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Heat kernel estimates and lower bound of eigenvalues

SH1U-YUEN CHENG* and PETER LI

§0. Introduction

Let M™ be a n-dimensional compact Riemannian manifold with possibly
empty boundary, dM. We consider the eigenvalues of the Laplace operator on M
with either Dirichlet or Neumann boundary condition. The famous asymptotic
formulas of H. Weyl give

AY2~ A(n)k/V (0.1)
and
pi?~ A(n)k/V ‘ (0.2)

where A, is the kth non-zero eigenvalue on M (with Neumann boundary
condition if IM# J) and u, is the kth eigenvalue on M with Dirichlet boundary
condition. In view of this, it is interesting to investigate if the eigenvalues A, and
L. possess lower estimates which are compatible with the Weyl formulas.

When M is assumed to be a domain in a simply connected non-positively
curved manifold, the answer was obtained in [7, 3], where they showed

w¥?=B(n)k/V
for some constant B(n) which only depend on n. Lower estimates for A, on
general Riemannian manifold were derived in [S5]. However the order of A, was
not optimal, instead he proved

/\2—4 > C(M)kv—2(n—l)/n

where C(M) is a constant depending on M. More precisely, C(M) depends on the
Sobolev constant of M which in term can be bounded from below by the
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328 SHIU-YUEN CHENG AND PETER LI

diameter, d; lower bound of the Ricci curvature, (n —1)K; and the volume of M,
V.

Later in [6], using a completely different method Li and Yau showed that if M
is non-negatively curved then

AY2=B'(n)k|]V

for k not less than a constant that depends on the geometry of M. Also if the
Ricci curvature of M is non-negative, then

A2=B"(n)(k+1)/V

for all k, B'(n) and B"(n) are constants depending only on n. For general
manifolds, lower bounds for small eigenvalues are more complicated. They
proved that

AY2=C'(M)k/V, for all k,

where C'(M) depends on d, V, n, lower bound of the sectional curvature, and
radius of convexity of M. Upper bound in the form

A?2=C(K,d, n)[(k+1)/V]+C(K, n)

was also derived. The constants in this case depends on the quantities described.
In view of the upper estimates for A, and previous results, it is not surprising
to speculate that

A?=C(K,d,n, V) -k

for all k. In fact, the purpose of the work is to show the above inequality. More
precisely, we will prove that

A2 =a(n)CY?kIV

where a(n) is a constant depending only on n, and C,; is the Sobolev constant

from Lemma 1. Together with the estimates of the isoperimetric constant ob-

tained in [2], we conclude that C; has a lower bound depending on n, K, d, and V.
In a case where M is a manifold with boundary, we showed that

u?2=a(n)Cy¥?k/V and AY?=a(n)Cy?k/V



Heat kernel estimates 329

where w, and A, are eigenvalues of the Dirichlet and Neumann boundary
problems respectively. Since C, is equivalent to the isoperimetric constant, when
M is a domain in a simply connected non-positively curved manifold, we
recovered the results in [3].

It is interesting to consider the special case where M is a compact manifold
without boundary of constant —1 curvature. If n =4, we showed that

P2 = a(n)k/ V"t

where a(n) is a constant depending only on n. This inequality is known to be false
for the case n=2 and k=2g—3 (see [8]).

§1. Sobolev inequalities

The standard Sobolev inequality for compact manifold M with or without
boundary asserts that there exists a constant C, depending only on M, such that

[ ro=coing | - aev)" " (L.1)

for any fe H, ;(M).
In this section we will derive a weaker form of (1.1) which is more suitable for
our application.

LEMMA 1. Let M" be a compact Riemannian manifold with possibly empty
boundary. Then there exists a constant C, depending on M such that

L ‘Vﬂz = Cl (J‘M f2>(2+n)/n(JM lﬂ>—4/n

for any fe H, ,(M) which satisfies

Lf=0.

Proof. The proof is divided into two cases.
Case 1. When n=3, in [5] we derived the following weaker form of (1.1),
namely

[ wie=calaen(] i) gy 7] (12)
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for fe H, (M), where a(n) and B(n) are constants depending only on n and
V =volume of M. However if f,,f=0, then the Poincaré inequality gives

L \WF?—MJF (1.3)
On the other hand, it is known that (see [5])
A =y(n)CZV (1.4)

for y(n)=constant depending on n alone. Combining (1.2), (1.3), and (1.4) we
conclude that

L lVfl?‘ZC%a(n)(L |fl2”’("‘2))("~2)m (1.5)

for all f e H, ,(M) satisfying f,, f = 0. The lemma for n =3 then follows by setting
C,=C5 " a(n) and using Holder inequality.

Case 2. When n=2, we will prove the lemma directly from (1.1). The
condition for the constant k € R such that

[ @-wr=ing [ te-ar (16)

is equivalent to
L(g—k)=0 (1.7)

Hence (1.1) can be written in the form

(L IVgI)chéL (g—k)? (1.8)

for any ge H, (M) with kV ={,, g. If we let g=(sgn ) |f|**>, then we have

Gl wrewn) =c; [ie-vee] 1.9
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However, since

[ ] we=] e

and

2__(.‘Mg)2 UM‘gl)z 3/2 < —1 2
vicr= vi([ ey =ve[ g

we have

o] v | p= wp=lely

On the other hand, Poincaré inequality and (1.4) yield

G Ll =2 (L (L )

Hence C,=C% $+2/v(2))"! for the case n =2.

331

(1.10)

(1.11)

LEMMA 2. Let M™ be a compact Riemannian manifold with boundary oM.

Then there exists a constant C, depending only on M such that

L ‘Vf‘Z - Cz(IM fZ) (2+n)/n(L If|>-—4/n

for all fe H, ,(M) with flaM=0.

Proof. The lemma follows from the appropriate Sobolev inequality for Dirich-

let boundary condition, namely

L \Vflzéo(L |f|n,(n_1)\)(n_1),n

(1.12)

for fe H, ,(M) satisfying f/foM=0. Here we use Lemma 6 of [5] instead, which

gives for the case when n=3,

L V2= Coa(n) (L | ﬂ2n/(n—-2))

(1.13)
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By setting C, = a(n)éﬁ and using the Holder inequality, the lemma follows for
n=3.

When n =2, we substitute the function (sgn f) |[f|*’* instead of f into (1.12),
and the rest of the proof follows similarly to that of Lemma 1.

Remarks. It is known that [1], the constants C, and C, are equivalent to the
following isoperimetric inequalities.

(i) Let M be a compact manifold with or without boundary. We define the
constant

A n/(n—1)
I(M) = inf (N)

M Min (VOMY), VM) (1.14)

where the infemum is taken over all codimension-1 submanifolds N which divide
M into two parts, M; and M,. Then

I(M) < Cy=2V""V[(M). (1.15)

(i) Let M be a compact manifold with boundary oM. We define another
isoperimeter constant

A(N)n(n—l)

VD (1.16)

I(M) = inf
where infemum is talfen over all codimension-} submanifolds N which divide M
into two parts, and M is the part such that IM NdM = J. Then

Co=1(M) (1.17)
Together with the proofs of Lemmas 1 and 2, we have

Ci=a(n)I*(M) (1.18)
and

C,za(n)*(M).

When oM = J, it was shown in [2] that I(M) can be estimated from below by
a constant depending only on the diameter = d, volume of M =V, and the lower
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bound of the Ricci curvature of M, (n—1)K. In fact,

v (n+1)/(n—1)
] (1.19)

I(M)=a(n) [_j'g RO dr

where

(—-K) Y?(sinhv—Kr)*~! if K<O0
Fx(r)=4r*! if K=0
(K)~V2(sinh vKr)* ! if K>0

§2. Eigenvalue estimates

We are now ready to derive lower estimates for the eigenvalues. In view of
eigenfunction expansion it is natural to consider the fundamental solutions of the
heat equations with either Dirichlet or Neumann boundary condition. In fact, we
utilize the Sobolev inequalities, i.e. Lemmas 1 and 2, to obtain an upper bound
for the heat kernel and hence lower bounds for the eigenvalues.

THEOREM 1. Let M be a compact manifold with or without boundary.
Suppose A, is the kth non-zero eigenvalue (with Neumann boundary condition if
IM# (J) on M. Then there exists a constant a(n) depending only on n, such that

A2 = o (n)CY2k/V

In particular if M = &, then C}* has a lower bound depending only on d, V, and
K. In which case

k [ V ]n(n+1)/(n—1)
n/22 A D A
L [ry=yme

where Fy(r) has been defined by (1.19).

Proof. Let H(x, y, t) be the fundamental solution of the heat equation
0
O,H(x, y,t) = (Ay —é-t-)H (x,y,t)=0

When oM # &, H(x, y, t) is taken to be the heat kernel with Neumann boundary
condition.
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We consider the function G(x, y, t) defined on M X M X[0, =] by
G(x,y,t)=H(x t)—-—l—
> )’, - ) )’, V
Since H(x, y, t) has the eigenfunction expansion
H(x,y, )= Y e ¢ (x)d(y)
i=0
and also because Ao =0 with ¢y(x)=V "2,
G(x,y,1)= Y, e Mg:(x)di(y).
i=1
It is easy to check that G satisfies the semi-group property
G(x,y, t+s)= L G(x, z,5)G(z,y,t) dz

for x, ye M, and t, s €[0, ®]. Moreover

LG("’ y, ) dy =0

because [y ;(y) dy =0, for i=1. Also

L G, y, )] dy sL H(x, y, 0] dy +1=2

because H(x,y,t)=0 and {,, H(x, y, t)=1.

To prove the theorem, we first estimate G(x, x, t) from above. By (2.3)

G'(x,x, t)= L G'(x,y,t2)G(x, y, t/2) dy = L A,G(x, y, t/2)G(x, y, t/2) dy

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

because 0 =[] H(x, y, t/2) =[},G(x, y, t/2). Integration by parts and the boundary
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condition of G yields

2+n)/n
~G'(x, x, )= L IV,G(x, y, 42)]> dy =2"¥ "Cl(L G(x, y, t/2)> , 27
by Lemma 1 and (2.5). However the semi-group property (2.3) of G implies
-G'(x, x, t)(G(x, x, t))y @™/ =2-4nC, (2.8)

Integrating both sides of (2.8) with respect to t, and using the fact that
G(x, x, t) =(H(x, x, 1) =1/ V) —

as t — 0, we have
g G2"(x, x, ) =2-4"C,t 2.9)

Hence
2
G(x, x, t)<4( fl) g

Integrating both sides with respect to x and using the expansion (2.2), we have

et

e M=a(n)(Ct) ™v2V.

Let t =1/A,, and observe that A;/A, =<1 for i<k, (2.10) becomes

°° k
a(n)()\k) Z e MNho> Z e M= kel
G, i=1

This proves the theorem.

THEOREM 2. Let M be a compact manifold with boundary dM. Then the kth
eigenvalue p, for Dirichlet boundary condition satisfies

n./2 > a(n)cn/zklv
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Proof. The proof here is similar to the above theorem. Instead, we use the
heat kernel for Dirichlet boundary condition and observe the fact that it satisfies
the semi-group property, its L' norm is identically 1, and it has the eigenfunction
expansion. Also Lemma 2 will be used in terms of Lemma 1 for the Sobolev
inequality.

COROLLARY 1. Let M be a compact manifold. Suppose ¢ satisfies Ap =
—A¢, and

() If aM# &, and 3d/dv=0 on oM, then
e <atm(Z )"

(ii)) If oM =, then

ol =atm(5)"
(iii) If IM# &, and if &/aM=0, then
ncbllis(x(n)(é—)"/z

Proof. Clearly the proof follows from (2.9) by letting t = 1/A, we have

© n/2
e“lcbz(x)sg:1 e Mep(x)=a(n) (%) (2.12)

for all xe M.

COROLLARY 2. Let M be a compact manifold without boundary. Suppose
n=4 and the curvature of M is constant —1, then

i V(n2+1)/(n~l)
Ait=a (n)[(sinh B(n)V)"‘"“’]k’

where a'(n), B(n) are positive constants depending only on n.



Heat kernel estimates 337

Proof. By Theorem 1, (1.18), and (1.19), we have

Vn(n+l)/(n——1)—1
)\leza(n)[ ]k

(jg F—1(T) dr)"('H‘l)/(n—l)

However, since

sinhr<cosh r

this gives
. Y+ D=1
S (n)[(sinh d)"‘"“’]k \2.14)
On the other hand, a theorem of Gromov [4] showed that
d=gn)v-1<pmn)v (2.15)

Hence

Y2+ D/n—1)
k

A= a'(n) [(sinh B(n)V)rn*v

has to be proved.

COROLLARY 3 (Lieb, Donnelly-Li). Let M be a compact domain on a
simply connected non-positively curved manifold. Then there exists a constant a(n)
depending only on n, such that

wi?=a(n)k/V

for all k=1.

Proof. This follows trivially from Theorem 2, (1.16) and (1.18). We also
observe that by a standard comparison theorem

n—1\n/(n—1)
M= A (SV (I;") = constant

where A(S"') and V(D") stand for the area of the unit (n —1)-sphere in R" and
the volume of the unit n-disk in R", respectively.
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