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On the existence of extremal Teichmùller mappings

Li Zhong

1. Introduction

Let jll be an orientation preserving homeomorphism of the unit circumference
\z\ 1 onto |w| 1 which admits a quasiconformal extension into the disk D:\z\&lt;
1. Let Ko be the maximal dilatation of an extremal q.c. extension of jll into D,
while H dénotes the dilatation of jll, i.e. the infimum of the dilatations of ail the
extensions of jjl into arbitrarily small annuh 1-e &lt;|z|&lt;l, e&gt;0. If H&lt;K0, then
there exists a unique extremal Teichmùller mapping associated with a quadratic
diffèrential of fînite norm ([9], [10]). To estimate H one can introduce a local
dilatation H(£) of jll at a point ÇedD: It is the infimum of the maximal dilatations
of ail extensions of jll into arbitrarily small neighborhoods of £ with respect to D
(see [5]). R. Fehlmann recently showed that H maX|C|=1 H(£). In the présent
paper we use this resuit to give an upper estimate of H which, together with a

lower estimate of Ko, allows the conclusion H&lt;K0. (So far, in the hterature, this
has been done only in the case H= 1, see [9] and [10].)

In order to carry out the program, two quantities are introduced in sections (2)
and (3) respecively. The fîrst one is motivated by the maximal dilatation q(p) of
the extremal selfmapping of the upper halfplane with boundary values n(x) x
for x&gt;0 and ix(x) px, p&gt;l for x&lt;0, which is easily computed from [7]:

^.^^.^log,
The second one (section (3)) is obtained in the usual way (see [1]) as the ratio of
the moduli of certain quadrilatéral in |z|&lt;l and |w|&lt;l respectively.

This paper was wntten at the Umversity of Zurich under the direction of Professor K Strebel,
whose help is greatly appreciated The author wishes to thank Professor A Pfluger, who read the
manuscript and suggested a simple proof of the main theorem
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512 LI ZHONG

2. An estimate of the local dilatation of /x

In what follows, we will write the given boundary correspondence jx in a real
form: # ^(0), where # arg w and 0 arg z: namely h^(0) : arg it(eie). Then
&amp; htit($) is a p-quasisymmetric homeomorphism of R onto itself. Assume jll is

absolutely continuous and satisfies the condition:

m «s h^(0) ^ M, almost everywhere, (1)

where m and M are constant, 0&lt;m&lt;M&lt;oo. We introduce the functions:

,• f:=lim sup 4

«-*°o&lt;|t|&lt;e i

^] (2)

(3)

and

ù)(6):= lim max (—; -,—; H (4)
e~»o+ \m(0, 6 + e) m($-e9 0))

where

m(x, y): essinf {h&apos;J, M(x, y): esssup{h&apos;J.

Because the function h^ is p-quasisymmetric, there always exists the limit (3). We
dénote by H(Q) the local dilatation of jll at the point el6. We hâve

THEOREM 1. Under the above assumption we hâve

for allB. (5)

Proof. Without loss of generality, we only look at 0 0 and assume that
fyxCO) 0. We are going to show the estimate (5) for the point 0 0. Applying the

mapping £ logz, we pass to the strip X:

Ç Ç h\} (6)

which is the image of the upper half-plane U. The boundary correspondence h^
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of U becomes a boundary correspondence of X as follows:

f| —&gt; log (h^ie*)), for the lower boundary,

l £ + iri —» log (—hpX—e€)) + ttî, for the upper boundary.

We construct a function /(£) in X with the boundary correspondence (7):

:= (l -^) log (Me*))+^ log (~»v(-e€)) + ît,. (8)

It is easily seen that / ia a 1 — 1 mapping of X onto itself. Since h^ is absolutely
continuous, / is absolutely continuous along every line £ const. or tj const. in
X. A simple computation shows that

(9)

and

2fc E(0 + l-iL(0 (10)

where E and L are real functions in X:

and

4E(Q

Therefore we hâve

k,

By the condition (1) it is easy to check&apos;that ||fc(£)|U&lt;l and hence / is a

quasiconformal mapping of X onto itself. It is easily seen that

1)2 + L(£)2 (E(£)+l)2 + L(£)2&apos;

H(0,&lt; sup
Ret&lt;l

sup -^ (1 + E2+L2+V[(E +1)2 + L2I(E -1)2+L2]) (13)
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for any real number /. On the other hand, a simple computation shows that

1

&lt;d(0)
&quot;&quot; ^^ ° ~*

and

1

g() as Re£-*-œ. (15)

Setting /—» — », from (13), (14) and (15) we prove the inequality (5) for 0 0.

3. An estimate of the smallest maximal dilatation Ko from below

Apply the mapping g:z »-m&quot;(1 —z)/(l + z) to the disk |z|&lt;l and a fractional
linear transformation G to the disk |w|&lt;l, which maps |w|&lt;l onto a upper
half-plane with G(/m(—1)) &lt;». Then the boundary homeomorphism G°^°g~1 of
R onto R is a p-quasisymmetric function, namely, there is a number p such that
G°jUL°g~1 satisfies the p-condition. The infimum of ail such numbers p is denoted
by p0. Dénote by U(zl9 z2, z3, z4) the quadrilatéral formed by the upper half-
plane and the vertexes zx, z2, z3, and z4. We introduce a function

p(p): M{l/(oo,-l,0,p)}, for p&gt;0, (16)

where M{l/(oo, —1,0, p)} is the modulus of !/(«&gt;, —1,0, p), the a-side and fc-side

of which are chosen such that p(p) is an increasing function of p. It is known that
p(p) 1 -h r(p) log p, where r(p) is a monotone function of p and

0.2284- --&lt;r(p)&lt;-. (17)

(See [1] by A. Beurling and L. Ahlfors.)
We are now going to show the inequality:

(18)

Obviously, for any x e R and t &gt; 0, M{l/(&lt;», x - r, x, x + r)} 1 and

M{l/K AU - 0, AU), AU + 0)} M{l/(œ, -l, 0, B(x, t))} p(B(x, r)), (19)
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where fI:=Go/x°g~1 and

(20)

On the other hand, if f0 is an extremal mapping of |z|&lt;l onto |w|&lt;l with the
given boundary correspondence jx, then the mapping G°/0°g~1 is an extremal
mapping of U onto itself with the boundary correspondence fi G°ti°g~l and
hence we hâve

M{U(o°,x-t,x,x

Similarly, one can show that the inequality (21) is true for t&lt;0. Noting that p0 is

the supremum of B(x, t) for ail xeK and tj=O, we get the estimate (18).
One can easily prove that the estimate is sharp in the sensé that for any Ko,

there is a boundary correspondence jul such that the equality in (18) holds.

4. The main theorem

For a given homeomorphism jul of \z\ \ onto |w| l, we call a boundary
point z ete an essential boundary point if H(0) Ko. R. Fehlmann proved that if
there is a degenerating Hamilton séquence, then there exists an essential boundary

point on the circle \z\ 1 (See [2], p. 567). On the other hand, K. Strebel

proved that if there is no degenerating Hamilton séquence for a complex
dilatation of an extremal mapping f0 then f0 is a Teichmùller mapping associated

with a quadratic difïerential of finite norm. Therefore one can conclude that if
there is no essential boundary point, then the extremal Teichmùller mapping
exists. By the inequality (18) and Theorem 1 we see that if q(À(0), &lt;o(S))&lt;p(p0)

for ail 0, then there is no essential boundary point. We hâve proved

THEOREM 2. Let fi be an orientation preserving homeomorphism of |z| l
onto |w| 1 which admists a quasiconformal extension into the disk \z\ &lt; 1. Suppose

that /ut is absolutely continuous and satisfies the condition (1). If

q(k(0), o&gt;(0))&lt;p(po), for ail 6, (22)

then there exists an extremal Teichmùller mapping associated with a quadratic
differential of finite norm.
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5. Applications

Applying Theorem 1 and Theorem 2 to the spécial case that the given
boundary homeomorphism fi, is piecewise smooth, we get some interesting results.
In this case the condition (1) requires

K(6)ïO and hL(O)£O for aile, (23)

where h+(0) and hL{0) are the right-derivative and the left-derivative of h^,
respectively. It is easily seen that

K(e) /,:(„„ and w(0) l (24)

By Theorem 1, we hâve

(25)

Moreover, by a normal family argument, one can prove that the equality
H(6) q(k(6)) for every point. Hère the function q(A) is given by the expression

(logA) Jl + ^logA. (26)

From (24), (25) and Theorem 2, we hâve

THEOREM 3. If the given boundary homeomorphism ju, is assumed as above

and

&lt;27)

then there exists an extremal Teichmuller mapping.

COROLLARY. If there are three points zu z2, and z3 on the circle \z\ 1 such

that the cross ratio D(-l9zl9z2,z3) -l, DOx(-l), ^(z^, i*(z2), jll(z3)) -A,
A^l, and

for ail «, (28)

then there exists an extremal Teichmuller mapping.
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Proof. If A 1, then the condition (28) implies that /ut is smooth everywhere
and hence the dilatation of /ui is equal to one. By the resuit of K. Strebel [9], there
is an extremal Teichmùller mapping. We assume A&gt;1. A simple computation
shows that p(po)&gt;p(A). By the inequality (17), we hâve

p(A) &gt; 1 + 0.2284(log A). (29)

On the other hand, by (28) and (26), À(0)^min(5, A1/2), and

^l + 0.2052(logA). (30)

Therefore q(À(0))&lt;p(po) for ail 0 and hence the corollary is proved.
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