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On classification of immersions of n-manifolds
in (2/i- l)-manifolds

Li Banghe

Abstract Under the assumption of (/,Mn, N2&quot;&quot;1) being trivial, the classification of immersions
homotopic to f:Mn -&gt; N2n-1 is obtained in many cases. The triviality of (/, Mn, p2n~l) is proved for
any M&quot; and /.

Let M, N be differentiable manifolds of dimension n and 2n-1 respectively. For a map f :M~* N,
dénote by I[M, N\ the set of regular homotopy classes of immersions homotopic to /. It has been
proved in [1] that, when n &gt; 1, /[M, N]f is nonempty for any /. In this paper we will détermine the set
I[M, N]f in some cases.

For example, if iV P2n&quot;1, or more generally, the lens spaces 52nn&quot;1 Zm\S2n~1,M is any
orientable n-manifold or nonorientable but n 0,1,3mod4, then, for any /, the I[M,N]f is
determined completely.

When N JR2n~\ the set I[M,N] of regular homotopy classes of ail immersions has been
enumerated by James and Thomas in [2] and McClendon in [3] for n &gt; 3. Applying our results to
N R2n~1 we obtain their results again, except for the case n 2mod4 and Af nonorientable.

When n 3, McClendon&apos;s results cannot be used. Our results include the cases n 3, M orientable
or not (for orientable M, /[M, R5] is known by Wu [4]).

§1. Preliminaries

Suppose M and N are differentiable manifolds with dim M &lt;dim N. Let
Hom (T(M), T(N)) be the bundle over MxN with fibre {orthogonal
homomorphisms :TX(M)-»Ty(N)} at (x, y) and structure group O(dimN)x
O(dim M). For a map f:M^&gt;N, define F : M -» M x N by F(x) (x, /(x)), then F
induces a bundle ®f from Hom (T(M), T(N)).

Dénote the space consisting of ail maps M-*N with the compact-open
topology by NM, and the fundamental group of the path-component of NM

containing / by ^(^J). tt^N^/) opérâtes on the set of homotopy classes of
sections of 3Bf as follows: for a section s0 of % i.e. a map so:M-+
Hom (T(M\ T(N)) covering F, and a homotopy ft:M-*N with f0 / fu by the

homotopy covering property of bundle, there exists a homotopy st:M-+
Hom(T(M), T(N)) covering Ft:M-*M*N, where F,(x) (x,/f(x)), then sx

defines a section of ®f and the homotopy class [sj is the image of [/Je ir^N1&quot;, /)
operating on [s0]. It is known that the orbits of this opération correspond one to
one to the regular homotopy classes of immersions homotopic to / (see [5], [6]).
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136 LI BANGHE

DEFINITION. We say that a triad (f,M,N) is trivial if f:M-*N is a map
and tt^N™, /) opérâtes on % trivially.

LEMMA 1. Suppose dim N&gt;dimM+l, tt^N) is abelian, and irt(N) 0 for
2 &lt; i &lt;dim M+1, then tt^N1&quot;, /) « tt^N) for any f.

Proof. As a set, tti(Nm9 f) consists of the homotopy classes of maps F:Mx
[0,1]-&gt; N with F(x, 0) f(x) F(x, 1) relative toMxd[0,1]. Under the assump-
tions of the lemma, by using obstruction theory, we know that ?r1(iVM,/)
corresponds one to one with HHMx[0, l],Mxd[0,1]; tt^N)), and the later
corresponds one to one with H°(M, /tt1(N))~&apos;ït1(N). It is also easy to see that we
can choose the bijections to be isomorphisms of groups, so tt^N™, f)**tt^N).
The proof is complète.

Let Sn be a sphère of odd dimension. There is a natural action of 2^ on Sn,

where m is any positive integer. Dénote by S^ the quotient space Zm\Sn, then
Sï=Sn and S%=Pn.

THEOREM 1. Let M&gt;dimM+l,/:M^S^ be any map, then (f,M9SZd is

trivial

Proof. There is a natural C°°-flow &lt;Pt on S£ such that, for any fixed x e S£, the
closed orbit &lt;Pt(x), te[0,1] represents the generator of tt^S^) — Zm. For q

1,2,..., m, define /? :Mx[0,1]-^ S^ by /?(*) - 4&gt;qt(/(x)), then fqo=f fl From
Lemma 1 we know that f), /?,..., /tm represent ail the éléments of ^((S^)**, /) «
Zm.

Let 4&gt;t*:T(S^)-&gt;T(S^) be induced from the diffeomorphism &lt;2&gt;t and

s : T(M) —? T(Sm) be any orthogonal homomorphism covering / (representing a

section of 08t), then &lt;Pqt*°s:T(M)-&gt; T(S^) is a homotopy of orthogonal
homomorphisms covering f?. Because &lt;Pq identity, so &lt;Pq* ° s s. This shows

that the opération of 7rx((S^)M9f) is trivial and the proof is complète.

§2. Boltyanskfs theorem

In [4] using Postnikov formula, Wu has calculated /[M, JR5] for orientable
3-manifolds M. But in the gênerai case, in order to classify the sections of % we
hâve to use Boltyanski&apos;s generalization of the Postnikov formula (see [7]).

Let 08 be a fiber bundle over a sîmplicial complex B with fiber F and structure
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group G such that tto(F) ir^F) • • • 7rr_1(F) 0, r&gt;2, and let G be a con-
nected Lie group operating on F effectively and transitively with path-connected
isotropy group F. A section &lt;r0 given on Br+1 (the (r-fl)-skeleton of B) détermines

a F-principal bundle over JBr+1, whose characteristic class in
H2(Br+1&gt; iri(r» is denoted by Y*o. Let a and er&apos; be the sections of 98 over Br+1,
if the first différence Dr(a, a&apos;)eHr(Br+\ 7i&gt;(F)) is zéro, i.e. Dr(&lt;r0,&lt;r)

Dr(a0,a&apos;) Dr, then we can defîne a secondary différence Dr+l Dr+t(o; a&apos;)e

Hr+1(Br+1, 7rr+1(F)). According to Boltyanski&apos;s theorem, a and af are homotopic
on Br+1 if and only if there exists a ArleHrl(Br+\ irr(F)) such that

irl if r&gt;2,

A1UYOb + A1UD2+kt;2A1 if r 2.

Assume that T(M) and f*T(N) are orientable with dimM= n&gt;3,dimN
2n -1, and (/, M, N) is trivial, then I[M, N]f is in one to one correspondence with
the set of homotopy classes of sections of %. S8f has fiber F=V2n_ln and

structure group G SO(2n -1) x SO(n). Let a (akh) e SO(n), b (fcut)) g

SO(n-l),definei(a)=(^ J) g SO(2n -1),/({&gt;)= (^ ^GSO(2n-l), then the

isotropy group F {(i(a)/(6), a)/a g SO(n), b g SO(n -1)}« SO(n) x SO(n -1).
Now we are going to détermine the pairing of iri(r) and 7rn_1(V2rt_1 n) into

irn(V2n-i.n)- Let E2 and En-1 be the cubes of dimension 2 and n -1 respectively
and embed Sn&quot;1={(x1,... ,xn)/Sx2 1} in V2n_1&gt;n by sending fo,...^) to

(^..^Vi^JeV^ such that ^ (1,0,... ,0), v2 (0,1,0,... ,0),...,
un -i (0,..., 0,1,0,..., 0) and vn (0,..., 0, xl9..., x,,). Choose any map &lt;t&gt;

En~1^^Sn~1 carrying dE&quot;&quot;1 into (1,0, ...,0) and homeomorphic on En~1~
dEn&quot;\ then as a map En-1 -&gt; V2n_i,n, &lt;t&gt; détermines a generator of 7rn_1( V2n_1&gt;n)

denoted by [&lt;^]. Let a be a generator of Trn(Sn~1), set /3 &lt;&lt;&gt;*(«)g 7rn(V2n-i,n),

then the pairing of Trn_i(V2n_1)n) and 7rn_i(V2n_i,n) into irn(V2n-i,n) is deter-

mined by

fft ifn&gt;3
C*]-l2ft ifn 3.

Define a(«)=(A^*) J)eSO(n), fc(«)= (A^ J)eSO(»-l), where

then (î(fl(«)), «(»)) and
Vsin 0 cos

SO(2n -1) x SO{n) détermine the two generators of ir1(r)S8Sw1(SO(n)) +

ir1(SO(n-l)), denoted by g and r\ respectively. As in [8] (see p. 80-81) we see
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that pairing -qeir^r) and [&lt;f&gt;]e Trn-i(V2n-i,n) yields

Because the opération of (a, b) e SO(2n -1) x SO(n) on Ve V2n-i,n is defined
by (a, 6) • V aVfc&quot;1, we hâve (i(a(0)), a(0)) • 0(x) &lt;fr(x) for any 0 € [0, 2tt] and

x € E&quot;&quot;1. £ • [&lt;£] is determined by

&lt;J&gt;(x), fc k(6) e dE2, x e En~\
fceE^xedE&quot;-1.

Now ^ can be extended to a map «^:E2xEn~1—&gt; V2n_ln by defining i/r(fc, x)

Let a be a section of %, Le. an orthogonal homomorphism T(M)-*f*T(N)9
then f*T(N) is the whitney sum T(M)(BNf9 where Nf is the normal bundle of a if
we regard cr as an immersion. Thus the principal bundle associated to f*T(N) has

a principal subbundle with fibre i(SO(n))j(SO(n -1)) &lt;= SO(2n -1), where

i(SO(n))j(SO(n -1)) ] a e SO(n)9 b e SO(n -1)}.

Take any sections 7 and 8 of the principal bundles associated to T{M) and Nf
respectively, over M1, the 1-skeleton of M. For a 2-simplex T in M, regarding the
restriction of the principal bundle of % on T as TxSO(2n-1) x SO(n), we hâve
a map h:dT-»SO(2n-l)xSO(n) defined by h(x) (i(y(x))j(8(x)\y(x)). h

defines a section of the F-prineipal bundle determined by cr, over M1. Let
Y2eH2(M, iTtir)) and Wj^H^M, ^(SOCn -1)) be the characteristic classes of
the F-principal bundle and the normal bundle of cr respectively, then from
£-[&lt;É&gt;] 0, tj •[&lt;£] ±p and the relation of h, 7 and ô, we hâve An~2UY2
±An~1UW2r, for any An~2eHn~2(My irn-i(V2n-i,n))- Thus, by Boltyanski&apos;s

theorem, if &lt;r&apos; is another section of &amp;f homotopic to cr on Mn-1, and Dn e

Hn(M, irn(V2n_itn)) is a secondary différence, then cr and cr&apos; are homotopic if and

only if there exists a An~2eHn~2(My irn-i(V2n_i,n)) such that

Ln~2, ifn&gt;3
L&quot;-2, ifn 3.

§3. The orientable case

Following Wu [4], [9], first, we give a more précise description of fi
For n&gt;3, we hâve irn(V2n_lin)«7rn(Vn+2,3)«0,Z2+Z^,Z2iZ4 as n

0,1,2,3 mod 4, and Trn(Vn+lt2)^Z2^Z, Z2 as n«o, Imod2, respectively (see

[10]). Let [tfr]€7rn_1(Vn+lï2)«7rn-.1(V2n~i,n) be the standard generator, then
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&lt;Ma)eirn(Vn+1,2). By the natural fibration Sn&quot;1c Vn+12-*Sn, and the exact
séquence

we see that &lt;/r# is an isomorphism of irn(Sn~l) and the subgroup Z2 of trn(Vn+1&gt;2).
Let c : Vn+12-&gt; Vn+2&gt;3 be the natural inclusion, then 0 c*&amp;#(a), by the natural
isomorphism of irn(Vn+2,3) and ^(Vin-un)- From the following exact séquence

7rn+1(Sw+1) &gt;7Tn(Vn+1&gt;2)^7rn(Vn+23) ?irn(Sn+1),

we know that, except for n 0 mod 4, /3 c*fa(a) is a non-zero élément of order
2 in irn(Vn+23)«7TM(V2n_1,M).

Let p:Z (or Z2) —»Z2 be the mod2 homomorphism and s:Z2-+ irn(V2n-i,n)
the homomorphism defined by s(lmod2) /3. Notice that, in case n&gt;3, W2€
H2(M, Z2) is independent of cr, depending only on /. In reality, it is the stable
normal class of /, we dénote it by W2f.

THEOREM 2. Let M and N be connectée manifolds with dimM n&gt;

3, dim N 2n -1, and f : M -* N a map such that T(Af) and f*T(N) are orientable,

and (/, M, N) is trivial, then

I[M9 N]f**Hn-\M, irn-^V^J)
x[Hn(M9 7rn(V2n-1,n))/s*(p*Hn-2(M, 7rn.l(V2n.Un)Uf¥(W2))

where W2eH2(N,Z2) is the Stiefel-Whitney class, s* and /* are the induced
homomorphism of s and f respectively, and U stands for the ordinary cup product

Proof. The primary différences of sections of % fill Hn~l(M, irn-x(V2n-i.n))f
and the secondary différences of those sections homotopic on M&quot;&quot;1 filî
Hn(M, irn(V2M_1&gt;n)). Now the set of secondary différences of sections homotopic
on M is just

by what we hâve already known from the above.
Because f*T(N) T(M)®Nf, so /*(W2) =W2f+ W2(M), hère W2(M) dénotes

the Stiefel-Whitney class of M. By the Wu formula,

irn_1(V2n_1,n))U

From this, the conclusion of the theorem follows immediately.
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COROLLARY 1. Under the same assumptions as Theorem 1, if n^Omod 4,

I[M, N]f&lt;-&gt;Hn~1(M,Z2). Furthermore, suppose M is closed, then, if n 2 mod 4,
we hâve I[M9 N]f +&gt; Hn~\M, Z2) x Z2 if f*(W2) 0 and /[M, N]f ** Hnl(M, Z2)

if /*(W2) f 0; i/ n « 1 mod 2, we hâve I[M, N]f &lt;e&gt; Hn-\M, Z) x Z4 as /*(W2) €

p*T2(M,Z\ and I[M,N]f«&gt;Hn-1(M,Z)xZ2 as f*(W2)ëp*T2(M,Z), where

T2(M, Z) is the torsion subgroup of H2(M, Z).

Proof. In the case n=0mod4, it is due to ?rn(V2n_1&gt;n) 0. In the case

n 2 mod 4, when /*(W2)^0, by the Poincaré duality theorem, we hâve

p*Hn-2(M,Z2)U/*(W2) Hn(M,Z2)-Z2. For n lmod2, by the resuit of
Massey and Peterson [13], we know that

p*Hn~2(M, Z)U/*(W2) Hn(M, Z2)

if and only if p*(W2)êf*T2(M,Z). Thus, noticing that s(lmod2) j8 is a

non-zero élément in the cases n 1,2,3 mod 4, the corollary becomes clear.

EXAMPLE 1. Let n 4m + 2, m&gt;l, and M orientable and closed, then

/[M, P2n~l]*+Hl(M, Z2) x Hn-\M, Z2) x Z2, because W2(P2n&quot;1) 0 and

EXAMPLE 2. Let n&gt;5 be odd, then I[Pn,P2n~x] consists of 16 éléments.
Because Hn&quot;2(Pn, Z) 0, thus by Theorem 2,

2\n, Z2) x Hnl(Pn, Z) x Hn(Pn, Z4) ^&gt;Z2 x Z2 x Z4.

Now we consider the case n 3. Just as Wu did in [4], we see that |3 &lt;£*(«) is

two times a generator of tt3(V5^^Z. Since ir2(V5i3)^Z is free, according to the
définition of kv2 (see [7]), we know that kv2H\M, tt2(V5&gt;3) 0. If cr and a&apos; are
two sections of @&amp;f homotopic on M2, i.e. D2(&lt;r09 a) D2(oro, cr&apos;) D e

H2(M,ir2(V5j3))«H2(M,Z), for a fixed section a0, then Wl=Wl&gt;e
H2(M9SO(2))~H2(M,Z). So we can dénote them by an élément W2^ in
H2(M, Z). Thus we hâve

THEOREM 3. Let M and N be connected manifolds with dim M 3 and

dimN 5. Suppose T{M) and f*T(N) are orientable, and (/,M,N) is trivial,
then

U [H3(M, Z)/2 W2D U HX(M, Z)],
DeH2(M,Z)

where U stands for the ordinary cup product.
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REMARK. Ail normal classes W2D form a coset of 2H2(M, Z) in H2(My Z),
which is just the inverse image of /*(W2(N)) under the mod2 homomorphism
H2(M, Z) -» H2(M, Z2). Ail D with the same W2D form a coset of the subgroup of
H2(M, Z) consisting of ail éléments of order 2.

EXAMPLE 3. I[P3, P5]-*Z2xZ2xZ.

§4. Nonorientable case

If at least one of T(M) and f*T(N) is nonorientable, Boltyanski&apos;s theorem
does not work. So we hâve to appeal to other methods. The case n 4s is trivial,
because 7rn(V2n-i,n) 0, and only primary obstructions are concerned. In order to
deal with the case n odd, we embed S8f in a larger bundle, in which the original
problem to détermine secondary obstructions turns out to be one to détermine
primary obstructions. To do this, we need some lemmas first.

LEMMA 2. Let n &gt; 3 be odd, i : V2n-i,n -* V2n&gt;n the natural embedding, then

Proof. Let j : V2n_1&gt;n -&gt; V2nn+1 be the natural embedding and p : V2n,n+i -&gt;

V2n&gt;n the natural projection, then we hâve i pj. From the fibrations V2n_lnc
V^^-^S2&quot;-1 and S11&quot;&quot;1^ V2n,n+1-^ V2n,n, we know that /*:irn(V2n-lin)-»
/7rn(V2nn+1) is an isomorphism, and p*:irn(V2n,n+i)-&gt; irn(V2rt,n) is surjective.
Thus i* P*/*-^n(^2n-i,n)^^n(V2n,n) is surjective. This proves the lemma.

Let A be the map Vnk -&gt; VnM which changes the sign of every column, we
hâve.

LEMMA 3. If n 4s + 3, s &gt; 0 fhen A* : irn(V2n-i,n) -&gt; wn( V2n_1&gt;n) is rhe iden-

riry.

Proo/. By a theorem of James (see [12], chapter 13), À*= 1-*V2&lt;&gt;4 where

4:7rn(V2n_ln)-^7rn_1(Sn~2) dénotes the boundary operator in the homotopy
séquence for the fîbration Sn&quot;2c V2n_ln+1-&gt; V2n_ljn, X : Tr^iS*1&apos;2)-* ^(S&quot;&quot;1)

the suspension homomorphism, and i*:7rn(Sn~1)~&gt; irn(V2n_lïn) the induced

homomorphism of the fiber inclusion for the fibration Sn~xc V2n»ln -» V2n-i,n-i-
For n 3, because ^(S1) 0, thus A 0, and A* 1.
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For n &gt; 3, the exact séquence

ir»( V2B_lin) -!+ «w-^S&quot;-2) «¦„_!( V2n_1&gt;n+1)

« « «
Z4 -Z2 2*2

tells us À 0, thus À* 1. The proof is complète.

LEMMA 4. If n=*4s+l, j&gt;1, f/*e« A# w û/î automorphism of nn(V2n-\tn)~
Z2 4- Z2 whichfixes two éléments and exchanges other two éléments.

Proof. From the exact séquence

&gt; ^n-i(V2n_ljn+1)

Z2 0

we know that A is surjective. Now from the following exact séquence

-^irn(V2n_1-B) ?*•„(

8

it follows that i* must be an injection. Thus the image of i*°2°A has two
éléments, and the conclusion of the lemma follows from k%=l-i*°2&lt;&gt;A. The

proof is complète.

THEOREM 4. Letn 4s +1, s &gt; 0, M and N be connected differentiable man-
ifolds with dimM-n and dimN 2n-l. Furthermore, assume that (f,M,N) is

trivial, M closed and f*Wt(N) + W1(M), then

I[M, N]f *»Hnl(M9 «(nw-0) x Z2,

where WX(N) and Wt(M) are the Stiefel-Whitney classes of N and M respectively,
and 3B(?rn_i) &amp; the coefficient bundle associated to &amp;f with fiber irn-i(V2n-itn) ** Z.

Proof. For a fixed section cr0 of 98f the primary différences fill
Hnl(M, ^(irn_!)). Let 38(îrn(V2n_i,n)) (abbreviated to ^(7rn)) be the coefficient
bundle associated to 9Bf. Given a Dn~1GHn~1(M,âS(Trn_1)), the secondary
obstructions Dn(cr, o-&apos;) of ail sections a and a&apos; with Dn&quot;1(a0, cr) Dn~\vm a&apos;)

Dnl fill Hn(M,98(trn)).
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By Lemma 4, we can choose a basis of 7rn(V2n_ljn)~Z2 + Z2 in which A* has

the form: À*(l,0) (0,1), À*(0, l) (l,0) and À*(l, 1) (1,1). Let A0 be an
n-simplex in M, then any n-cocycle with coefficient in 3B(7rn) is cohomologous to
an n-cocycle Ty such that (Ty, âo) y£Trn(V2n-un), (Ty9A) 0 for other n-
simplices i in a triangulation of M including Ao. Now j^W^JV)^ W^M), so
there must exist a loop in M which préserves the orientation of T(M) but reverses
the orientation of f*T(N), or reverses the former but preverses the later. By the
existence of such a loop, we see that Ty+Ky Ty + TXvY must be cohomologous to
0 for any y€irn(V2n_1&gt;n). Thus T(1,o)~T((U), and T(M) T(1,o)--T((U)^0. So

Hn(M,â&amp;(irn)) has at most two éléments.
Now let N&apos; NxR, define f&apos;:M-* N&apos; by f(x) (/(x),0), then ®f may be

regarded as a subbundle of 98f. By Lemma 2, there exists a yoe ?rn(V2n_i,n) such
that i#Yo7^0- For any Dn~leHn~1(M, ^(^.x)), we can choose two sections o-

and a1 of % such that Dn~1(ao,a) Dn~1(aOycrt) Dn&apos;~li and one of their
secondary différences includes Tyo. Thus as sections of 0Br, &lt;j and o-&apos; hâve a

non-zero primary différence. It is obvious that er and a&apos; are not homotopic in %
(see [5]). From this, we concluse that Hn(M, 38(7rn))«Z2 and two sections with
non-zero secondary différence are not homotopic. The proof is complète.

THEOREM 5. Let n 4s 4- 3, s &gt; 0, M and N be connected differentiable man-
ifolds with dimM=n and dimN 2n-l. Furthermore, assume that M is closed

and nonorientable, and (/, M, N) is trivial, then

where ^(tt^x) is the coefficient bundle associated to &amp;f with fibre 7rn_1(V2n_itn)ss

Z

Proof. In virtue of Lemma 3, 3B(?rn) is trivial. Thus, by the assumption that M
is closed and nonorientable, we hâve Hn(M,®(Trn))^Hn(M,Z4)~Z2 for n&gt;3,

and Hn(M, 3B(7rn)) ~ Hn(M, Z) « Z2 for n 3. Now, using the similar argument as

that for theorem 4, the conclusion of this theorem follows.

From Theorems 1,4,5, we hâve

COROLLARY 2. Let M be a nonorientable closed manifold with dim M
&gt;l, then

%+l]«»Hl(M, Zm) xH2n(M, \Z\) x Z2,

where \Z\ is the coefficient bundle of integers determined by T(M).
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