
Zeitschrift: Commentarii Mathematici Helvetici

Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 59 (1984)

Artikel: Relative cohomolgy of groups.

Autor: Habegger, N. / Jones, V. / Ortiz, O.P.

DOI: https://doi.org/10.5169/seals-45388

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 20.08.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-45388
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


Comment. Math. Helvetici 59 (1984) 149-164 0010-2571/84/010149-16$01.50 + 0.20/0

© 1984 Birkhâuser Verlag, Basel

Relative cohomology of groups

Nathan Habegger, Vaughan Jones,* Oscar Pino Ortiz and John Ratcliffe

§0. Introduction

If G is a group and A is a G-module, the cohomology groups Hn(G, A) can
be interpreted either as the cohomology of the cochain complex C*(G, A) given
by the bar resolution (see [M]) or as équivalence classes of n-fold extensions. This
situation has reached perfection and is summarized in an historical note by
MacLane in [Ho]. If N is a normal subgroup of G and B is a submodule of A on
which N acts trivially (and hence B is a Q -module with Q G/N), one may
define the relative cohomology groups Hn(Q, G;B,A) as the cohomology of the
quotient complex C*(G, A)/C*(Q, B). In this paper we présent another cochain

complex L*(G, N;B,A) whose cohomology is the relative cohomology but which
is more explicit than the quotient complex and which grew out of certain
&quot;crossed&quot; extensions which give an interprétation of the group H2(Q, G;B,A),
analogous to the n-fold extensions mentioned above.

A crossed extension is an exact séquence 1—» A —&gt;C-^N—» 1 together with
an action (g, c) —&gt; gc of G on C such that d(c)d cdc~x for c,deC and d(gc)
gdCcOg&quot;1 for geG, ceC. It follows that A is in the centre of C and that the
action of G induces the structure of a G-module on A. This idea goes back to
Whitehead ([W]) and was studied extensively in [H], [L], [O] and [R]. One may
define a sum of two crossed extensions and équivalence classes of such form a

group. It can be shown that this group is isomorphic to the second relative
cohomology group. One way to establish this isomorphism is to give a cocycle
description of crossed extensions. More precisely, if s :N —» C is a section for d,

define ao:NxN-*A and a^NxG-^A by

oL0(n, m) s(n)s(m)s(nm)~1

&lt;*i(n, g) s

* Supported in part by NSF Grant #MCS 79-03041

149



150 NATHAN HABEGGER ET AL

One can easily show (see [R]) the following cocycle relations
(1) ao(m, s)- ao(nm, s) + ao(n, ms) - ao(n, m) 0

(2) gao(g&quot;1ng, g-1mg) - ao(n, m) a^m, g) - a^nm, g) + a^n, g)
(3) gaiCg&apos;^g, h)-ax(n, gh) + ax(n, g) 0
(4) at(n, m) ao(n, m)-ao(m, m~xnm)

The dependence of a0 and ai on the section s gives natural coboundary
relations.

Crossed extensions arise naturally in algebraic topology and in the study of
group actions on algebras. In [J] it was shown that the above relations can be

interpreted as forming the beginning of a cochain complex derived from the
double complex C*(G, C*(N, A)). In [O], this complex L*(G, N; A) is defined in
ail dimensions and even in the case where A is an arbitrary G-module. The pair
(a0, at) is then a 2-cocycle. Thus H2{L^{G, N; A)) classifies crossed extensions
when A is a Q-module. It was conjectured in [O] that the cohomology of
L*(G9 N; A) is the same as the relative cohomology. The conjecture was proved
for H3. Also a &quot;crossed module&quot; formalism for arbitrary G-modules was worked
out in [O] and [CW]. Another version appears in [H].

In §4 of this paper we will show that L*(G, N; B, A) has the cohomology of
the quotient C*(G, A)/C*(Q, B), thus establishing the conjecture of [O]. As an

application, we immediately obtain the 8-term exact séquence of [H], [R], [L].
In §3 a spectral séquence converging to H*(Q,G;B,A) is given. For B

{a\ ga a for ail geN} this has a small calculational advantage over the spectral

séquence of Hochschild-Serre [H-S] in that the bottom line has disappeared.
In §5 we give an example where results are easily obtained using the cocycle

relations of L* which are not obvious using C*(G, A)/C*(Q, B).
At this stage there is no &quot;n-fold crossed extension&quot; theory for the relative

cohomology groups although some cases are treated in [O], and the third
cohomology relations for the complex L* do arise naturally in the study of
Connes&apos; invariant x(M) for von Neumann algebras (see [C]).

§1. Shuffles and partial shuffles

Let a be a permutation of {1,2,..., n}. For a group G we define a map
l(r:Gn-*Gn by Ugi,. •., gn) (bï1a1bu b^aJO where 0^(0 a» b&lt;ru

ghgj2
&apos; &apos; &apos;

gj, where i&lt;ji&lt;- - -&lt;h are ail the /k&apos;s satisfying cr(i)&gt;crOk). In words,
we move the variable gt into the cr(i)th position, and then conjugate gt by the
product of those gk, k &gt; i, in their order, which are now in a position inferior to gr
(Note that bx 1).
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EXAMPLE. (1) if cr is the permutation (123) then

g2. ga) (gs&gt; g

(2) if a is (132) then

(gl, gl, gs) (g2&gt; g3, g^g^

(3) if a is (12) then

Example (3) above shows that in gênerai lr ° /CT ^ JT00.. However

PROPOSITION 0. Lef a be a perumtation of {1,..., p + q} /îxing the sers

{1,..., p}{p 4-1,..., p + q} and let r be a permutation satisfying t(i)&lt;t(î +1) for

Proof. Let ^(gj,..., gp, gp+1,..., gp+q) (x1?..., Xp, Xp+1,..., Xp+q) x,

b^afiv For p + l&lt;i&lt;p + q we find in both lT°^(gi,..., gp+q) and
*T°&lt;r(gi&gt; • • •, gp+q) the variable Xj in the T(i)th place. However for l&lt;i&lt;p in
lT°l&lt;r(gi) we find *i in the T(i)th place conjugated by Xp+1 • • • Xp+r where r is the
maximum / satisfying t(p + /)&lt;t(î), whereas in ^(g») we find ^ in the T(i)th
place conjugated by the product of the Op+l =^-i(/,+ l),l&lt;i&lt;r, in their original
order. From the définition of the b,, we see, by induction, that thèse products are
identical.

DEFINITION. A permutation a is a partial shufrle of type (a, b, c, d),
c + d n if

(1) a(i) i for 1 &lt; i &lt; a or a + b 4- c +1 &lt; i &lt; n

(2) a(i)&lt;o-(i + l) for a-hl&lt;i&lt;a + b-l or a + b-f l&lt;i&lt;a + b + c-l
(In words, the sets {1,..., a}{a + b + c 4-1,..., n} are left fixed, while the sets

{a +1,..., a + b}{a + b +1,..., a + b + c} are shuflfled).

A permutation is a 3-shufHe of type (a, b,c), a + b + c n, if cr(0 &lt;cr(i +1) for
i^a, ij^a + b.

PROPOSITION 1. (A) If a is of type (0, a, b, c) and r of type (0, a + b,c, 0)
then t°ct is of type (a, b, c). Any v\ of type (a, b, c) has a unique décomposition as
above. Furthermore lTco.= lT°k-
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(B) If a is of type (a, b, c, 0) and r of type (0, a,b + c, 0) then r°a is of type
(a, b, c). Any tj of type (a, b, c) has a unique décomposition as above. Furthermore

Proof. The formula iTOO. lT ° l^ follows from Proposition 0. The rest is obvious.

Q.E.D.

Let G be a group, N a nomal subgroup. If we let X, Y, Z dénote either G or
N then UXa x Yb+C x Zd) c Xa x Yb+C x Zd for a of type (a, b, c, d). Thus if
a:XûxYb+cxZd-^A is any map, A a Z-module, we may define
S(a, b, c, d)a : Xa x Yb+C x Zd -&gt; A by

S(a,b,c,d)a=
cr type

(a,b,c,d)

(-1)1&lt;t| signature cr.

PROPOSITION 2. Leta:Gn-+ A. We haue rhe formula

S(a, b, c, 0)S(0, a, b + c, 0)a S(0, a, 6, c)S(0, a + b, c, 0)a

Froo/. By Proposition 1 both sides are equal to

ix type
&lt;a,6,c&gt;

§2. Relative cohomology of groups

Let G be a group, N a normal subgroup. We write Q for the quotient G/N. If
A is any G-module we dénote by AN the submodule of éléments fixed by N. AN
is a Q-module. Let B be a Q-submodule of AN.

We dénote by C*(G; A) the complex of normalized cochains a : Gn —» A with
coboundary

• • • gn) g0«(gl, ---&apos;gn)

The projection G-+Q induces an inclusion of complexes C*(Q,B)
C*(G; A). Let C*(Q, G;B,A) be the quotient complex.
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DEFINITION. The group H*(Q,G;B,A) H*(C*(Q,G;B,A)) is called
the relative cohomology group. The associated long exact séquence

&gt; H*(Q, B) -» H*(G, A) -* H*(Q, G;B,A)-&gt;--

is called the fundamental long exact séquence.

Remark. We justify our use of the term &quot;relative&quot;.

If A is a trivial G module, and B=A, then Hn(Q,G;B,A)
Hn+i(Mp, BG; A) where Mp is the mapping cylinder of the fibration p:BG—»
BQ.

Proof. If C*(X,A)(C*(X,A)) dénotes singular (co)chains then C*(G,A)^
C*(BG,A), C*(Q,A)^C*(BQ,A) so

C*(G,A) Homz (C*(BG), A)
&quot; Hom (ker P*&apos; A)C^ÔÂ) Hom2 (C*(BQ), A)

where 1 -* ker p^ —&gt; C*(BG) &gt; C*(BQ) -» 1 is exact. Finally, the suspension of
ker p-jc is isomorphic to coker i%, where

1 -* C*(BG) —^ C*(MP) -» coker i* -&gt; 1 is exact.

§3. A spectral séquence for relative cohomology

We review briefly parts of the fundamental paper of Hochschild and Serre [1]:
Regard C*(N,A) as a G-module by (g^K,..., ns) gpig

g~1nsg). Then C*(G, C*(N,A)) is a double complex with coboundaries

gr)(n0,..., ns) noa(gu gr)(n!,..., ns)

s

+ Z (-l)l«(gi, • • •, gr)(n0,..., ^.xn,,..., ns)

and

^G«(g0, • • • gr)(«l, • • • MS) go«(gl, • • •

r

+ Z (-l)l«(g0, • • • &amp;-1&amp;, • • • gr)(&quot;l, • • •
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For reasons of convenience we will write a(nu n^ gx,..., gr) in place of
&lt;*(gi, • • • &gt; gr)(«i,•, ns).

Let T*(G, N; A) ©p=q=*Cp(G, Cq(N, A)) be the total complex associated
to the double complex with total differential dG +(-l)l+1dN on C*(G, O(N, A)).

We define a map l : C*(G, A) -* T*(G, N; A) by

a) (a0,. •., o^), ap S(0, q, p, 0)a|N.

Note in particular that an=a and ao a|Nn.

PROPOSITION 3. l : C*(G, A) -&gt; T*(G, N; A) is a map of complexes.

Proof. This is the &quot;gênerai identity&quot; of [H-S]. Q.E.D.

Define a filtration Rp of C*(G, A) where a e JRP if a(hly..., hq, gi,..., gp)

dépends only on the hx and the classes mod N of the gr Also Rp H Cn(G, A) 0 if

Define a filtration Sp of T*(G, N; A) by Sp ©l=spC&apos;(G, C*(N, A)). If a € Rp
and f(a) (a0,..., an), then a, 0, j&lt;p, so J(a)g Sp. Thus I is a map of filtered
complexes.

THEOREM 4 (Hochschild-Serre).

I* : EUR) -h. E^(S) CP(G, H«(N, A))

is an injection and image I* CP(Q, Hq(N, A)).

COROLLARY5. Elq(R) Hp(Q,Hq(N, A))

We now study the quotient complex C*(Q,G;B,A). Define a filtration of
C*(O, G; B, A) by JR; image of Rr

THEOREM 6 (Spectral séquence for relative cohomology).

q&gt;0

=$&gt;H*(Q,G;B,A)



Relative cohomology of groups 155

Remark. If B AN, the E2 term of this spectral séquence is identical to the
Hochschild-Serre E2 term except that the bottom line has disappeared.

Proof. Considering B&lt;^AaC°(N,A) we hâve an inclusion C*{G9B)-+
T*(G,N;A) of complexes since dN(C*(G,B)) 0. Since i(Cn(Q,B))c:
Cn(G,B), weget

If we let S, image of S, in T&quot;(G, N; A)/Cn(G, B) then l is a map of filtered
complexes. Theorem 6 is then a corollary of the following analog of Theorem 4.

PROPOSITION 7. î*:ElQ(R)^&gt;Elq(S) is an inclusion with image

{C(Q,W(N,A)) q&gt;0

Proof. Cn(Q,B)&lt;=RnczRp, if p&lt;n, so E°q(jR)-JB°q(R) if q&gt;0 and

C&quot;(O, B)
&apos;

Since d(Cn(Q, B)) «= Cn+\Q, B) a Rn+U it follows that

0 -^ C&quot;(Q, B) -»• 0 -&gt; • • • is a subcomplex of

0 -» E° o(R) -*• E^iR) -*•• • with quotient

From the associated long exact séquence, we get

0 -* Cn(Q, B) -» EUR) -* Ko(R) -&gt; 0

is exact and Ej,q(jR) ElPM(R), q &gt; 0.

Similarly 0-^ Cn(G, B)-* Ei,0(S)-^ E^0(S) ^ 0 is exact and Ep,q(S)
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El,q(S), q &gt;0. A look at the commutative diagrams

EUR) - CP(Q, H«(N, A)) c EUS)

i- i-
EUR) &gt; EUS)

q &gt;0

and

B) -+ EUR)

Cn(Q,AN)
n
Cn(G, AN)

q &gt;Cn(G B) &gt; E1 (S) &gt; E n(S) &gt;0

establishes the proposition.

§4. The comptes L*(G, N; A, B)

We write an élément of T&apos;iG, N; A)/Cn(G, B) as (a0,..., an_1? ân) where

Cn(G,A)^_
an€C&quot;(G,£) ^ lL

DEFINITION

Ln(G,N;A,B)-{(a0,

such that ak S(0, n

and S(0, n — m,m — k

an_i, ân) i

— fc, fc, OjÔnlNn

,fcK=S(n-

_Tn(G,N
&apos;

Cn(G,

-kxGkmod

m,m — k,

;A)
B)

B

k,0)am\N &quot;~kxGk j

Remark. If A AN B we make abbreviations such as Ln(G,N;A,A) to
Ln(G, N;A). Note that in this case

Cn(G,A)
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so we abbreviate (a0,..., an_i, ân) to (aQ,..., an-i). The reader may check that
if A AN B, then (a0, c*i) is in L2(G, N; A) if and only if the relation (4) of the
introduction is satisfied and a cocycle iff (1) (2) and (3) are satisfied.

It is a direct conséquence of Proposition 2 that the map

- Cn(G,A)
^

Tn(G,N;A)
Cn(Q,B)~~* Cn(G,B)

of §3 (given by ï(â) (a0,..., an_1? ân), ak S(0, n-k,k, 0)a|Nn-kxGk) has image
contained in Ln(G, N; A, B). In fact

PROPOSITION 8.

Imager=Ln(G,N;A,B)

COROLLARY 9. L*(G, N; A, B) is a subcomplex of T*(G, N; A)/C*(G, B).

DEFINITION. A*(G, N; A, B) H*(L*(G, N; A, B))

THEOREM 10. F* : H*(Q, G;B,A)-&gt; A*(G, N; A, B) is an isomorphism.

Proof of Proposition 8 and Theorem 10. Consider the following diagram of
complexes

C*(G,B)
^

C*(G,A)
^

C*(G,A)
~*

C*(Q, B) C*(Q, B) C*(G, B)
&quot;*

0 -&gt; L*(G, N; B, B) -» L*(G, N; A, B)

where 7r(a0î • • • &gt; «n)= «n- The top row obviously is exact and the first square
commutative. Commutativity of the second square follows from the identity
S(0, 0, n, 0)a a, so that if l(a) (a0,..., an), then an a. Hence tt is surjective
since ir°l2 is.

Furthermore, since ak =S(0, n-k, k, 0)ân|Nn-kxGk modB, it follows that if
ân 0 then ak takes values in B. This proves exactness of the bottom line.

From the diagram it follows that Tt is surjective if and only if T2 is. The five
lemma applied to the long exact séquences in homology shows that l x induces an
isomorphism on homology if and only if T2 does.
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So it suffices to prove 8 and 10 in case A AN B. Then

C(G,C(N,A))A) P+q=n

and

Ln(G, N; A) {(«o,
• • •, «n-i) g ^JS&apos;J?&apos;^ such that for

fc &lt; m ^ n — 1, S(n — m, m — fc, fc, 0)am|N«-kxGk S(0, n — m,m — k, k)ak r

We begin with the following

LEMMA 11. Let a (a0,..., an^), b (0O,. •., ft*-i) *&gt;e éléments o/
Ln(G, N; A). Then a 5 i/ and only if a0 j3o

m,,^, gi,..., gk) xvhenever gt £ N.

Proof of Lemma 11. Since ak|Nn S(0, n-k, fc,0)ao S(0, n-k, fc,O)0o
/3k|Nn we may assume some g^N. Suppose we hâve shown that a, ft for i&lt;k,
and that ak j3k whenever the first l for which g^N satisfies / &lt;/ &lt; fc. We show

ak(ml9..., mn_k, hl9...9 hp gJ+1,..., gk) pk(m1}..., mn_k, hl9..., hv gJ+1,..., gk)

whenever hl9..., h} e N but gJ+1 ^ N.

For simplicity, write (m, h, g) for (m^ mn_k, h1?..., hp gJ+1,..., gk). Since

afc-, 3k_, we hâve

S(n - k, j, fc -/, 0)ak(m, h, g) S(0, n - fc, /, k-j)ak^(m, h, g)

S(0, n - fc, /, k-m^im, h, g) S(n - fc, j, fc -/, 0)pk(m, h, g).

Furthermore, for cr of type (n — fc, /, fc —/, 0), cr^ id, we hâve by our induction
hypothesis that ak ° ^(m, h, g) /3k ° l^im, h, g) since in ^(m, h, g) the value
gl+14- N will occur earlier. Thus

ak(m, h, g) S(n-fc,/, fc-j,0)ak(m, h, g)- £ (-l)l&lt;r|ak°Um, K g)
&lt;r type(n-k,j,k-j,O)

cr#id

S(n-fc,/,fc-j,0)&amp;(m,h,g)- I (-D^&apos;Ao^CmAg)
crtype(n-k,j,k-j,O)

cr#id

Pk(m, h, g).

End o/ proo/ o/ Proposition 8. Let (ao&gt; • • &gt; «n-i)e i-(G, N; A). We will define
|8 g CM(G, A) so that if T((î) O0, •. •, ft*-i), then po ao and ft(mlf...,
mn_l5 gi,..., g,) ^(m!,..., m^, gi,..., g,) whenever m^ mn_, g N and
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gx £ N. By Lemma 11, it will follow that ft a,, ail i, i.e. f(/3) (ex0,..., an_x).
Set p|Nn=a0. Then po ao. Set p(gu gn) 0 if g^N. Suppose 0 is

defined on N&quot;&quot;1 xiG-KOxG1&apos;1, for i&gt;/&gt;0. Define

m,,.,, gi,..., g,)

I ™i, • • • &gt; Wn-P gi, • • - g,)
crtype(O,n-j,j,O)

+ a,(mi,..., mn_p gi,..., g,),

for mteN and gx ^ N. (Note that p°la(mu mn_p gi,..., g,) has already been

defined). It follows that

mn_,, gi,..., &amp;)= X (-l)W0°Wmi, • • • » ^-j» gi,
o- type(O,n-j,j,O)

aJ(m1, ...,mn_p gx, ...,&amp;).

Proo/ o/ Theorem 10 (A AN B). It suffices to show the following:
Let K* be the kernel of the composite

Then the inclusion C*(Q, A) c K* induces an isomorphism on homology.
Let Bt be the filtration of C*(G,A) where aeBinCn(G,A) if a is

unchanged whenever any of the last i values is multiplied by an élément
of N, BlDCn(G,A) Cn(Q,A) if i&gt;n. For i&lt;p&lt;n, let Bip
{a e B, | a(glf..., gn) 0 if gp_l?..., gn_t are ail in N}, BM B,, and

Bip nCn(G, A) Bl+1 HCn(G, A) if p&gt;n. Set Kt=KnBl9 Kt,p KHBip.
We will show the following

(a) K,=KM+1

(b) 1-

(c) Hn

It follows that
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and hence that

Proof of (a). Let a be of type (0, n-i, i, 0). If afid and aeB» then

a ° &apos;&lt;rlNn-ixGj 0- Hence the formula, valid for a g Bt : a, «lisr-&apos;xG1- ^n P^rticular if
aeKly 0 a,=atN»-.xGi, i.e. aeKM+1.

Proof of (b). For a g Bln H Cn(G, A), dot g Bin+1 we hâve for m g N

0 da(gl9..., gn-.-x, g, m, fi1?..., ht)

(-l)n~l(a(g1,..., &amp;,_,_!, gm, hi,..., hJ-aCgx,..., &amp;_,_!, g, h1?..., f^))

i.e. a g Bl+1 H Cn(G, A) Bl&gt;n+1 fl Cn(G, A). It follows that if a g
Kl&gt;n H Cn(G, A), da G K,n+1, then a g K,n+1.

Proo/ o/ (c). Choose a section * : Q —» G of the quotient map ir : G —&gt; Q such

that 1*=1.
We first show (c) in the spécial case i 0.

Suppose a gKOp PiCn(G, A), da gK0,p+i. Define for

or, ntp+2, ...9mn&lt;=N, P(g1?..., gp_!, q*a, mp+2,..., mn)

a(gl5..., gp_i, q*, o-, mp+2,..., mn).

If j§ is any extension of |8 to ail Gn~~\ then /3gB0&gt;p. Moreover

gp_1? qV mp+1,..., mn)

gp_i, q*oWp+1, mp+2, • • •, mn) + • • •

+ (-l)pj3(gl,..., gp_!, q*o-, mp+1,..., mn)

(-l)pa(g!,..., gp_l5 q*, o-mp+1, mp+2,..., mn) + • • •

+ (-l)na(g1,..., gp_l5 q*, a, mp+1,..., m^)
-da(g1?..., gp_l5 q*, a, mp+1,..., mn)

+ (-l)pa(g1,..., gp_l5 qV mp+1,..., mn)

(-l)pa(gi,..., gp_!, qV, mp+1,..., mn)

since da g K0,P4-i, i-e. a - (~l)p dj§ g B0,p+i.
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Thus it suffices to show that (3 can be extended to a |3 € K. Now /3 is already
defined on GpxNn~p~\ Extend |3 as follows:

Let |3(gi,..., gn_i) 0 if gi&lt;£N and some gt^N, p&lt;i&lt;n-l. Assume now
that |3 is defined if some gt£N9 i &lt;k &lt; n - 1. Then if gk+1 $éN but ml9... ,mkeN
(and if fc &lt; p some gt^N,p&lt;i&lt;n-l) define

mk, gk+1,..., gn_!)

cr type(O,k,n-k-l,O)

the right side already having been defined. It follows that
^n-k-l(m1, • • •, ™k, gfc+1,..., gn_i) 0 for gk+1 i N (and provided some g^N,
p &lt; i &lt; n -1, if k &lt; p). Thus, by Lemma 11, it will follow that (3 g K if we can show

mk, gk+1,..., gp, mp+1,..., m^) 0

for mp+1,.. ^
But since ^ g Bo p and a g K0,p, a calculation shows

mk, gk+1,..., gp.j, q*cr, mp+1,

an_k(m1,..., mk, gk+1,..., gp-!, q*, a, mp+1,..., mn_x) 0.

Now suppose a g K,iP, da g Xl&gt;p+1, i &gt;0. Define a{qx,..., q,)(g!,..., gn-J
«(gi&gt; • • • 5 gn-n ^ff» • • • &gt;

^ft)- Then a&apos;(qi, • • •, qJeBo.p-j and a calculation shows

«&apos;(qi, • • • qi)k(^l. • • • &gt; Wn-i-k, gl, • • • gk)

ak+l(ml5..., mn-.-fc, gi,..., gk, qî,..., q*) 0

so a&apos;(ql9 ...,qt)e K0^t. Moreover da&apos;(qu ...,qt)e KOtP-l+i since

da!(ql9..., qt)(gi,..., gn-t, m) da(gl7..., gn_l5 m, qf,..., qt) for m G N.

Thus there is a |3&apos;(&lt;ïi&gt; qx)eKQ^t such that a&apos;(^i, • •, ql)-dp&apos;(q1,. ..^q^e

Define p by j3(gl,..., gn) |8/(7r(gn_l),..., 7r(gn))(gl,..., g^^i). We hâve
j3 g Bl&gt;p (so ft 0 for 7 &lt; î). Moreover

j3l4.k(mx,..., m^^k-!, gi,.. •, gk, hl9..., ht)

PX&apos;n&apos;C^i),
• • •, 7r(hl))k(m1,..., mn_l_k_1, g1?..., gk) 0.
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So peK. Since

(a - d(3)(gu..., gn-i-i, m, hu h,)

(a/-dp/)(ir(h1),...,7r(hl))(g1,...,gn_l_1,m) for meN,

it follows that a — dp e KltP+i.

§5. A calculation using L*(G, N; A)

PROPOSITION 12. Let A be a divisible abelian group. Let N be a central
subgroup of a perfect group G. Then H3(G/N; A) —&gt; H3(G, A) is injective and
H2(G/N; A) -» H2(G, A) is surjective (trivial coefficients).

Proof. It is équivalent to show H2(G/N, G; A) 0. By Theorem 10, it is

équivalent to show A2(G, N; A) 0. So let a (a0, aj) be a cocycle of
L*(G, N; A). We must show a db, where b (0) and db (dN0, doj3). Now

0 dGa1(n, g, fi) gaiCg&quot;1^, h)-at(n, gh) + ai(n, g)

a1(n,h) — a1(n,gh) + a1(n,g) (since A is a trivial G module and N is

central

so c*i(n, ):G—» A is a homomorphism. Since G is perfect this shows &lt;*!

Now 0 a!(n, m) ao(n&gt; m) —ao(n, m&quot;1nm) a0(n, m) —ao(m, n) so ao:
N2-*A is a symmetric cocycle. The corresponding extension 1-&gt;A-^C-^N—&gt;
1 is thus abelian and represents an élément in Ext^ (N, A) 0, since A is divisible
(hence injective, cf. [M2] p. 93). So this extension is split, i.e. 0 [ao]eH2(N, A),
i.e., ao-dN(5 for (3:N-*A. Now

dd3(n, g) gP(g-xng) - p(n) fi(n) - 0(n) 0

so

db (dNp, dGp) (dN/3,0) (a0,0) (a0, «i) a.

The case N central, A trivial

Let 1—»N-»G-»Q—&gt;1 be a central extension and A a trivial G module.
Then équations 2-4 become

(2) 0 ai(m, g)-ai(mn, g) + &lt;*i(n, g) • ..i-v y 2 6 1V 6 x 6 i.e. ax is bihnear
(3) 0 ax(n, h) - ax(n, gh) + at(n, g)

(4) at(n, m) ao(n, m) - ao(m, n)
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It follows easily that

PROPOSITION 13. For a central extension with trivial coefficients we hâve an
exact séquence

0 -&gt; A2(G9 N; A) -*&gt; H2(N, A)xBilin(Nx G, A) -^ Bilin(Nx]V, A)

(where î(a0, &lt;*i) ([&lt;*ol aO and

* ([«ol ai) «iInxn &quot; («o~ Ta0), Tao(n, m) ao(m, n).)

COROLLARY 14. (1) Ext^N, A) xBilin(Nx Q; A)ci A2(G, N; A)
(2) 1/ Bilin(Nx G; A) 0, A2(G, N; A) Ext\N, A)
(3) // H2(N, A) 0, A2(G, N; A) Bilin(iVx Q; A)

COROLLARY 15. If G is perfect, A2(G, N; A)-Ext1(N, A)

Remark. The results in this section may also be derived from known results
from the homology theory of groups. [K] [EHS] [GS].

REFERENCES

[C] A Connes, Sur la classification des facteurs de type II C-R Acad Sci Paris, A-B, 281 (1975)
13-15

[CW] C C Cheng and Y C Wu, An eight-term exact séquence associated with a group extension
Mich Math J 28 (1981) 323-340

[EHS] Eckmann-Hilton-Stammbach, On the homology theory of central group extensions II The

exact séquence in the gênerai case Comment Math Helvetici 47 (1972) 171-178
[G-S] Gut-Stammbach, On exact séquences in homology associated with a group extension J Pure

and Appl Algebra 7 (1976) p 15-34
[H-S] Hochschild and J P Serre, Cohomology of group extensions Trans A M S 74 (1953)

110-134
[H] J Huebschmann, Group extensions, crossed pairs and an eight term exact séquence J Reine

Ang Math 321 (1981) 150-172
[Ho] D F Holt, An interprétation of the cohomology groups J of Algebra 60 (1979) 307-320
[J] V F R Jones, An invariant for group actions m Algèbres d&apos;opérateurs Sprmger Lecture

Notes 728 (1978) 237-253
[K] M Kervaire, Multiplicateurs de Schur et K-théone m Essays on topology and Related topics

Mémoires dédiés à G de Rham Spnnger-Verlag 1970 p 212-225
[L] J L Loday, Cohomologie et groupe de Steinberg relatif J of Algebra 54 (1978) 178-202
[M] S MacLane Homology Spnnger-Verlag 1975
[O] O Pino Ortiz Conjecture générale en cohomologie relative des groups Thèse, Université de

Genève, 1982



164 NATHAN HABEGGER ET AL

[R] J. Ratcliffe. Crossed Extensions. Trans. A.M.S. 257 (1980) 73-89.
[W] J. H. C. Whitehead. Combinatorial Homotopy IL Bull. A.M.S. 55 (1949) 453-496.

N. H., University of Geneva, Switzerland
V. J., University of Pennsylvanie Philadelphie USA
O. P. O. University of Geneva, Switzerland
J. R. University of Wisconsin at Madison, USA

Received March 11, 1983


	Relative cohomolgy of groups.

