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Invariant differential operators in hyperbolic space

H. M. REIMANN

1. Introduction

The conformal mappings in real higher dimensional space R", n =3, are the
proper Mobiustransformations. The group GM(n) of Mobiustransformations acts
on R"=R"U{®} and there is a subgroup isomorphic to GM(n—1) which
stabilizes the unit ball B. It is the action of this group GM(n —1) and the induced
action on functions on the hyperbolic space B that will be studied.

The differentiation process leads from functions to vectorfields and tensorfields
of higher order. There is a natural setting which reduces the analysis of at least
the symmetric tensors with vanishing traces to the study of functions on a bigger
space X. Whereas the hyperbolic space B is isomorphic to O.(1, n)/O(n) this
space X is isomorphic to the quotient space O.(1, n)/O(n—1). Geometrically it
can be described as the cosphere bundle of the hyperbolic space B. The action of
the Mobius group GM(n—1) on X essentially is the action of GM(n —1) on the
cotangent space of B.

The approach described here, whereby certain tensorfields on B are inter-
preted as functions on X, is inspired by a similar construction for the sphere (see
Levine [4]). The purpose of that construction was the characterization of invariant
systems of singular differential operators on the sphere. In both cases the
conformal structure seems to be essential.

The space C(X) of functions on X can be split into a direct sum of subspaces

C(X)= & E*
k=0

The functions in E* have an interpretation as tensorfields of symmetric tensors
with vanishing traces. Their analysis is in a certain sense complementary to the
analysis of differential forms, which in the tensor language is a theory of
antisymmetric tensors. Certain striking analogies are apparent. The invariant
operators S, and S¥ defined in Section 5, Theorem 7, are generalizations of the
operators grad and div. They play a role similar to the operators d and d* for
differential forms (see Theorems 7 and 9). In particular, S, maps E* into E**'

412



Invariant differential operators in hyperbolic space 413

and S¥ maps E* into E*~. It is shown that the operators S; and S¥ coincide with
certain operators studied by Ahlfors [1] (see Theorem 8).

There exists an invariant differential operator D, on X which is of first order.
As a consequence, the space of solutions of D,f =0 is an algebra. The functions
fe E' which satisfy Df =0 are exactly those which correspond to vectorfields v
in the Lie algebra of the Mobius group (Theorem 6).

The algebra of invariant differential operators on X is not commutative. It is
generated by 1, the first order differential operator D, and a further differential
operator D,y of second order (Theorems 1 and 2). The operator D,y is basically
the Laplace-operator on the sphere O(n)/O(n—1). The spaces E* appear as
eigenspaces of Dyp. The Laplace-Casimir operator Ax on X preserves the
eigenspaces (Theorem 9).

2. The Mobius group and its Lie algebra

The Mobius group GM(n) is the transformation group of R" = R" U {e} which
is generated by reflections in the spheres and hyperplanes of R". The group is
isomorphic to O,(1,n+1), the subgroup of O(1, n+1) which preserves the
positive cone:

n+1
{y eR"Z:(y, y)=y§— X yi>0, yo>0}

i=1

(see Mostow [5]). The isomorphism is constructed in the following way: The
group O(1, n+1) leaves invariant the quadratic form (y, y)=y3—3r*! y? and in
particular the cone {y e R"*?:(y, y)=0}. If inhomogeneous coordinates 1; = y,/yo
are introduced, the group becomes a transformation group of the sphere X =
{neR"*':|n|=1} and the elements g and —g give rise to the same transforma-
tion. Stereographic projection from the point ¢, =(0,...,0, 1) onto the plane
7N .+1 =0 then leads to the realization of O_(1, n+1) as a transformation group of
R". The subgroup of the Mdbius group GM(n), which stabilizes the unit ball
B c<R" is isomorphic to the Mobius-group GM(n —1) of one lower dimension.
This group which acts on B will again be denoted by GM(n —1). Observe that
under the above isomorphism this is exactly the subgroup O.(1, n) of O.(1,n+1)
which stabilizes the lower half space in R"*2. The elements in matrix notation
have the special form

0
g= 8 : Lj=0,1,...,n go>0
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Our main concern is with this group G = GM(n—1), n=3, which is the group of
conformal and anti-conformal mappings of the unit ball B<R" onto itself.
Referring to the isomorphism GM(n—1)=0.(1, n) we will speak about the
geometric realization of the group, if we consider it as a transformation group of
B. The algebraic realization then refers to the group as a matrix group.

The unit ball B has the structure of a symmetric space (the hyperbolic space)
B = G/K with the invariant metric ds®=p?|dx|?, p(x) = (1—|x|>). The stabilizer
K of the origin is the orthogonal group. We start with an explicit description of
the action of G =GM(n—1) on B<R"

The stereographic projection of the sphere 3 ={neR"*':|n|=1} onto the
plane n,.; =0 is given by the formula

x,-==~——n"—— i=1,...,n
1—_nn+1

and the inverse mapping is

Co1+x)? U
_IxPP-1
MNn+1 |x|2+1

Let g =(g;) be an element in O.(1, n) and consider O.(1, n) as the subgroup of
0. (1, n+ 1) which stabilizes the unit vector e,,;=(0,...,0,1)eR"*2 The image
of the half line y =t(ey—e,.1) t>0 is the half line

t(geO—‘ gen+1) = t(gOO’ -+ 5 8nos —-1)
which in turn is mapped onto the point

1

N=—1(810- - » &nos -1)
goo

Under stereographic projection this point projects onto

1
x=m(glo,---,gno)53 (2.1)

If g is in the subgroup O(n) of O.(1, n), then gy, =1 and the corresponding poirit
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on the ball B is the center x =0. This establishes the isomorphism

B=0.(1, n)/O(n)
The group O.(1,n) acts on the quotient space by left translation. The
Moébiustransformation corresponding to the element g€ O, (1, n) will be denoted
by 7,. It is a conformal mapping if ge SO.(1, n)

S0O.(1,n)={ge 0O.(1,n):det g>0},

otherwise it is an anti-conformal mapping.
Consider the one parameter subgroup

Cht Sht

(2.2)

o
I

a,=expt :
1 1
Sht Cht

in O.(1, n). The curve x, =7,(0) in the ball B is given by

__sht
" 1+Cht "

X, e, =(0,...,0,1)eR"

The tangent vector to the curve at the origin is the vector

dx,
S —— 2
dtl,—o %l

The element 7, g€ O.(1, n), maps this curve onto the curve z, = 7,7,(0)

+Cht+g.  Sht
() = B0 R 1+ &n i=1....n
1+ 800 Ch ¢ + g, Sh ¢

whose tangent vector at 7,(0) is given by

dz, ~8on
— =———=(810s-- - > &no) T
dtl,—o (1+go0)? fin fero

e B B)

The tangent vector g, =(0,...,0, 1) at the origin is therefore mapped onto the
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tangent vector £ at x =(1/(1+80))(g10, - - - » 8ro) With coordinates

_ 280n8i0  28in
(1+800)*> 1+goo

fi izls--~’n (2.3)

The invariance of the quadratic form (y, y) implies

1= g%o"‘ Z gi20
i=1

n

~1=ggk‘zg12k k=1"--9n

i=1

0= goo8ok — Z gik8io (2.4)
i=1

and it follows that

- -1

2: 1+ -2 2 _—:&)9___

lx‘ (1+ goo) i; 8io oo+ 1
2

1+g00=1—-|x|2 (2.5)

if x =7,(0). The length |¢] = (-, £€2)"/? of the tangent vector £ can now easily be
calculated to be 1—|x|?

1
A—P? |€1> =471(1+ goo)” | £

=(1+ 8o0) 2gon(800— 1) —(1+ 800) 283,800+ gon+ 1
= (1+800) ' 85n(800—1—2800) + 83 +1=1

&l =1—|x} (2.6)
This proves the invariance of the metric
ds*=p?ldx[* p=(1-|x)7"
and the conformality (or anti-conformality) of the transformations 7,.

Next we define the subgroup M of the Mobius group G = GM(n—1) as the
stabilizer of both the origin and the tangent vector ¢, at the origin in B. M is a



Invariant differential operators in hyperbolic space 417

subgroup of K. In the algebraic picture this is the orthogonal group

1
O(n—-l)={geOi(1,n):g= ( * ) )}EM 2.7
1

The cosets are parametrized by the geometric parameters x =7,(0) and ¢=
dr,(0)e,. We call the pair (x, £) the coordinates for the coset gO(n—1). The
equations (2.1) and (2.3) express these coordinates by the matrix elements g;; of g.
Geometrically, the quotient space G/M can be realized as the cosphere bundle X
of B. Since |&]=1—|x|? the group GM(n—1) acts on

X={(x, ) e BXR":|¢|=1—|x|?} (2.8)
and the action is seen to be transitive. It can be described by the formula

(x, &) = (1, d7,(x)§) (2.9)

where dr,(x) is the cotangent mapping which maps the cotangent space at x onto
the cotangent space at z = 7,x.

We now turn to a description of the Lie algebra g of O.(1,n). Let E; e
GL (n +1) denote the matrix with element 1 at the place i, j and zero otherwise. A
basis for the Lie algebra of O.(1, n) is given by the matrices

Xoi =Eo +E;o i=1,...,n
and (2.10)
X, =E; — Ej; l1=i<j=n
We set
X = Xoi i=1,...,n-1
Z =Xon (2.11)

K =Xin

-~
I
U

M
M
=
I
p—

The stabilizer O(n) of e, R**! is a maximal compact subgroup in O.(1, n) and
0.(1, n)/O(n) =B is a symmetric space of rank one. In the Cartan decomposition
g = I +p the subalgebra I has the vectorspace basis {X;;: 1=<i<j=<n} and p is the
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linear subspace with basis {X,;:j=1,..., n}. The commutator relations
[p, p]<=t (2.12)
[», tl<p (2.13)

hold. A maximal abelian subalgebra in p is given by a =RZ, it is one dimensional.
If the corresponding subgroup is denoted by A, then the subgroup O(n—-1)=M
defined above (2.7) is the centralizer of A in O(n)=K. Its Lie algebra m has the
basis {X;:1=i<j=n-1}

The commutator relations are as follows

[m,Z]=0

(Y, Z]=X; [Y, X;1=Y; I=si<j=n-1 (2.14)

[X,}(]]:Xu [YtaY}]:_le 1—<—l<]Sn"1

[XI,YI]ZS,,Z i,jzl,...,n'—l

In particular it should be noted that if q is the linear subspace with basis
{X;,...., X 1,2, Yy,..., Y, 4} then

[q, m]<=q (2.15)

which shows that G/M is a reductive coset space (see Section 3). {X;—Y;:i=
1,...,n—1} is a basis of the a-root space n of the pair (g,a):

[tZ, X, - Y, ]=t(X;-Y), a(Z)=t
whereas fi is given by {X;+ Y;:i=1,...,n—-1}.
The Weyl group W=0'(n—1)/O(n—1) where O'(n—1) and O(n—1) are the

normalizer and centralizer of A in O(n)= K consists of two elements only. They
are represented by the identity and the matrix

w= L (2.16)
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The mapping w, which maps the cosets gO(n — 1) onto the cosets gwO(n—1) can
geometrically be described by the formula

w(x, &) =(x, —§) (2.17)

This mapping is not a Mobiustransformation on X.

Geometrically, the Lie algebra of G = GM(n—1) is given by the vectorfields
on B which generate the one parameter subgroups 7, of G. The vectorfields are
determined by the equation

v(x)=-§;7gi<x>

Conversely, the one parameter subgroup 7, is obtained from the vectorfield v by
solving the differential equation

dz
- v(z)

with initial condition z(0)=x. The one parameter subgroup is then given by
To(x)=2(t).

In a first step the vectorfields on R" are determined, which are the infinitesi-
mal generators of the one parameter subgroups of the group GM(n) acting on R".
The vectorfields in the Lie algebra of GM(n—1) are then singled out by the
condition

(v(x),x)=0 for |x|=1 (2.18)

The vectorfield v has to be tangent to the boundary of B <R". The vectorfields in
the Lie algebra of GM(n) are

v(x)=a+Bx+Ax+c |x]*—2x(c, x) (2.19)

with a, ¢ constant vectors in R", B a constant matrix with B'=—B and A€R.
The vectorfields Bx account for the rotations in R" (the subgroup M with respect
to GM(n)), the constant vectors a for the translations (the subgroup N) and Ax
for the dilations (the subgroup A). The remaining vectorfields c |x|*—2x(c, x)
generate the one parameter subgroups 7, conjugate to the translations (the
subgroup N):

Sorgos(x)=x+ct



420 H. M. REIMANN

where s is the reflection in the unit sphere. The vectorfields in the Lie algebra of
GM(n — 1) can easily be singled out by condition (2.18). The restrictions are A =0
and

(a,x)—(c,x)=0 for |x|=1
The Lie algebra of GM(n—1) is therefore described by the vectorfields
v(x)=Bx+c(1+|x|*)—2x(c, x) (2.20)

The vectorfields Bx now correspond to the subalgebra ¥ =g and the remaining
vectorfields to the complementary subspace p<g.

3. Invariant differential operators

The group O.(1,n) is not connected. The connected component of the
identity is the subgroup SO.(1,n). The spaces O.(1,n)/O(n—1) and
SO.(1,n)/SO(n—1) are isomorphic coset spaces with in the first instance the
group O.(1, n), in the second the group SO.(1, n) acting by left translations.

DEFINITION (Nomizu [6]). Let G be a connected Lie group with:Lie
algebra g and denote the adjoint representation of G on g by Ad (g). Assume that
M is a closed subgroup with Lie algebra m. The coset space G/M is reductive, if
there exists a subspace q of g, complementary to m, such that Ad (m) q<q for all
meM.

Upon taking G =SO.(1, n) and M =SO(n—1) one finds that the subspace q
with basis {X;,...,X,.-1,2Z, Y,, ..., Y,_1}is complementary to the Lie algebra m
of M and that furthermore [m, q]Jcq (see (2.11) and (2.15)). Since M is con-
nected, this implies Ad(m) qcq for all meM. The coset space X =
SO.(1, n)/SO(n—1) (with SO.(1, n) acting on it by left translation) is therefore
reductive.

By definition, the differential operator D on G/M is invariant (with respect to
left translations 7%f(x) = f(7,-,x)) if Dr*f =2Df for all fe C.(G/M) and for all
g € G. The algebra of invariant differential operators is denoted by D(G/M). It
can be determined on the base of a theorem of Helgason [3]. For this purpose let
I(q) denote the polynomials in the symmetric algebra S(q) over q, which are
invariant under Ad (m) for all m e M. The polynomials in S(q) are polynomials in
the variables Z,, ..., Z, where {Z,,...,Z.} is a basis in M.
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The symmetrization mapping A associates with every polynomial Q€ S(q) a
differential operator on the group G. Symmetrization is a linear mapping, which
maps the elements Y, Y, - - - Y, € S(q) (where the Y; are elements in the subspace
qof g,j=1,...,p) onto the differential operator

1
AY Y, Yp)=l—;,Z Yoy Yo' =00 Yoo

In this sum o runs over the symmetric group on p letters. In particular, A(Y) is
the differential operator defined by the Lie algebra element Yeg

THEOREM (Helgason). Let G/M be a reductive .coset space, g=m+q,
Ad (m)q<q for all m € M. Then there exists a linear bijection of 1(q) onto D(G/M).
It associates to the polynomial Q(Z,,...,Z,) € I(q) the differential operator Dg
which can be determined by one of the equivalent methods:

) d s

(1) Dof(x) = Q(——— R —-—-)f ° ,,,-(g exp Z t,-Z,-) (3.1)
atl atk i=1 t=0

where 1 is the canonical projection of G onto G/M, mw(g) = x.

(2) MQ)(fom)=Dofem (3.2)

This formula defines Def, since A(Q)(fem) is constant on each coset gM if
fe C2(G/M).

THEOREM 1. Let G=S0.(1,n), M=SO(n—1) and g=m+q with the
specified basis {Xi,...,Xn-1,2Z,Y1,..., Y,_1} for q (see Section 2). Then the
algebra I(q) of Ad (M) invariant polynomials is generated by the polynomials

n—1 n—1 n—1
1, z |XP=Y X2, (XYV=XXY, |YP=XY.
i=1 i=1 i=1
We calculate the action of Ad (m). If Xem, Y eq then

o0 tn
Ad(exp IX)Y =e' XY=} — (@d X)"Y
n=0 "%
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Set X =X;;em and Y = Z, which stands for X; or Y;eq. Then

(ad X)) Z; =[X;, Zi]1=—

(ad Xij)Zj =27, (ad Xij)zk =0 k#i,j
( 1)n 2n ( 1)n 2n+1
Ad ;
(exp 1X;)Z: = Z 2n)! Z Cnr1r &
=Z;cost—2Z;sint

Ad (exp tX};)Z; = Z; sint+ Z; cos t

It follows that
n—1
Ad (m)X, = Y, muX
h=1

for m =exp tX;; € SO(n— 1)< GL(n—1) with m =(my,). This equation therefore
holds for all meSO(n—1). Furthermore, if X =Yr_] x.X,, then Ad (m)X—
Yr ! x4 X, with x'=mx. Similarly, if Y=Yr_} v.Y: then Ad(m)Y =321 y.Y,
with y’=my. Finally, since Ad (m)zZ = zZ (z €R), the action of Ad (m) on the
polynomials P(x, y, z) in the variables x, yeR"™! z R is given by

Ad (m)P(x, y, z) = P(mx, my, z)

Assume now that the polynomial Q is invariant under the action of Ad (M). It
can then be written as a finite sum

Qx, y, z) =2, z“Qu(x, y)
k

with invariant polynomials Q,(x, y). It is well known (see e.g. Weyl [7] p. 31 ff.)
that the invariant polynomials in the variables x, y under the action

(x, y) = (mx,my) meSO(n-1)
are generated by the polynomials 1, |x|?=Yr"] x?, (x, y) Yrlxy, and |y|*=

n—~1 y2 This proves the theorem.
The invariant operators 1, Dz, D\xp, D(x v, and D)y generate the whole
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algebra D(G/M). This follows from the fact that
DP1P2: l)pl y Dp2+D
where the order of the invariant differential operator D is less than the sum of the

degrees of the polynomials P, and P, (see Helgason [3] p. 269). In the present
situation there is however more that can be said:

THEOREM 2. The differential operators satisfy the following commutator
relations:

[Dz, D|X|2] = —2D(X,Y) (3.3)
[Dz, D|Y|2] = —2D(x, Y) (3-4)
[Dz, D(x. Y)] = “D|x|2 - D|Y|2 (3-5)

Consequently, D(G/M) is generated by 1, D, and Dy (or by 1, D, and D xp).

The proof relies on the symmetrization mapping A. The differential operator
Dy is obtained from the differential operator on G which is given by

1n—1
MZIYP) =5 LAY Yo Z+Yi - Z- Y+ Z Y- Y)
fi=1

The commutator relations for the Lie algebra (2.14) then imply

MZIYP=T Y ¥ 23 T (- Vs Y X)+ e 2
nad = n—1
A(ZIY|2>=i§IZ-x-mé—i;m-mx-xn —Z
It follows that
Dy3Dz — D, Y)+1:l Dz =DzD\yp+Dx, Y)+ﬁ:—_1— D,

6

which proves the first equality. The second is proved in the same way and the
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third is a consequence of the following equations:

n—1 n—1
A(Z XiYiZ)=%Z(&-K-ZW-&Z%-Z%%-Z%

i=1 i=1

+Z-X-Y,+Z Y, X))

%i X, Yi+Yi - X)- z—-i(x-XﬁrYi-Yi)

=1

I

|
= »a
[y

n n—

3 (X Y+ Y, X)+-;-}:(x X, +Y;Y)

1 i=1

il

I

i
1 _ 1 1
Dx. vyDz —3Dx2—3D\yp = DzDx v, +3Dx2+ 3Dy

The Killing form on the Lie algebra of SO(1, n) is given by

B(X,X)=2(n—1){ix?~ > x?f}

i=1 I=i<j=n

X =

i

x,X; + Z b 49, ¢

l=si<j=n

i

(see the definitions (2.10) and (2.11) in section 2). The Killing form is invariant
under Ad(g) for all ge SO(1, n) and in particular for g€ SO(n) or SO(n—1).
The Casimir operator restricted to B=SO_(1, n)/SO(n) is

AK = D|X12+D22 (3.6)
and restricted to X=S0O.,(1, n)/SO(n—1) it is
AM =D|X‘2+D22"Dly|z (37)

It follows that the operators Ay and A,, considered as operators in D(G/M)

commute. In fact, 4., commutes with every differential operator in D(G/M).
In the next section it will be shown that the operators in D(G/M) are invariant

under the whole group O.(1, n) and not only under the subgroup SO.(1, n).

4. The calculations for some operators

In this section the geometric versions of the operators D, Dy and D v,
will be calculated. This means that the operators will be expressed as differential
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operators in the variables (x, £). Recall that
x; = (14 go0) ' o (2.1)

and

& =280n8i0(1+ 800) > =28 (1+go0) "
= 2(ZonXi — 8in)(1+goo) ™" (2.3)

i=1,...,n are the coordinates for the coset gO(n—1). The matrices (g;)
representing g satisfy the relations (2.4) and in particular

2(1+goo) ' =1—[x[*=¢* (2.5) (2.6)

and

_3 __ 2 2 gy
(x| &)= i; x;& = 1+ g0 (80n Ix|* — (1 + goo) i; giOgin)

= 2gon(1+ g00) "(|x]*> = goo(1 + goo) ")
= —380n (1= |x[»)? = 280, (1 + g00) > (4.1)

Let a, =exp tZ denote the one parameter subgroup of O.(1, n) defined by Z. In
order to calculate D_f at the point (x, &) (coordinates of the coset gO(n— 1)), the
definition of Lie derivatives is used:

Dof(x, )= f(x, £) 4.2)

=0
where (x,, &) are the coordinates of the coset ga,O(n—1):
(%); = (80 Ch t +g;, Sh1)(1+goo Cht+go, Sh )" (4.3)

(&); =2(goo Sh t + gon Ch £)(gio Ch t + g, Sh £)(1+ 8o Ch t +go, Sh 1)~
—Z(glo Sh t+ &in Ch t)(l + goo Ch t+ gon Sh t)~1 (4.4)

It follows that

d(x,);

dt =g (1+ 800)—1 — Zio8on(1+ goo)—'z = ‘%fi (4.5)
t=0
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and after some calculations

d(&);

d = =280 (1+ g00) & —2(1+ go0) 'x;
t li=o

=(1-xP)7'Qx | &)& —|£Px) (4.6)

The operator D, can be expressed by the formula

dr)| . (d6),
R IR A @)
THEOREM 3.
Daf(x, )= =} X fu&+(1-1xP)" 3 £ Qx| 9 ~I¢Px) 8)

This operator is invariant under the group GM(n— 1) of Mobiustransformations on
X. Under the mapping w(x, &) =(x, —&) it transforms into the operator —D.

The group GM(n —1) has two components. By construction, the operator D,

is invariant under proper MoObius transformations. It suffices to prove its in-
variance for a single transformation 7,, g¢ SO.(1, n). Such a transformation is

Yi=—X m=—&
Y = X M = & k=2,...,n (4.9)

The transformed operator is

D5y, m) =5 . ( 2 fmam)

ij=1

A= T (f, 21 37 @G| D&~ lePx)

=3 L fum (=P L 20 [mm = nly)

t\)l*-*

It coincides with D_. The same calculation shows that the mapping w (see (2.17))
transforms D, into the operator —D..
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A remark about the derivatives f,,f. i=1,..., n is appropriate. The function
f is defined on

X={(x, ) eR*™:|&=1-|x]3

In order that the derivatives with respect to x and ¢ have some meaning, the
domain of definition for f first has to be extended into a neighbourhood of X in
R>". The resulting operator D, is however known to depend only on the values of
f on X It is independent of the particular extension of f.

The calculation of the remaining operators D|y2 and Dk v, is based on the
theorem of Helgason (section 3). For fixed g with coordinates (x, &) and for a
given function fe C.(G/M) consider the function

fs,)=f w(g exp }__:1 (5:X; + tiYi)) (4.10)

7 1is the canonical projection and (x(s,t), &(s,t)) are the coordinates of
w(g exp Y21 (s.X; +1Y;)). Take as an example the operator Dk y,. We then have

n—1

D(X,Y)f(x,g)—zla at

f(s, t)‘ (4.11)
The chain rule for the second derivative f,, gives

~ 4 ax[ axm - axl agm
= —m .
fsjt’ m,;-zl fxlxm a at mzl: 1 f e as at

- afl 00X, - 9§ 6§m 0 ox - °&
+ NOALLNS x x| :
m‘f‘;l f 8 at; m,zl:=1 f ‘E'"a ot ;:Z f as; ot; 1; fé as; ot

(4.12)

The partial derivatives of f with respect to x and ¢ have the same interpretation
as above. In addition, the calculations will show that the derivatives of the
coordinate functions at s =t =0 are functions on the group. However the resulting
operator maps functions on X into functions on X. It can be expressed in the
variables x and &

The first derivatives of the coordinate functions
Let e,,...,e,_, be the canonical basis in the parameter spaces R"* for the s
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and t variables. If h eR then

8o Chh+g, Shh
1+800Chh+gy Shh

xm(heja O) =

X, (0, he)_m

Z(gmo Ch h' + gmi Sh h)gOn__ zgmn

fm (h'ej, O) =

2 Q1 h -+ n h 2 - . h 4 - h
£.(0, he;) = 8mo(go;j Sin g20 cos h)  2(gm; sin h + g, cOs h)
(1+ gOO) 1+ goo

The partial derivatives at (s, t) =(0, 0) are

aﬁz_d_xm(h 0) 8mi  8mo8oj
ds; dh h=0 1‘*’800 (1+ go0)?
OXm _

at;

9m _ _» 28m080nB0; | 28mi€on | 28mn8o;

0s; (1+800)> (1+gp0)* (1+g00)

m_ 28moBoi  28mi .__26_"_"1

3t (1+g00)® 1+geo 3s;

The following expressions are needed for the differential operators:

VM, 15008, 1750458,

i=1 aS)- aSj 2 i=1 as,- Btj 4 i=1 at Bt
."le"flgm +%81m|§l2 (413)

_(?_g_l_‘zén_t _ (x l g) mgl )
L St L8 (266, o 6P - 1) (@.14)
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As an example, the calculation of formula (4.13) is given:

a_xzaxm___( 8ni  8mofo; )( 8i  8io8oj )
as; 0s; 1+800 (1+800)%/ \1+gge (14g00)

= (1+800) "> &mi&i — (1 + 800) (&108mi&0; + &mo8ii€o;)

+(1+ goo)—4glogmoggi

0X; 0%y,
Z 5—5_:(1‘*'800) *(8im + €108 m0 ™ Bin&mn)

-(1+ 800)—3(810(80081110 ~ 8on8mn) T 8mo(008i0— EonBin))
+ (14 g00) 8108 mo(850— 1 -85,

The expression &€, has the value

(14 800) *83x810&mo — Con(1+ €00) (€108 mn+ Emo&im) + (1 + 800) &inmn

Therefore

n—1

9x; 0X,, -

Y S 4t + 51+ o) 7 = H b + B £
i=108; 95
(All partial derivatives are taken at s =t =0.)

The second derivatives of the coordinate functions
The second derivatives are calculated according to the formulas

2
Ix — lim h~2(x(he, he,)— x(he, 0)— x(0, he;)+ x(0, 0))
as,' at] s=t=0 h—0
3¢ R
T _Jim h (£, hey)+ £(0, —he,) —2£(0,0)
atj s=t=0 h=+1)

Up to third order terms

1
xm(hejs hej) ZN (ng(l + h2/2) + gmjh - gmnhzlz)

2
&n(he;, hey) = I—V-(gooh2/2 + gojh + 8on (1= h?/2))x,, (he;, he;)

”1%\1’ (8moh?/2+ gmih + g1~ h*/2))
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with
N =1+ goo(1+h?/2)+ gojh — go,h*/2

The resulting expressions (at s =t =0) are

0%
as; dt;

=28mo(g8n— 28(2),“)(1 +800) >+ (—28mn8on — o + 480i8mi)(1+ g00) >

bm
ot?

- gm

As above this leads to the required equations

"~ 9%x, n-—1

Loson 4 o (4.15)
,: a;;m =0 (4.16)
z aas?i";, =—(n+1) ﬁllfl)z &m— n—2—5 (1=1x[*)x, (4.17)
:Z a;f?m == (4.18)

THEOREM 4. The operator Dyyp on X=0,(1,n)/O(n—1) is given by

Divef== L fee(bn—8m€)~(1=1) T febo (4.19)

Lm=1

It is invariant under the Mobius group GM(n —1) and under the mapping o(x, &) =
(x, —&). At the same time, Dyp is the Laplace operator on the sphere {£cR":

€] =1}.
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Consider the stabilizer K= O(n) of the sphere
Y ={x,&)eX:x=0,|¢ =1}

The Lie algebra elements Y,,..., Y,_; (see (2.11)) are in the Lie algebra f of
O(n). The invariant differential operator D,y is therefore a differential operator
on the subgroup O(n). Furthermore, it is the restriction of the Casimir operator
Y 1=i<i=n X3 of T onto the quotient space X =O(n)/O(n—1). This operator is the
Laplace operator on the sphere.

According to the preceeding formulas (4.13)—(4.18), the operator D}y on X
has the explicit form given in the theorem. In particular it is seen to be
independent of the x coordinate (apart from the restriction |&]=1—|x|?).

The invariance of the operator D,y under the whole Mobius group GM(n—1)
and under the mapping w can be established with the same method which was
used in connection with the operator D,.

COROLLARY. All differential operators on X which are invariant under the
group of special Mobius transformations SM(n —1)= SO_.(1, n) are invariant under
the whole group GM(n —1). The operators D,y and D \xq are also invariant under
the mapping o, yet w transforms D, and D x vy into —Dz and —D x vy, respec-
tively.

THEOREM 5. The operator D x v, is given by

n

D(X, Y)f = % Z fx,ﬁm(glgm - 8lm

Lm=1 m=1

Z fg.gm[ (x l §‘)2 (2&&n — Oim |§|2) (1- |x|2)xl§m]

Lm=1

- Z fgm[( +1) ||€|)2 gmﬂ;(l—lxlz)xm] (4.20)

5. Spherical harmonics and the operators S, and S¥

A spherical harmonic of degree k on the sphere ¥ ={£eR":|¢|=1} is the
restriction of a harmonic polynomial in R" which is homogeneous of degree k.
The space of spherical harmonics of degree k will be denoted by H k. Alterna-
tively, it can be described as the eigenspace with eigenvalue —k(k +n —2) of the
Laplace operator As on the sphere. The system of spherical harmonics is
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complete in L*(3). It gives a decomposition of this space as a direct orthogonal
Hilbert sum

L%(3)= @ H
k=0

DEFINITION. A spherical harmonic of degree k on X=0_(1,n)/O(n—1) is
an eigenfunction of the operator D,y with eigenvalue —k(k +n—2).

E*(X)={fe C™(X): Dypf = —k(k +n—2)f} (5.1)

If a function fe C*(X) is an eigenfunction of the operator D,yp, then for every
fixed x

~ Y foe (b8 lED)—(n=1) X fombn =M
Lm=1 m=1

But the left hand side is the spherical Laplace operator As applied to f(x, &) with

x fixed. Therefore the eigenvalue A is of the form —k(k+n—2) for some non

negative integer k. If {h,q, ..., hyg}, d =d(k), is an orthogonal basis in H*, then

fix, £)= X cu(x)hi(®)

with coefficients ¢,; j=1,...,d which will depend (smoothly) on x. Conversely,
any such function is in E*,

From the completeness property of the system of spherical harmonics on 3 we
conclude that any function fe C™(X) has an expansion of the form

o0 d

fx, &)=Y Y ci(x)hi(€) (5.2)

k=0j=

which converges for every fixed x in L*(X).
A harmonic polynomial p of degree k in (R") defines a symmetric tensor ¢ of
order k with vanishing traces

P(f):_ Z ti,---ikéi,---gik

=t for any permutation o on the indices (5.3)

. ik icr(l) . i(r(k)

i

Litiy- - - i =0
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Conversely, to any such tensor the formula associates a harmonic polynomial p
which is homogeneous of degree k. The functions f e E* therefore can be viewed
as tensorfields of order k on the hyperbolic space B = O.(1, n)/O(n):

E* ={feC*(X):f(x, &) = (1“‘xl2)_2k . Z L. ik(x)‘fi, T ‘Ei,‘} (5.4)

In this representation t(x)=t; ..., (x) is a tensorfield of symmetric tensors with
vanishing trace. The factor (1—|x|*)72* is a normalizing factor.

The type of the tensorfield t is given by its transformation behaviour under
Mobius transformations. Recall that the action of GM(n — 1) on X is defined by

(x, &) = (1.x, d1,£) (2.9)
The action on C(X) then becomes
57 (x, &) = f(7,x, dr,€) (5.5)

First consider the special case of a vectorfield

n

fx, ©=0~-xP)? ¥ v(x)& € E?

i=1
o &) = (1—|rx) 2 Y. v(r0)(dr,)
p=1

We set y =7,x. Since ds”=(1—|x[>)"?|dx[? is an invariant metric, the Jacobian
determinant of the matrix

3y
G = (22 (x))
, 0X; y
representing the tangent mapping dr,(x) is given by

det G(x)==(1-|y)"(1—[x[)™

The conformality (or anti-conformality) implies that ((1—|x|?)/(1~|y|?))G(x) is an
orthogonal matrix. In particular

G'(x)=(1-x?’Q-lyP)G'(x) (5.6)
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(G*' is the transposed matrix). It then follows that

e =1-1xD2 Y Y uly) a%y— (D& 1~ x|y

k=1i=1

=(-Ixf? X ok (6,

with
08 (x) = G (x)v(7x) (5.7)

Next assume that fe EX,

f(x, &) = (1—‘x‘2)_2k_ Z i, --- ik(x)gil Tt gik

[ ST 1

Then the same calculations show that

e H=0-1xP)?* X W&, &, (5.8)

[ FTREICICI 1%

with

,,,,,

where the a,; are the components of the matrix G !(x). The transformation
behaviour of the tensors is influenced by the choice of the normalizing factor
(1—|x|»72*. To illustrate this set

fox, & =(1—|x[?)2 Z;C@k(x)gsk (5.9)

Here, @(x)=(¢@u(x)) is a symmetric matrix with vanishing trace. The same
calculations as above then show that

fE(x, &) =(1—|x|?)2 § @5 (X)L
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where the transformed matrix is given by
P2 (x) = G‘l(x)tb(fgx)G(x) (5.10)

This transformation behaviour differs from the preceding by a factor
(det G(x))*™.

THEOREM 6. A function f(x, £)=(1—|x|>)"> X", v;(x)& € E! satisfies D,f =
0 if and only if v is a vectorfield in the Lie algebra of GM(n—1).

The vectorfields v in the Lie algebra of GM(n—1) are of the form
v(x)=Bx+c(1+|xY)—2x(c, x) (2.20)
with B' =—B and c e R". Direct verification shows that the functions f € E' which

are associated to these vectorfields satisfy D f = 0. Conversely, assume that fe E*
satisfies

D f=—-(1- |x|2 2 % X v;;&& —-(1- |x|2)—3(0, x) Z 8ij§i‘fj
=0

for all (x,£)eX (v;; is the notation for the partial derivative (dv;/9x;)(x)). It
follows that

Vij= 7 Vj; i
v =201—-|x» Y (v(x),x) i=1,...,n

and in particular
Uii = U,

Assume now that i, j and k are different indices. Then the differentiated equations
Vit V=0
Viij T Vit =0

Vit 0k i =0
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show that v, 3 =0. Similarly
Viiij = Vgt = 0

and therefore
Vi =0 Vi e = 0.

This shows that all third order derivatives vanish. The vectorfield is therefore
given by a second order polynomial

vi(x)=%kzla,-klxkxl+§bikxk+ci i=1,...,n
and it can be assumed that
ikt = Qi = Vi
A comparison of the coefficients in the equations
(1—|xP)v;;=—2(v, x) i=1,...,n

with

Vii=3 Z (it aw)x + by
K

(0, X) =3 2, QuaXiXi X + Z bux;x; + Z CiX;
ik ik i

-

now results in the equations

by = —by
Since it is already known that

ap =0 if iFjFk#i



Invariant differential operators in hyperbolic space 437
and
i = — Qi =20, if k#i

it can be concluded that

n

n
_ 1 2,1 2
v;(x) = Z Qi X X; —2Q5X; T2 Z Ak X+ Z buxi +c;

k=1 ki k=1

n n
=-2x ), cx +exl+ Y cxi+ Y byx +c
k=1 ki k=1

This shows that

v(x)=c(1+|x[»)—2x(c, x)+ Bx B'=-B
It should be noted that the theorem is still true for the dimension n =2, yet for
this case the proof has to be modified slightly.

The theorem shows that the operator D, applied to vectorfields (i.e. to the
spherical harmonics of degree 1 on X) singles out exactly the Lie algebra of the
Mobius group GM(n—1).

The space of functions f e C”(X) satisfying D,f =0 is an algebra, since D is a

first order differential operator. If {v'",..., v}, d=3n(n+1), is a basis of the
Lie algebra of GM(n—1) and if

O =1-xP)? L ol()EeE j=1,....d

then any convergent power series in fi, ..., f; will be a solution of D,f =0.

THEOREM 7. The operator

S, =D v+ (—%— (§+ - 1))1)2 (5.11)

maps E* into E**', and the operator
" 1 [n

maps E* into E*"',k=1,2,3...
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COROLLARY. The operators D, and D v, on E* take the form
D;=—(n+2k—2)"'S, +(n+2k—2)"'S¥ (5.13)
2D vy = (1+(n+2k =2) S, +(1 = (n +2k —2)")S* (5.14)

For the proof of the theorem the operator D v,+cD, c €R, is applied to the
function

f(x,§)=p" Z til-.-ik(x)fi,"'gik

where t is a symmetric tensor with vanishing traces, reR and p(x)=(1-|x[)"".
The summation convention will be applied (summation over indices which appear
twice). The derivatives of the components of ¢t are denoted by

d
—t
0%

il"'ik—til"'ik;m

and these are no longer the components of a symmetric tensor. The result is as
follows:

k — r
D(x, Y)f+ Csz=:2' p’ 2ti1 .- -ik_lm,m‘fil e ‘fik_1+Ap ti,~--ik_,m,1§i, e gik_lgmgl

+Bpr‘1ti1 e ik—lmgh e gik~1xm+ Cpr+1ti1 e ikgil U gik(x I g)

(5.15)
with
k n- C

= ——— +—

A 2 4
n—5

B=kr—k(k—-1)+k > + kc

C=—kr+2k(k~1)—n;1r+k(n+1)+c(r—2k)

The first observation is that C =0 if r =2k. This motivates the normalizing factor
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(1—|x[*)7%* occurring in the description (5.4). Having fixed r = 2k, the operators

S¥ and S, are now defined by the equations A =0 and B =0 respectively.
The constant ¢ for the operator S, is determined by the equations r =2k, B =
0. It follows that

- (5-1)
=——\—4+k—
C > \2 k—1

A=-<—2—+k—1> (5.16)

n
Skf Zk 2 l] cee ikm,mgil e gik_l - (E+ k - 1>p2kti1 < ik_A,m,lgi, e fik-lgmgl

It remains to be shown that S,fe E**!. For this purpose set

1 k+1

e = bioet i (5.17)
qn lk+1 k+1 Z 31 ) k+1-Y4

(the symbol {, indicates that the index i; is omitted). q is a symmetric tensor and

tlx & ik+1§i1 T gik+1 =qi,--. ik+l§i1 U gik+1 (518)

However in general the traces of q will not vanish:

2
Qi i = 1 biy i (5.19)

Consider the symmetric tensor z
Ziy i = ity - i T Ot Biinita i T i iy i (5.20)

Summation gives

8i1i2Qﬁi3 m,f I |§|2 qi,.-. ik_ljigi, R I (5.21)
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Since there are terms in the definition of z, the equations (5.19), (5.20)

and (5.21) show that

Zi i & =k ‘f‘zti1~--ik_1j,,‘§i, AL 9 (5.22)

This implies
Skf=%()2k(—'(n +2k—2)q'1 e ik“-i-z,-‘. .. ik+1)§i1 tte §ik+x (5.23)

and it can now be shown that S,f is defined by a tensor with vanishing traces:

Ziﬁs RN PR nqifis SRR RS + Qijiziia - - - ix 11 +
+ Qiijia- i T
+0

=(n+2(k- 1))‘11‘1‘!’3 v

ik

(Observe that e.g. q;i,...;_,u=0 if k=3). This completes the proof for the fact
that S,fe E**! if fe EX.

The constant ¢ for the operator S§ is determined by the equations r =2k, A =
0. It follows that

1 [n
C—5+(§+k— 1)
(5.24)

G*f— 2k 2ti, i mm€iy & T k(n +2k_2)p2k—1ti1-~-ik_1m§i1 L .

This clearly shows that S¥fe E¥™.
The operator S§ can be put into a different form:

k +2k —
S’l!:fzz p—n Z Z p" * ztix s ik—lm)gil T gik-—l (525)

..... ikyg m=1 a

The case k =0 is special. The functions f € E° are identified with the functions on
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the hyperbolic space B. The operators D, and D y, map E° into E':

Np=

DZf= - g fxlgi

n—1 g
D(X,Y)f= 4 Zﬁc,&
i=1

and S, can be defined by the formula

n+1
2

Sof =D, v~ Df (5.26)

Suf =3 2 fu =5 (11 X (1Lt

The operator S%S, then takes the form

1n 59
% —_ n _ 232
S1Sof =55 p mzz:l—-a (e"(1—|x[»?f..)

=-3 p " div(p" *gradf) (5.27)

This is (a multiple of) the Laplace operator for the hyperbolic space B.
Following Ahlfors [1] the invariant operator P mapping vectorfields v on B
into tensorfields ¢ is defined by the equation

1 1 &
p-n(Pv)ij = 5 (Ui,j+ Ui,i) - 5ij ; kz Uik (5.28)
=1

The tensors Pv(x) are symmetric and have zero trace. The operator P* mapping
such tensorfields into vectorfields is defined by the formula

(P*e)i=p"" X oy, (5.29)

i=1

THEOREM 8. The operator S, on E' coincides with the operator —(n/2)p™"P
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on vectorfields and S% on E? coincides with P*p" provided the following identifica-
tions are made:
(1) The vectorfield v on B is identified with the function

Vix, &)= Zn: 1=|xP)v(x)& e E

(2) The tensorfield ¢ on B is identified with the function

D(x, &)= i (1- |x|2)—2‘Pij(x)§i§j e E>

i,i=1
In particular it follows that SXS, is the same operator as —(n/2)P*P.

The operator S, is applied to the function V(x, ¢)e E':

1 4 n "
S1V=2p%tP? Y Vmm—20? Y Vpibné
2 m=1 2 l=

m,l=1

n n

1 1
= —-2'3(1—|x|2)—2 2 (E(vm,n‘vz,m)“;; ) Uk.k)flfm

mil=1 k=1

This shows that S; corresponds to —(n/2)p™"P
Similarly, if S% is applied to @, it follows from (5.25) that

S30=5% Y (1-IxP)*(1-xPeuéé;

tLi=1

) ~———(p"+4—2(1—|x|2)2<pim)§

tml

(1= xP)? Z ——x:(p @im) &

tml

This completes the proof of Theorem 8.

Equation (5.7) gives the transformation behaviour of the vectorfields under
Mobiustransformations. The transformation of the tensorfields (¢;(x)) is de-
scribed by (5.10). These formulas coincide with formulas (1.5) and (1.7) in [1].

COROLLARY (Abhlfors [2], equation (2.1)). The solutions of S;f =0, f(x, &) =
1=|x»2 X, v,(x)& € E! are of the form

v(x)=a+Bx+Ax+c |x|*—2x(c, x), A€R, a,ceR”, B'=-B.
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The solutions of S,f=0,fe E' describe exactly the Lie algebra of the Mobius
group M(n) as a transformation group of R" (see equation (2.19)).

THEOREM 9. For all fe E* k=1,2, ... there is equality
Dxpszziypf = —(n+2k —2) " (S¥1Sef — Sk-1SEf) (5.30)

COROLLARY. Ag =D\xpiz: and Ax = D\xpiz2-jyp map E* into E* k=
0,1,2,...

For the proof of the theorem let us calculate the commutator
D|Xlz+|\r|2 = [D(x, Y)s D,]

using equations (5.13) and (5.14). Assume that fe E*, ke N.

(n+2k—-2)[Dxy), Dz]

- sk+lsk(n+2k)~1(1— (f+ k)~-1—+ ('—’+k ~ 1))

2 \2 27 \2
+S% .S ( +2k)“‘(~—l—-<2+k)+—l-——(—'—1+k-1))
k+19k 1 5 5 5 )
+Si_1SK( +2k—4)‘1(—1+(-'-l+k—-2)+l+(E+k—1>)
k=1t 27 \2 2" \2
+S* s*(n+2k—4)~1(1+(f+k—2)—1—(l'+k—1))
=1k 2 \2 2 \2

If the expression

=(n+ 2k)—-l(sk+lsk - Stﬂsk) —(n+2k "‘4)—1(Sk~1st - S,}:AS:)

is added, the formula of the theorem follows:
(n + 2k - 2)(D|XIZ+ D|Y|2+ D22) = “St+1$k + Sk_lst

The case k =0 reduces to the Laplace operator (5.27).
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