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Intégral means of derivatives of monotone slit mappings

Albert Baernstein II and J. E. Brown*

1. Introduction

Let A dénote the unit disk {z :\z\&lt; 1} and S the class of functions / analytic
and univalent in A with /(0) 0,f(0) 1. In [1, p. 139], Baernstein proved that
the Koebe function k(z) z(l-z)~2 is extremal for a large class of problems
about intégral means. We dénote by K the class of ail convex increasing functions

defined on (—&lt;», oo).

THEOREM A. ForfeS,&lt;Pe X, and r e (0,1],

&lt;P(±\og\k(reie)\) d0.

In particular, the Koebe function has the largest Lp means

^T \f(reie)\pd6, 0&lt;p&lt;oo,

among ail the functions in S.

In the corresponding problem involving derivatives the Koebe function ceases

to be extremal, at least for small values of p. Indeed,

belongs to the Hardy space Hp if p&lt;|, whereas Lohwater, Piranian, and Rudin

[15] hâve constructed a function in S whose derivative belongs to no Hp class.

* Work of the authors was supported by grants from the National Science Foundation.
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332 ALBERT BAERNSTEIN II AND J E BROWN

In this paper we show that if we restrict attention to support points of S then
the Koebe function is restored to its extremal position, at least in terms of order
of magnitude, in problems about intégral means of derivatives. A function feSis
called a support point if there exists a continuous non-constant linear functional L
on the space of functions analytic in A such that

ReL(/) maxReL(g).

Hère, and throughout the paper, the space of functions analytic in A is endowed
with the topology of uniform convergence on compact subsets.

Dénote by cr the set of support points of S. By a theorem of Pfluger [17] and

Brickman and Wilken [4], each fe cr is a monotone slit mapping. That is, C-f(A)
is a Jordan arc F with one endpoint at °° and the other at a finite point w0, called
the tip, which intersects each circle |w| JR at most once. Furthermore, F is an

analytic arc which is asymptotic to a straight line at o° and at the tip, and F has the

7r/4-property: at each point on F the angle between the tangent vector and the
radius vector from the origin is in absolute value smaller than tt/4, except possibly
at the tip, where it might be equal to ±tt/4.

Our results apply more gênerally to functions / for which C — f(A) is a not
necessarily analytic monotone slit having the property analogous to the tt/4
property for any number À strictly less than tt/2. We define a subclass M{\) ç S as

follows. feM(k) if C-f(A) is a Jordan arc with parametrization w(f), *o— f ^°°,
so that w(oo) oo and 0&lt;|w(to)|&lt;|w(r1)|&lt;|w(t2)|&lt;00 whenever ro&lt;r1&lt;r2&lt;00, and
such that

lim arg- &lt; A, lim arg- Mh)
(1)

for every tie(t0, o°). The flrst inequality should hold also for ti t0.

It is a simple exercise to show that a C1 curve for which the angle between the

tangent vector and the radius vector always has magnitude less than or equal to
A,0&lt;A&lt;ir/2, satisfles (1). In particular, (t&lt;^M(ttI4).

According to a theorem of Brickman [3], if / is an extrême rioint of S then

C-f(A) is a monotone slit. However, it is not known whether extrême points
must be sufficiently monotone to belong to a class M(X) for A &lt; tt/2. On the other
hand, if fe S is an extrême point of the closed convex hull of S, it is known

([5], [13]) that / must belong to the closure of cr. The classes M{k) are closed sets.
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(This point is discussed in §2.) Consequently, we hâve the inclusions
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(2)

Hère #(A) dénotes the extrême points of a set A.
Now we can state our results. In the following C(A) dénotes a positive

constant depending only on A, not necessarily the same in différent occurrences.

THEOREM 1. For feM(\), &lt;PeK,re(0,1] and A e (0, tt/2),

&amp;(±log\C(\)kf(reie)\)d6

and

(3)

COROLLARY 1. For feMW, 0 &lt; A &lt; tt/2, r € (0,1], and p € (-&lt;», oo),

(5)

and

i: f(re&apos;6) fc(reie)
de. (6)

Note especially that for support points / thèse inequalities hold with absolute
constants C C(ir/4).

Since
1 + 2 Zfc&apos;(z) 1 + 2

&quot;(1-z)3&apos; fc(z)

Corollary 1 shows that, for feM(\),f belongs to Hp for p&lt;|, while
1/f, zf(z)/f(z) and f(z)/zf(z), belong to Hp for p&lt;l. In each case the norm is

bounded above by a constant depending only on p and A, and for support points
the constants dépend only on p. Since support points are analytic in the closed
disk except for a double pôle at the point on \z\ 1 where f(z) &lt;*&gt;9 and f(z) has

no zéro except for a simple one at the point on \z\ 1 corresponding to the finite
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tip of the slit, the statement about membership in Hp classes for support points is

clearly true. However, the statement about uniform boundedness of norms seems
to be new.

Another case of particular interest is that of p 2 in (6). We state this as a

separate corollary.

COROLLARY 2. For feM(k), A e(0, ir/2) and re(0,l),

£ f(re«) 1-r (7)

Inequality (8) is équivalent to the statement that the functions log[/(z)/z],
feM(k), belong to the mean smoothness class A\j2 [8, p. 78], and, moreover, for
fixed À € (0, ir/2), actually form a bounded set in this class. In particular, the

support points form a bounded set in Aï/2. J. Cima and K. Petersen [7] noted that

\og[f(z)/z]e Aï/2 for fea, but they did not state or prove the uniform boundedness

assertion.
For a long time it was conjectured on the basis of the behavior of the Koebe

function that log[/(z)/z] would belong to Aï/2 for every feS. However, W. K.
Hayman [11] has recently constructed a function feS for which

i: rf&apos;ire&quot;)

f(re&apos;e)

Thus, the simple estimate [18, p. 130]

rf&apos;ire&quot;)

f(re&apos;e)

is best possible in the full class S. Hayman has also constructed (unpublished) a

monotone slit mapping in S for which the intégral above is not

This shows that Corollary 2 and Theorem 1 become false in the limiting case
A ir/2. P. L. Duren and Y. J. Leung [10] showed that log f(z)/z belongs to A\l2
if feS has positive Hayman index, that is, grows sufficiently rapidly. It is not
known whether log f(z)/z belongs to Aï/2 for extrême points of S, but our results
and (2) show that this is indeed the case for /€ €(œ S).
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Corollary 2 has an interesting reformulation. For fe S write

z n l

The &quot;2&quot; is inserted so that yn 1/n when f=k.

COROLLARY 3. For feM(\), A g (0, tt/2), and n 1,2, 3,...,

A well-known argument (see, e.g., [10, p. 38]) shows that coefficient estimâtes
of this form are équivalent to means estimâtes of the form (7). Hayman&apos;s examples
show that Sjn=ij2|7j|2 O(n) is false in the full class S, and even false for
monotone slit mappings not belonging to a class M(k) for some À &lt;rr/2.

Corollary 3 may hâve some bearing on the coefficient problem in the class S.

Writing C C(tt/4), we hâve

COROLLARY 4. Forfea and n 1, 2, 3,...

ïi2h\2^Cn. (8)
j i

I. M. Milin proved [16], [18, §3.5] that in the full class S,

where 0&lt;ô&lt;0.312. It is known that one cannot take 8=0 hère, so that the

Koebe function is not extremal for this inequality. However, Milin has conjec-
tured that perhaps the Koebe function is sharp for a smoothed-out version.

MILIN&apos;S CONJECTURE. For feS,

n k n fc il l7-|y,l2^I Ifk lj l k lj l /

An inequality of Milin and Lebedev (see [9, p. 897]) shows that Milin&apos;s

conjecture implies Bieberbach&apos;s conjecture. In fact, to prove Bieberbach&apos;s conjecture

for the full class S it would be sufficient to prove Milin&apos;s conjecture for
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support points. Our inequality (8), which holds for support points but not for the
whole class S is encouraging since it indicates that maybe the yn are better
behaved for support points than they are in gênerai.

Concerning intégral means inequalities like those of Theorem 1, we mention
that Leung [14] has proved the sharp inequalities

(9)

for / close-to-convex. Brown [6] has solved the corresponding problems for close-

to-convex functions of order |8. In the full class S, standard results show that

\f(rel6)\p de &lt; C(p) f |fc&apos;(reie)|p de

holds for |&lt;p&lt;oo. Such an estimate still holds for f &lt;p&lt;oo, ([18, p. 130], [21, p.
210]), and possibly also for §&lt;p &lt;§, but this is not known. The best constant C(p)
is not known either, except that C(a&gt;) 1, by the distortion theorem. It would be

very interesting to prove or disprove that C(p) 1 for various other values of p.

For example, if the smallest C(2) is larger than one, then Bieberbach&apos;s conjecture
is false.

Sharp order of magnitude estimâtes for Lp means of the logarithmic derivative

zflf do not seem to be known in the full class S except when p oo (the distortion
theorem) and p 2 (discussed above). An estimate for the case p 1 appears in
[18, p. 129].

Our proof of Theorem 1 is based on a représentation theorem for the

logarithmic derivative of functions in M(k). This is obtained in §2. In §3 we use

this représentation to prove that if fe M(k) then zflf belongs to the space &quot;weak

H1&quot;. From this and some considérations involving *-functions it is easy to
conclude the proof of Theorem in §4.

2. A représentation theorem

Let us dénote by A (À), 0&lt;à&lt;tt/2, the subclass of M{\) consisting of functions

for which the omitted arcs are analytic except at infinity and their finite tips,
where they hâve well-defined linear asymptotic directions. A function /eA(À)
has a meromorphic extension to the closed unit disk Â. Its only pôle there is a

double one at the point on \z\ 1 where f(z) &amp;&gt;. The only zéro of /&apos; in Â is a

simple one at the point on \z\ 1 corresponding to the finite tip. At each point on
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the omitted arc it follows from (1) that the angle between the tangent vector and
the radius vector is at most A in absolute value.

W. E. Kirwan and R. Pell [13] proved that the closure of A(tt/4) is contained
in M(tt/4). Conversely, they also proved that certain functions in M(\) are in the
closure of A(A),0&lt;A&lt;tt/2. The Kirwan-Pell arguments, together with a few
embellishments which we leave to the reader, show that

The closure (in the topology of local uniform
convergence) o/A(A) is M(k), 0&lt;A&lt;tt/2.

To state our représentation theorem we introduce the class ^(A) of functions g
which are analytic and zéro free in â, and satisfy

|argg(z)|&lt;A, Vzezl

It is also convenient to introduce a bit more spécial notation. Since feJi(k) is

a monotone slit mapping there are unique real numbers (p1&lt;&lt;p2&lt;&lt;pi + 27r such

that

where w0 is the finite tip. Deflne

Sf(2) e-^-*.W2|^|. (10)

Then Sf is a conformai mapping of A onto the upper half plane. Sf is négative
real on the arc {elip : &lt;px &lt; &lt;p &lt; &lt;p2} on which \f(el&lt;p)\ is decreasing and is positive real

on the arc {eup:&lt;p2&lt;&lt;P&lt;&lt;Pi + 27r} on which |/(eI&lt;p)| is increasing

PROPOSITION 1. ForfeM(\), 0&lt;A&lt;tt/2, we can write

l^ zeM(k),

where Sf is dejined by (10) and g€^(A). Moreover

(11)
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For A =tt/4 and fe A(tt/4) this is a resuit of W. Hengartner and G. Schober
[12, p. 211]. Inequality (11) asserts that the points on dA corresponding to &lt;» and
the finite tip are separated by at least a certain distance which dépends only on A.

Proof of Proposition 1. Suppose first that feA(k). If 0^&lt;p1,ç2 then

f(z)dd{Z)f(z) f(z)dd

exists at z e10. The argument of this number represents the angle between the

properly sensed tangent vector to the omitted arc and the radius vector. Hence,
the number lies in the sector

K(A)={z:|argz|&lt;A}

if &lt;p2&lt;0&lt;&lt;p1 + 27r and in -K(A) if &lt;p1&lt;6&lt;&lt;p2.

Define

g(2)g(Z&gt;
Sf(z) f(z) ¦

Then g is analytic and zéro free in Â and maps dA into K(k). By the Poisson

représentation, g maps A into K(k) as well. Since |g(0)| l it follows that

g e «(A). Since

and |argg(0)|&lt;A, (11) holds.
Next suppose that / is any function in M(\). Since M{X) is the closure of A (A)

there is a séquence {/n} in A (A) which converges to / uniformly on compact
subsets of A. Write

gn€«(À).

The left-hand side approaches izf(z)lf{z) as n-*&lt;*&gt;,zeA. Since &apos;S(A) is a

normal family, a subsequence of {gn} converges locally uniformly to a function g,

which also belongs to &lt;S(A). The Sfn for this subsequence converge locally
uniformly to a function S(z) which is either a conformai mapping of the disk onto
the upper half plane or is constant. We need to verify that S(z) Sf(z). One way
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to do this is to observe that the assumption À&lt;ir/2 forces the séquence of
continua C~(l/fn)(A) to be uniformly locally connectée! [18, p. 283]. It follows
that the normally converging séquence {fn} in fact converges uniformly on Â in
the spherical metric. Monotonicity considérations now imply that the zéro el&lt;f&gt;2n of
Sfn converges to the zéro e1*2 of Sf and similarily for the pôles, so that S Sf, as

required. This argument shows also that (11) holds for /, since it holds for each fn.
We close this section by considering an example. Suppose f(z) z(l — z)&quot;1&quot;*&quot;*,

-7T &lt; a &lt; 7t. Then / maps A onto the complément of a logarithmic spiral for which
the angle between the tangent vector and the radius vector is constantly a/2. The
corresponding représentation is

¦Bfl.
/(z) 1-z •

Thus (p2-&lt;pi 7r-a and g(z) is the constant elot/2.

3. A weak-type inequalHy

The symmetrization theorem [1, p. 143] implies that Lp means of functions

ge^(À) are majorized by those of the conformai mapping [(l + z)/(l-z)]2x/7T. In
particular, if ge^(À) then geHp for p&lt;tt/2A.

Consider now an analytic function F in A of the form

(12)
z

where a, &lt;pl5 &lt;p2£R and g€&lt;S(A). Hôlder&apos;s inequality implies that this function
belongs to Hp for p&lt;(l + 2À/7r)~\ and the example

Hz) _/i+*y+(:

shows that nothing better is true in gênerai. If, however, we impose the additional
condition

then it will turn out that F belongs to Hp for every p &lt; 1, and even more. In the
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case of interest to us F will be the logarithmic derivative of a function in M(X) and
the distortion theorem will imply that (13) holds.

We define a Hardy-type space called weak H1 as follows. F e weak H1 if
(i) FeN+ and
(ii) \{el6edA:\F(eie)\&gt;t}\&lt;br\ Vf&gt;0.

In (i), N+ dénotes the uniform Nevanlinna class [8, p. 25]. In (ii), |E| dénotes
the Lebesgue measure of a set E on dA and b is a constant depending on F.
Define the weak H1 &quot;norm&quot; b(F) of F by

b(F) inf {b : (ii) is valid}. (14)

Clearly, H^czweak H1. We will prove in the next section that weak HX^HP
for every p &lt; 1. The function (1 — z)~l is typical of those which belong to weak H1
but not to H1.

PROPOSITION 2. Suppose F has the form (12) where A &lt;tt/2, and that (13)
holds. Then Fe weak H1 and |b(F)|&lt;C(A).

The gist of the proposition is that (13) forces the F of (12) to grow no faster on

average than its linear fractional part. However, as À t tt/2 the perturbation term
g(z) can become more influential, and for À tt/2 the proposition is almost surely
false, although we hâve not constructed any counter examples. The &quot;2&quot; in (13) is

for convenience. Any bound A would do, and then the constant C(À) bounding
\b(F)\ would hâve to dépend on A as well.

Proof of Proposition 2. We noted above that functions of the form (12) belong
to Hp for small p and hence to N&quot;\ Thus the radial limit function F(el6) exists a.e.

Without loss of generality we may assume that a=ç1 0, so that F has the

form

Y^g(z) (15)

where 0 &lt; &lt;p &lt; 2tt and g g M(k) for some À g (0, tt/2).
Fix t&gt;0 and define

{eie:0&lt;6&lt;&lt;p and |F

We will prove that

C(À)r\ (16)
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A similar analysis proves the same estimate for the arc {eie :&lt;p&lt;0&lt;2tt}, so

that the proof will be finished once (16) is proved.
For n 0,1,2,... define

In {eie : 2—V &lt; 0 &lt; 2-&gt;}, En

One vérifies easily that for eieeln

l~eie
&lt;A2n.

The letter A will stand for an absolute constant whose value can change from
line to line. From (15) it foliows that

Encz{e«eln:\g(e«)\&gt;A2nt}. (17)

Let c^eA dénote the point such that l-|an| (l/2ir) \In\ and aj\an\ is the
center if In. Also, let jutn dénote harmonie measure relative to A for an. A simple
estimate for the Poisson kernel (see, e.g., [2, p. 8]) shows that for every
measurable set B&lt;^In we hâve

From (17) it foliows that

|En|&lt;A \In\ nn({eie:\g(el9)\&gt;A2nt}). (18)

To estimate the right-hand side we need a lemma. For a e A let fxa dénote the
harmonie measure at a relative to A.

LEMMA. Suppose that aeA and that geM(\), 0&lt;À&lt;oo. Then

Va({e16 : |g(eie)| &gt; s})&lt; A(|g(a)| S-yj2\ s &gt; 0. (19)

Proof. Suppose first that A tt/2 and that a 0. Then Re g &gt;0, so that

-M
2tt J-

for 0&lt;R&lt;l. An application of Kolmogorov&apos;s weak 1-1 inequality [20, p. 134]
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to the fonction Re g(Re10) gives

\{eie:\lmg(Reie)-lmg(O)\&gt;s}\&lt;As-\

Since also |Im g(0)| &lt; 1 and

it follows easily that

H0({eie : \g(Reie)\ &gt;s}) ^- \{el6 : \g(Rel6)\ &gt; s}\ &lt;As\

A passage to the limit R l shows that (19) holds when À tt/2 and a 0.

For the gênerai case, let gi(z) g((z-fa)/(l + âz)). By the conformai
invariance of harmonie measure

Va(We : |g(e&apos;*)| &gt; s} ± \{e« : |gl(e&lt;«)| &gt; s}\.

The function g2(z) [gi(z)T/2k\g(a)\-&quot;r/2)&apos; belongs to «(tt/2), and (19) follows
from the spécial case proved above.

Continuing now with the proof of Proposition 2, we see from (19) and (18)
that

Now we use hypothesis (13). It implies that

1-2
e&apos;v-z

2

1- z

It is easy to see that |1 — c^t^A(l — la^l) and that \ellf-ûU&gt;A&lt;p. Hence

Since À &lt;ir/2 we can write ir/2A 1 + e where e &gt;0. Also |/n| 2-n~1&lt;p- So, it
follows from (20) and (21) that

l^r1-*, n&gt;0. (22)



Intégral means of denvatives 343

If t(p&lt;l then, since |E(f)|&lt;&lt;p, estimate (16) is true as long as C(A)&gt;1.

Suppose t&lt;p &gt; 1. Let v be the positive integer satisfying

Then, from (22),

\E(t)\ î
n —0 n =0

The first term on the right equals

c(A)r1,

while the second term on the right equals

£ 2-&quot;&lt;p 21-&gt;=s2r1.
n v

Thus |E(O|^C(A)r~1, as asserted by (16).

4. Completion of the proo!

We first show that a function in weak H1 can behave no worse on the average
than the function 1/(1-z). Because of the way Theorem 1 is stated it is more
convenient to use

\-z k(z)

as comparison function.

PROPOSITION 3. Suppose F g weak H\ Then

J cp(log|F(reie)|)d0&lt;j &lt;p(k&gt;g ^C^J—^

for every &lt;peK and r e (0,1].

Hère b(F) is the weak H1 norm defined by (14).
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Proof. Since FeN+, |F(z)| is majorized by the outer factor in its canonica)

factorization, while |F(eie)| equals its outer factor a.e. Hence, we may assume F is

an outer function. Also, we may assume that b(F) — 1. This can be verified by a

homogeneity argument and the observation that for each constant a &lt;P(x + a)
belongs to K whenever &lt;P(x) does. Thus, we are assuming that

\{eie:\F(el6)\&gt;t}\&lt;t-\ 0&lt;f&lt;œ. (24)

Write

1 + z
log|F(z)|, &amp; 1-z

Let A+ dénote the upper half of the closed unit disk with the origin deleted,

For z rel6eA+ define

i**(z)= sup u(reie)d&lt;p
|E|=26 Je

where the supremum is taken over ail measurable subsets of dA whose measure is

exactly 20. The function u* is defined analogously. By [1, p. 150] the desired
conclusion (23) is équivalent to

u*(z)&lt;v*(z), VzeA+. (25)

Now w* is subharmonic in the interior of A+ [1, p. 141]. Also, m* is

continuous on A+. This is easy to deduce using the fact that u is the Poisson

intégral of its boundary values. Since v(reie) is a symmetric decreasing function of
6 for each r \t follows as in [1, p. 153] that u* is harmonie in the interior of A+,
and continuous on A+. Both m* and *;* are bounded in A+, so, applying the
extended maximum principle [19, p. 77] to the subharmonic function w*-d* in
the upper half of the unit disk with exceptional boundary set {0}, we see that it
suffices to establish (25) for zedA+.

We hâve u*(r) v*(r) 0 for 0&lt;r&lt;l. Since u and v are harmonie in A

(recall F is outer), the mean value property and continuity give, for 0&lt;r&lt; 1,

2ttu(0) u*(fe&quot;*) u*(elnf), i&gt;*(re&quot;0 u*(el7r).

Hence, it suffices to establish (25) for z e10, O&lt;0&lt;tt.
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Let û(eie) dénote the symmetric non-increasing rearrangement of u(elB) [1, p.
149]. From (24) we hâve, for t &gt; 0,

\{eie : u(eie) &gt; t}\ \{eie : û(el°) &gt; t}\ &lt; e

Take 0 e (0, ir]. Let y û(el°). Then

so that

Since cot x &gt; 1/4* for x e (0, tt/4) it follows from the last inequality that

û(el°)&lt;log cot - v(el&amp;), ^

Hence, for O&lt;0&lt;tt/2,

u*(e10) f û(el&lt;p) d&lt;p &lt; f9 u(el&lt;p) dq&gt; u*(el0).

For 7rl2&lt;6&lt;Tr, it follows from (26) that

while

Çtr

log

We hâve thus shown that M*(el0)^u*(e10) for 0e[O, tt], and the proof of
Proposition 3 is complète.

Proof of Theorem 1. Suppose feM(k), 0&lt;À&lt;ir/2. Let

f(z) ¦
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By Proposition 1, F has a représentation of the form (12) and by the distort ion
theorem [18, p. 21] F satisfies (13). Hence, by Proposition 2, Feweak H1 with
norm \b(F)\ less than or equal to C(À). Proposition 3 now asserts that conclusion
(4) of theorem holds for the positive sign. To see that it holds for the négative sign
as well, apply the above reasoning to F(z) f(z)/izf(z) and note that

1 + z zk\z) fc(-z)
\-z k(z) zfc&apos;(-z)&apos;

so that log \zk&apos;(z)/k(z)\ and -log\zk&apos;(z)/k(z)\ hâve the same intégral means.
To obtain (3) from (4) we use an idea of Leung&apos;s [14].

LEMMA. Suppose that ux and u2 are real-valued fonctions defined in Â and
integrable on circles \z\ r. Then, for à+

and equality holds if u1 and u2 are either both symmetric increasing or both

symmetric decreasing functions of 6 for each r.

The proof follows easily from the définitions of the *-function.
Write

log|f(z)|=log zf(z)
f(z)

+ log
f(z)

We hâve

by (4) and the équivalence between *-function inequalities and &lt;p mean in-
equalities [1, p. 150], while from Theorem A it follows that

/. |/(z)\(log—) )•
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The lemma implies that

(log |/&apos;|)*(z) &lt;(log |C(À)fc&apos;|)*(z), z € A\

and this is équivalent to (3) with the positive sign. The same reasoning, with
négative signs inserted, shows that (3) also holds with the négative sign. Hère one
uses the fact that

Hz) h |2log|l-z|2-log =log —— and -logHz) 1 + z

are both symmetric increasing functions.
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