonical homomorphism
from K,(K) is multiplication by [L: K]. Thus, one can reduce the problems above
mod [L: K] and thereby pass in the usual way to Galois cohomology, whenever
Char (K)+4[L : K]. The computations required in Galois cohomology are fairly
routine. If Char(K) 4 [L:K], one can use the reciprocity law for Npk to
complete the proof. It is worth noting that the procedures above allow one also to
compute coker (N ,x) for any finite extension L of K such that Char (K) +
[L:K]. However, the reciprocity law for Ni x does not allow one to handle as
above the case that Char (K)|[L:K].

Colliot-Théléne informed us that the K,-analog of Hasse’s norm theorem for
number fields is established in his paper [9, Lemma 2c)]. His proof is also via
Galois cohomology.

The proofs in the current paper do not invoke Galois cohomology. Instead,
they deal directly with the functor K,, treating it as an object in number theory.
Accordingly, much of the burden of proof is carried by classical number theory.
The rest of the burden is carried by three number theoretic results of more recent
vintage. They are the Moore-Weil reciprocity law [8] for K,, the Bass—Garland-
Tate finiteness theorem [10], [6] for the wild kernel, and Tate’s theorem [19] that
each element in the wild kernel has a pth root in K,(K) for each prime p not
dividing the characteristic of K. Our approach was inspired by procedures
developed in [3] to solve the congruence subgroup problem and metaplectic
problem for SL,, n> 1. In fact, it was our interest to eliminate an ambiguity of +1
in our solution to these problems that brought us to the current results. The
ambiguity will be eliminated in [4]. The results permit also eliminating a similar
ambiguity in the solution [2] of the congruence subgroup problem and metaplectic
problem for the remaining classical groups of rank >1. This application will
appear in a future paper of the first named author.

The remainder of the paper is organized as follows. In § 2, we recall the
classical norm theorems and state our main results. The latter will include the
K,-analogs mentioned above and a result showing that the reduced norm on K,
splits for finite, simple algebras over a global field. The proof of the K,-analogs
will be reduced to showing that a certain sequence is exact. The exactness of the
sequence is shown in § 3. In an appendix, we give an elegant, alternative proof of
the K,-analog of the Hasse—Schilling theorem, communicated to us by O. Gabber.
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§ 2. Statement of main results

We suggest as a general reference for number theory (resp. simple algebras)
(resp. algebraic K-theory) Cassels—Frohlich [7] and Serre [16] (resp. Reiner [15])
(resp. Milnor [13]).

We fix the following notation. Let K denote a global field and L a finite field
extension of K. Let v denote a prime of K and w an extension of v to L. Let K,
and L, denote respectively the completions of K at v and L at w. If v is
noncomplex, let w(K,) denote the group of all roots of unity in K, and if v is
complex, let w(K,)=1. Adopt the same convention for w(L,,). If A is a ring, let
A’ denote the multiplicative group of units in A. Let (,),:K;*xXK;— w(K,)
denote the norm residue symbol at v.

The Hasse norm theorem for fields is as follows: If L is a cyclic extension of K
then an element of K" lies in the image of the norm homomorphism Ny x:L°— K*
if and only if its image in each completion K. of K" lies in the image of the local
norm homomorphism Nk : L, — K;. In order to translate Hasse’s theorem into
algebraic K-theory, we make a few simple observations. The determinant map on
matrices with coefficients in a field F induces an isomorphism K;(F)= F". Furth-
ermore, if E is any finite field extension of F then the transfer homomorphism
[13] K (E) — K,(F) in algebraic K-theory will correspond under the isomorphism
above to the usual norm homomorphism E* — F" in field theory. We shall denote
the transfer homomorphism in K-theory also by the notation Ng,. The transla-
tion of Hasse’s theorem into an equivalent theorem concerning the functor K; is
now obvious. However, the obvious translation of Hasse’s is not the one we want,
because its K,-analog is valid for only finite Galois extensions L of K. To get a
better translation, we group together in Hasse’s theorem all primes w lying above
a given prime v and then translate the theorem into an equivalent one concerning
the functor K;. The grouping together doesn’t matter as far as Hasse’s theorem is
concerned, because image (Np_ i )=image ([I,, N._k ) whenever L is Galois
over K. However, the K,-analog we get has now the broadest possible validity,
namely:

THEOREM 1. If L is any finite extension of K then an element of K,(K) lies in
the image of the transfer homomorphism N :K,(L)— K,(K) if and only if its
image in each K,(K,) lies in the image of the transfer homomorphism

lev NLw/K, : lev KZ(LW) - Kz(Ku)

We want to show next that the theorem above is equivalent to the one below.
The theorem below will be proved in § 3. To state the theorem, we need to
introduce a little more notation. By Matsumoto’s theorem [13, § 11], K, of any
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field F is the universal Steinberg symbol (,) on F*X F°. Since the norm residue
symbol (,), is a Steinberg symbol on K X K;, there is by universality a
homomorphism K,(K,)— u(K,). Composing this homomorphism with the ca-
nonical homomorphism K,(K) — K,(K,) given by the functoriality of K,, we get
a homomorphism

A, Ko(K) = n(K,)
(a, b) — (a, b),.

THEOREM 2. Let L be any finite extension of K. Let 3, ={v|v real, all
extensions of v to L are complex}. Then the sequence below is exact.

KoL) S Ky(K) o [ w(K).

vEX)

We show now the equivalence of Theorems 1 and 2. Theorem 1 is equivalent
to the assertion that the canonical homomorphism Coker (Np :K5(L)—
K5(K)) = [Lano Coker (1o Nrk, : ITww Ka(Ly) = K5(K,)) is injective. We shall
show that if v¢ 3, x then Coker (I],, Nr_k )=1 and that if ve3; x then the
norm residue symbol on KX K, induces an isomorphism Coker ([],,, Nr_x, ) =>
w(K,). It will follow that Theorem 1 is equivalent to the exactness of the
sequence KZ(L)'—vHﬁaKZ(K)—yﬁa[]Uezux w(K,). But, one knows that the latter
homomorphism in the sequence is surjective, because the norm residue symbol
(,), on K;xK; is continuous and image (K'—->I_I,,€2D/K K;) is dense by weak
approximation [7, II § 6]. Thus, the exactness of the sequence above will imply
Theorem 2, and conversely. By a theorem of Bass and Tate (cf. Milnor
[13, A.15]), Coker (N;_sk.) =1 whenever v is nonarchimedean. If v is complex or
if both v and w are real then K, =L,,; thus, N;_,x_ is the identity homomorphism
and Coker (N._k. )= 1. Thus, Coker ([, Nrsk,) =1 whenever v¢ 3; k. Suppose
that v is real and w is complex. By [13, A.1], the norm residue symbol on KX K
induces an isomorphism K,(K,)/K,(K,)* = w(K,). Since each element of L, is a
square, it follows that image (N, k)< K,(K,)>. We shall show that
image (N._k,) = K»(K,)>. The group K,(K,)? is generated by all elements (a, b)
such that b>0. If B — B denotes complex conjugation on L,, and if B is chosen
such that BB =b then by the Frobenius reciprocity law for transfer [13, 14.7],
(a,b)=N;_ i (a,B). Thus, image (N. ik )=K,(K,)*>. Thus, if ve3; x then
image (N._x,) = Kx(K,)? for all w|v. Thus, if ve 3 x then the norm residue
symbol on K; X K, induces an isomorphism Coker (I]..., Nr_k,) = n(K,).

If A is any finite, central, simple algebra over the field F, let N, denote the
reduced norm on either A°, K;(A) or K,(A).
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Let D be a finite, K-central division algebra. The Hasse-Schilling norm
theorem says the following: An element of K lies in the image of the reduced norm
homomorphism Npx:D"— K" if and only if it is positive at each real prime of K
not splitting D. Let

2p/k

denote all real primes of K not splitting D. After identifying in the usual way
Ki(D)=D'/[D*, D°] (cf. Bass [5, V(9.5)]) and K,(K)=K" and after noting that
an element a € K" is positive at the real prime v if and only if (-1, a), =1, one
deduces easily that the classical theorem above is equivalent to the exactness of
the sequence

K(D)EsK (K — H wk).

veZpk
a—[l(-1, a),.

Moreover, one knows by weak approximation [7,II §6] that the latter
homomorphism is surjective. The K,-analog of the above is as follows.

THEOREM 3. For any finite, K-central, division algebra D, the sequence below
is exact

K(D) 225 KK 2 [ w(k).

v EED/K

We shall reduce below the proof of Theorem 3 to that of Theorem 2. However,
before doing this we want to record the following exercises. Let D, = DQ®gK,..

EXERCISE 1. Show that the Hasse-Schiling norm theorem is equivalent to
the following result: The canonical homomorphism Coker (Np:D"— K*) —

1.z, Coker (Npyk, : Dy, — K}) is injective. Hint: Use the local norm theorem of
Nakayama and Matsushima.

EXERCISE 2. Show that Theorem 3 is equivalent to the following result: The
canonical homomorphism Coker (Npk: K»(D) — K5(K)) — [Lau, Coker (Np /K, :
K,(D,) — K,(K,)) is injective.

We reduce now the proof of Theorem 3 to that of Theorem 2. The surjectivity
of the homomorphism [[A, (ve 3pk) has been shown already above. Thus, it

suffices to show that the sequence (*): KZ(D)E‘—’&KZ(K)%“(K,,) is exact. The
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homomorphism (I A,)Npx is the composite of the homomorphisms

K,(D)— KZ(DU)—IE"—"—‘&»KZ(K,,)%M(KU) and from a result of Alperin and
Dennis [1], it follows that (,),Np i, is trivial. Thus, (*) is a zero-sequence. We

shall show that Theorem 2 implies: (*) is exact. Let L be a maximal subfield of D.
From the commutativity (cf. [12, § 6]) of the diagram

KyL) — K,(D)

and the fact that (*) is a zero-sequence, it follows that the sequence

(%%): K2(L)~1\i'=l5>KZ(K)E’—‘“—>]_[ue s R(K) is a zero-sequence. On the other hand,
if (* *) is exact then (*) is also exact. By Theorem 2, (* *) will be exact, providing
31k = 2px- We show next that there is an L such that 3, x =3, If i(D)
denotes the index of D (cf. [15, p. 253]) and i,(D) denotes the index of D, then
i,(D)|i(D). Thus, by the Grundwald-Wang theorem [21], there is a (cyclic)
extension L of K such that [L: K]=i(D) and such that [L,: K,]=i,(D) for each
w | v such that v is real or i,(D) # 1. Thus, by construction, 3; x = 3px. On the
other hand, by results of Hasse (cf. [15, 32.15]), L splits D. But, since [L: K]=
i(D), it follows (cf. [15, 28.10]) that L can be embedded as a maximal subfield of
D.

We want to discuss next K,-analogs of Wang’s theorem [22]. We recall that
Wang’s theorem says the following: For any finite, K-central division algebra D,
the reduced norm homomorphism Np:K;(D)— K,(K) is injective. Merkurjev
and Suslin have shown in their paper [12, 17.4] that the K,-analog of Wang’s
theorem holds, proving the index of D is square free. Moreover, they conjectured
that the full K,-analog holds. We shall contribute additional evidence for their
conjecture by showing that the reduced norm homomorphism splits.

PROPOSITION 1. For any finite, K-central division algebra D over a global
field K, the reduced norm homomorphism Np :K,5(D)— K,(K) decomposes
into a split surjective map K,(D)— image (Np,x) and a split injective map
image (Np,x) = K>(K).

Proof. The proof of the first assertion will be divided into two cases, according
to whether or not Np,x: D" — K" is surjective.

Suppose Np,x : D° — K is surjective. By a result of Rehmann and Stuhler [14,
Theorem 2.2] there is a homomorphism ¢:K,(K)— K,(D) induced by
(a, NpkB)k —> (a, B)p where a € K*, B € D". By the diagram above in the case of a
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maximal subfield L = D with 8 € L and by Frobenius reciprocity for transfer [13,
14.7], we get

ND/Kl/’(a, Np/k(B))x = Npik(a, B)p = NL/K(aa B)L
=(a, N,k (B))x =(a, Np/x(B))k-

Hence, ¢ splits Np .

Suppose now Np:D*— K" is not surjective. Then Char K=0. As shown
above, D contains a maximal subfield L such that L/K is cyclic and 3 x = 3pk.
Consider the commutative diagram

where 6 denotes the canonical homomorphism induced by the embedding L — D.
By Theorems 2 and 3, image (N, k) =image (Np,k). To show that Np x: K;(D) —
image (Np,x) has a splitting, it suffices to show that 6(Ker (N.,x))=1. Let o
denote a generator of the Galois group of L/K. By the “Hilbert 90 theorem’ of
Merkurjev and Suslin [12, 14.1] for K, Ker (Ny,1) ={c 'a(c) | c € K,(L)}. But an
easy application of the Skolem—Noether theorem shows that 8(c) = 0(o(c)). Thus,
O(Ker (NL/K)) =1.

The second assertion of the proposition is very easy to dispose of. By Theorem
3, it suffices to show that the surjective homomorphism HueZD,K A, Ky (K)—
11 vesy W(K,) splits. To accomplish this, it suffices to show that for each v € 3k
there is an element c € K5(K) such that ¢c>=1, A,(c)=-1, and A,.(c) =1 for each
v'#v, v'e3p k. By the weak approximation theorem [7,1II § 15], there is an
element a € K* such that a is negative at v and positive at all v’ # v, v’ € Spk.
Clearly, the element (a, —1) has the desired properties.

§ 3. Proof of Theorem 2

We adopt the notation and conventions of the previous section. Thus, u(K,)
denotes the group of all roots of unity in K,, except when v is complex, in which
case u(K,) denotes the trivial group. Let

m, =|u(K,)|
n, =|pn(L,)l.
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The quotient n,/m, is whole, except when v is real and w is complex, in which
case it is 3. When n,/m, is whole then raising elements of u(L,) to the (n,/m,)th
power defines a surjective homomorphism n,/m,: w(L,)— w(K,). If n,/m,=1
then the notation n,/m,:u(L,) — n(K,) will denote the trivial homomorphism
from u(L,) to u(K,).

PROPOSITION 2 (Habdank). For any finite extension L of K, the diagram
below commutes

Ky(L) —, [T w.)
Nuxl v lﬂ"wm

K(K) —— w(K,).

Proof. Let D(L,) and D(K,) denote respectively the kernels of the
homomorphisms K,(L,) > w(L.), (a,b)—(a,b),, and K3(K,)—> u(K,),
(a, b) — (a, b),. By a theorem of C. Moore (cf. [13, A.14]), D(L,,) and D(K,) are
infinitely divisible groups. Thus, any homomorphism from K,(L,,) to K,(K,) must
take D(L,,) to D(K,), because w(K,) is not infinitely divisible. It follows that any
homomorphism f: K,(L,,) = K,(K,) induces a homomorphism f: w(L,) — n(K,).
Thus, there is a commutative diagram

K@) 22 [ u()

wiv
Nuxl lﬂ, Ni ik,

KAK) —— (K,

where the N; ,’s are induced from the corresponding homomorphisms on
K>(L,)’s. It remains to show that N;_,x = (n,/m,).

If w is complex then the equality above is clear, because w(L,)=1. On the
other hand, if both v and w are real then K, = L, ; thus, the transfer homomorph-
ism N; ,x and the homomorphism n,/m, are the identity homomorphisms. Thus,
the proposition is true whenever v is archimedean.

Suppose now that v is nonarchimedean. By a theorem of Bass and Tate (cf.
[13, A.15]), the transfer homomorphism N;_x : K>(L,,) = K5(K,) is surjective. It
follows that N;_x_ : (L, ) — n(K,) is also surjective. The proof of Bass and Tate
breaks the extension L,/K, into a tower of extensions L;/L;,_; such that each
extension has specific properties. Habdank [11] has shown that for such exten-
sions L;/L;_,, the transfer homomorphism N,  : u(L;) = n(L;-,) is raising to the
power |w(L;)|/|(Li—,)|. The proposition follows.
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The following technical lemma will be required in the proof of Theorem 2. Its
proof will be postponed till after that of Theorem 2.

LEMMA 1. Let k denote a natural number. Let x € K,(K) such that A,(x)=1
for each v e 3 k. If x has a k’th root in K,(K) then there is an element y € K,(L)
such that xNL/K(Y) € (Ker (I-Iallv Av))k.

Proof of Theorem 2. The surjectivity of the homomorphism [IA, (veZ; k)
has been shown already in § 2. Thus, it suffices to prove exactness at K,(K).
If ve3; x then by Proposition 2 A Np is trivial, because w(L,)=1 for
each wl|v. Thus, (I,c5, A) Npx is trivial. It remains to prove
that Ker (Il,cs, , A,) cimage (N x). Let xeKer(ll,es, A). Let N=
Ker (111, A,). By Lemma 1, there is an element y,€ K,(L) such that xNp k(yo) €
N. By results of Garland [10] and Bass-Tate [6], N is a finite group containing no
Char (K)-torsion whenever Char (K)#0 and by Tate [19] (cf. also [6]), each
element of N has a p’th root in K,(K), for any natural prime p 4 Char (K). We

want now to filter N so that we can make good use of Lemma 1. Let py,..., p, be
natural primes such that the product p,---p, annihilates N. Let Ny=N,
N;=N",...,N,=NP"? =1, By Tate’s result above, each element of N,

has a (p; - ppi1)’th root in K,(K). Thus, by applying Lemma 1 r times, we
can find elements y,, ..., y, € K5(L) such that xN; ;x(yoy1 - - ¥, )EN, =1.

Proof of Lemma 1. We want to reduce to the special case k=1. So, let us
assume that the case k =1 has been proved and let k > 1. Let x € K,(K) such that
A, (x) =1 for each v € 3, x. We show first that there is an element a € K,(K) such
that a* =x and A,(a)=1 for each v e 3 k. By hypothesis, there is an element
a € K,(K) such that o* = x. But in the proof of Proposition 1, it was shown that
the homomorphism [1, .5, . A,: Kx(K) — I, s (K, splits. It follows that there
is an a such that a* =x and A,(a)=1 for each v e 3; k. By our assumption for
the case k =1, there is an element B € K,(L) such that aN; ,x(B) € Ker (1110 As)-
Thus, if y = Bk then xNp x(Y)= (aNL/K(B))k e (Ker ([ano )‘v))k

We treat now the case k=1. Let w(K) and u(L) denote respectively the
groups of roots of unity in K and L. Let m =|w(K)| and n =|u(L)|. Consider the
commutative diagram

KAL) 2 Ul e@,) = w)

v wlo

N,_,Kl lg }}v (n/m,) ln/m

K(K) = LK) —— u®)
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where  Ax =[laiv A v =Ila, (MJ/m),  Ap =1y [lwwAw, and vy =
[Lu. AL (n./n)). The rows are exact by Moore reciprocity (cf. [8] or [3, 3.2]).
Let xeK,yK) such that A,(x)=1 for all vel k. Thus, Agx(x)e
image ([l [Top (nw/m,)). We want to show that Ag(x) has a lifting ze
. [T (L) such that y; (z) = 1. It will follow then from the exactness of the
top row that there is a ye K,(L) such that A, (y)=2z. Clearly, y~' has the
properties required in the lemma.

Let z, be a lifting of Ax(x). Since the bottom row of the diagram is exact, we
know that ygAg(x)=1. Thus, (y.(zo)"™ =1, ie. y(zo)epn(L)™. Let 0=
Hano [Twp (nw/m,). To complete the proof, it suffices to show that w(L)™<
v (Ker@). Let 8 be a generator of w(L). It suffices to show that 8™ < vy, (Ker ).
By [3, 3.4], there is a finite set S of nonarchimedean primes of K such that
{(m,/m) | v e S} is relatively prime to Z. Choose integers s, such that } s,(m,/m)=
1 mod (Z%). Thus, }.,cs S,M, =m mod (Zn). For each v €S, pick exactly one w in
L above it and let T denote the resulting set of w’s. Let {, be a generator of
w(L,) such that v,({,)=8. Then, clearly the element ¢=]l.,crlE™e
I, [T w(L,) has the properties that 8({)=1 and yx({)=.

§ A. Appendix

O. Gabber has told us an elegant, simple way to conclude the proof of
Theorem 3 without making reference to Theorem 2. We want to record next his
proof. Any oversights or other undesirable aspects of the proof are our own.

Our proof of Theorem 3 starts with two elementary steps: It shows that the
homomorphism [IA,: K5(K) — ,e5,, 1(K,) is surjective and that the sequence
Kz(D)MKZ(K)ﬁ”-» H.es, . n(K,) is a zero-sequence. Thus, it suffices to show
that the group K,(K)/Np,x(K,(D)) has order <2« Gabber demonstrates this
fact as follows.

A few elementary observations, made already in the proof of Proposition 1,
show that Npx(K,(D)) contains all elements (a, b) such that ae K" and be
Npx(D"). Since the symbol (,) is skew symmetric, it follows that Np,x(K,(D))
contains all elements (b, a) where a and b are as above. Let a,,...,a,€K’
generating K*/Np,x(D"). From the bimultiplicativity of (,), it follows that the
elements (a;, a;)) (1=i<r,1=j=r) generate K,(K)/Np(K,(D)). Furthermore,
since (a, @)’=(a},a)=(a,a}) and a},a?eNpx(D’), it is clear that
K,(K)/Np,;x(K,(D)) has exponent 2. Thus, to complete the proof, it suffices to
show one can choose r=|3, k| and elements a,,...,a, such that (a;,a)=
1 mod Np,x (K,(D)) whenever i#j.

If v is real, let | |, denote the real archimedean valuation associated to v. The
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canonical homomorphism K'/Npx(D*) = [1,cs,. Ku/|K3|, is clearly injective and
by weak approximation, it is surjective. Let r =|3pk| and let v,,..., v, denote
the elements of 3x. Choose now aj, . .., a, such that for each i, g; is negative at
v; and positive at each v; such that j# i. Clearly, a, . .., a, generate K*/Npx(D").
Fix indices i and j, i# j. Let <, denote the ordering on K associated to v,. Choose
aec K’ such that a <;0, 1<;a, and 0<,a<, 1 for each k#i and j. Clearly,
a=a; mod Np,x(D") and 1—a=a; mod Np,x(D"). Thus (a;, g¢;))=(a,1—a)=1.
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