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Schwarzian derivatives, the Poincaré metric and the kernel fonction

A. F. Beardon and F. W. Gehring (1)

Dedicated to the memory of Professor Z Nehan

1. Introduction.

Throughout this paper U will dénote the open unit disk in the complex plane C
and D a subdomain of C with U as its universal covering surface. There are many
results concerned with the interdependence of the Schwarzian derivative Sf of a

function / analytic in D, the hyperbolic or Poincaré metric pD in D and the
reduced Bergman kernel KD of D. In this paper we shall give a complète account
of the relationships which exist between thèse quantitites.

If / is analytic in D, the Schwarzian derivative of / is defined by

It is known that Sf 0 throughout D if and only if / is a Môbius transformation in
D. Moreover, the univalence of / is in some sensé related to Sf being small.

As U is the universal covering surface of D, there is an analytic projection p
of U onto D. The hyperbolic metric

in U projects to the hyperbolic metric pD(z)|dz| in D where

Pd(p(z))\p '(z)\ pu(z)> (1.1)

Note that this defines pD in D independently of p. It is known that if Dx a D, then

pr>(z)^pD^(z). (1-2)

The reader is referred to [4] for further détails.

(1) This research was supported m part by the U S National Science Foundation, Grant MCS-77-
02842
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If / is analytic in D, the Dirichlet intégral of / is

Kf)=\\\f'(z)\2dxdy.

We assume for the moment that D supports non-constant analytic functions with
finite Dirichlet intégral (that is, D is not in OAD) and set

L2(D) L2s(D) {/':/ analytic in D, !(/)<<*>}.

Using the inner product

(/,g) jj/(z)Iû)d*dy
D

on L2(D) we construct a complète orthonormal basis {<pn} and define

z, w)=

This is the reduced kernel for D and ît does not dépend on the choice of the <pn.

Again if Dx c D, then

KD(z,z)<KDl(z,z). (1.3)

See [5] and [7] for further détails.
We corne now to the known results. First, Kraus proved that if / is analytic

and univalent in U, then

|Sf(z)|<6Pu(z)2.

Lehto extended this by showing that if / is analytic and univalent in a simply
connected domain D, then

|Sf(z)|<12pD(z)2.

Finally Gehring observed that if / is analytic and univalent in an arbitrary domain
D, then

|S/(z)|<6dist(z,aD)-2. (1.4)
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The constants 6, 12 and 6 hère are ail best possible; see [9] for références and
further détails. Note, however, that

pD(z)dist(z,dD)<l. (1.5)

We shall prove the following resuit and thereby complète this aspect of the

problem.

THEOREM 1. Let f be analytic and univalent in any domain D. Then

\Sf(z)\^12pD(z)2

for ail z in D.

Certain relationships between Sf and KD and between KD and pD are known.
We hâve, for example, the following resuit due to Bergman and Schiffer. (See p.
215, the remark on p. 234, and p. 239 in [6].)

THEOREM 2. Let f be analytic and univalent in a domain D which is not in
Oao. Then

\Sf(z)\^12irKD{z,z)

for ail z in D.

We shall establish the following resuit in Section 2.

THEOREM 3. Let D be any domain which is not in OAD. Then

Ko(z,z)<~Pd(z)2

for ail z in D.

If D is not in OAJD, then Theorem 1 foliows from Theorems 2 and 3. We
obtain the gênerai case in Section 3 by means of a limiting argument. We also

show there that the constants 12, 12tt and 1/tt in Theorems 1, 2 and 3 are ail best

possible if we restrict D to the class of domains of any fixed connectivity n.

The inequalities in (1.4) and in Theorems 1 and 2 are necessary conditions for
the univalence of a function / analytic in D. We conclude this paper by
considering in Sections 5 and 6 the domains D for which similar inequalities are
sufficient to ensure the univalence of /.



Schwarzian denvatives, the Poincaré metnc and the kernel function 53

2. Proof of Theorem 3.

The proof is based on the solution of extremal problems and is essentially
contained in the work of Ahlfors and Beurling [3]. Explicitly, the proof consists of
verifying the following séquence of equalities and inequalities for each fixed point
z in D:

ttXd(z, z) 7r(inf{J(g): |g(z)| 1})"l

-sup{|f(z)|2:/(/)<7r}

< (sup{|f(z)| : |/| < 1, / multiple valued})2

In this séquence, ail functions are supposed to be analytic in D with the meaning
of the penultimate line to be clarified shortly. Of course, it is only necessary to

prove inequalities at each stage. However, the equalities are of independent
interest.

The vérification of the above séquence now follows. The first line is well
known; see, for example pp. 21-22 in [5] or p. 43 in [7].

To venfy the second line, observe first that the map of {g :|g'(z)| 1} into
{/: !(/)<; tt} defined by

yields

ir(inf{J(g) : |g'(z)| îr^supflf(z)|2 :1(/)<7r};

this is ail we need for the proof. Next this inequality shows that

{/:!(/)< 77, f(z)^O}^0

and the map of {/: /(/) < -n, f(z)*0} into {g : g(z)| 1} defined by

f(z)
yields the opposite inequality. Observe now that the third line is trivially true.

The first inequality in the fourth line is contained in [3]; it is the inequality
(11) on p. 105 of [3] and involves only the two largest terms. The fifth and sixth
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lines of the séquence are also suggested in the last paragraph on p. 105 of [3]. We
shall include the détails hère.

By

% <jg(z) {/ : |/| < ij multiple valued}

we mean the class of functions / which are analytic in a neighborhood of the point
z and which can be continued along each path y in D so that |/|< 1. Let p be an

analytic projection of U onto D chosen so that p(0) z. Then <8 consists of ail
functions of the form F°p~1 where F is analytic with |F|< 1 in U and p"1 is the
local inverse of p defined near z with p~1(z) 0. Since % contains the class of
functions / in line 4, it remains only to verify the equality in line 6.

Choose / in %. Then f=F°p~1 in a neighborhood of z where F is analytic
with |F| < 1 in 17. The Schwarz Lemma gives

and as pD(z)|p'(0)| Pu(0), we find that |/'(z)|<pD(z).
This proves that

sup{|f(z)|:/e<£}<pD(z). (2.1)

Now p"1 is in %. Hence if we take / p~l in the above argument, we find that
|/'(z)| pD(z). Thus equality holds in (2.1) and the proof of Theorem 3 is

complète.
An alternative proof is available. The curvature of the metric (irKD(z, z))112

\dz\ is at most -4 (see [12] and, for the annulus, [13]). Theorem 3 now follows
from, for example, p. 16 in [2].

3. Proof of Theorem 1.

We begin with the following resuit on the hyperbolic metric (see Theorem 1,

[10]).

LEMMA 1. Let {Dn} be a nondecreasing séquence of domains whose union is

D. Then

lim pDn(z)

for ail z in D.
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Now given any domain D it is clearly possible to define a nondecreasing
séquence of domains Dn which are not in OAD and whose union is D. Suppose /
is analytic and univalent in D. Then for each n, Theorems 2 and 3 give

and hence by Lemma 1,

\Sf(z)\< 12 \impDn(z)2=l2pD(z)2

for ail z in D. This complètes the proof of Theorem 1.

Remark. The constants 12, 12tt and 1/tt in Theorems 1, 2 and 3 are
ail best possible for domains of each fixed connectivity n.

Proof. Fix n and suppose that \Sf(z)\<bnpD(z)2 for ail n-tuply connected
domains D and ail / analytic and univalent in D. Next let L dénote the

nonpositive half of the real axis and for 0 < r < 1 let B dénote the closed disk of
radius r with center at the origin. Then D0 C —L and Dl Do — B are simply
connected domains, /(z) z1/2-z~1/2 has an analytic branch in Do and

lim |Sf(l)|pDl(ir2 |Sf(l)|pDo(l)-2 12

by Lemma 1. For 0<r< 1 let D dénote any n-tuply connected domain bounded
by L and by (n-1) disjoint continua in B. Then D^DczDq and

bn >lim sup |Sf(l)| podr2 2slim |Sf(l)| pD,(ir2 12
r—>0 r—>0

by (1.2). Thus Theorem 1 is sharp for ail rc-tuply connected domains. It then
follows that Theorems 2 and 3 are also sharp for domains of connectivity n.

4. Géométrie considérations.

We shall need an explicit formula for KD in the case of an annulus. If

-<|z|<r}, l<r<oo,
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then (see [7], p. 55)

rr t -\ i 1-2 V cosh(2nlog|zl)
ttKDi(z, z) z 1 n i \ -

n»! smh(2nlogr)

Note that we also hâve (see [4])

j/f00 cosh(2rlog|z|) j\1/2 _|Z| Uofsinh(2tlogr) d<) " (4J)

We shall not need the next resuit, a localisation principle which reduces the

problem of estimating pD for a gênerai domain to the case when D is a disk or
annulus; nevertheless we feel that it may be of independent interest and we
include it for this reason.

LEMMA 2. Each point z of D is contained in a subdomain Dx which is either

an annulus or a disk and for which

T2Po1(z)<Pn(z)-

Proof. Fix z in D and let B dénote the largest open disk contained in D with
center z; clearly B has radius d dist (z, dD). Next choose a point w in dD with
|w-z| d and let r be the largest positive number for which the annulus

A

lies in D. When no such A exists we take r= 1. In our présent notation, the

sharper form of Theorem 1 in {4] (preceding (2.4) in [4]) yields the following
counterpart to inequality (1.5):

(4.4)

Now suppose that log r<7r/4. As pB(z) 1/d, we find that
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from (1.2) and (4.4). Suppose next that logr>7r/4. Then we can apply (4.2) to
obtain

and we find that

pD(z) 2\logr

from (1.2) and (4.4). The conclusion in Lemma 2 now follows by taking Dx
when log r < tt/4 and Dx A when log r > ir/4.

As an illustration, we use Lemma 2 and (1.3) and obtain

KD(z, z) KD(z,z)
z)2^ PjD,(z)2

'

If Dx is a disk, the right hand side is 1/tt ([5], p. 34): if Dx is an annulus, (4.1) and
(4.3) imply that the right hand side is at most 2/tt (trivially) or 1/tt (by contour
intégration).

5. Criteria for univalence.

Suppose that / is analytic in a domain D which is not in OAD. Then Theorem 2,
Theorem 1 and (1.4) yield respectively the following necessary conditions for / to
be univalent in D:

|Sf(z)|<12pD(z)2,

|Sf(z)|<6dist(z,aDr2.

Moreover the constants 12tt, 12 and 6 hère are ail best possible. It is thus of
interest to ask under what circumstances do there exist constants a, b and c such

that one or more of the inequalities

|S,(z)|<fcpD(z)2, > (5.1)
|S/(z)|<cdist(z,aD)-2J

is a sufficient condition for / to be univalent in D.
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A complète answer to this question can be given when D is simply connected.

In this case, KD(z, z) — pD(z)2 by p. 34 in [5] while
TT

J dist (z, dD)-1 <pniz) <dist (z, dD)~l

by Koebe's theorem and (1.5). Hence

^ dist (2, ÔD)-2<= KD(z, z) - pD(z)2 <- dist (z, dD)-2, (5.2)
7T 7T

and up to multiplicative constants the conditions in (5.1) are équivalent. Thus the
following resuit characterizes the simply connected domains for which any of
the conditions in (5.1) implies univalence. (See Theorem 2 in [1] and Theorem 5

in [9].)

THEOREM 4. Let D be a simply connected domain. If dD is a K-
quasiconformal circle, then there exisis a positive constant b depending only on K
such that the inequality

\Sf(z)\^bpD(z)2 (5.3)

implies univalence for each f analytic in D. Conversely if there exists a positive
constant b such that (5.3) implies univalence for each f analytic in D, then dD is a

K-quasiconformal circle where K dépends only on b.

Hère a set E in the extended plane C is said to be a K-quasiconformal circle if
there exists a K-quasiconformal mapping of C onto itself which maps the unit
circle onto E.

The situation is more complicated when D is multiply connected. In this case

(5.2) is replaced by the chain of inequalities

KD(z, 2)<-Pl>(2)2<- dist (2, dD)-2;

hère we assume that D is not in OAD. Moreover, there is no counterpart for the

first inequality in (5.2). For example, if D is the unit disk U punctured at the

origin, then

KD(2,2)dist(2,dD)2<-|2|2(l-|2|2)-2->0
TT

as 2—»0. Thus the conditions in (5.1) are not équivalent with the first implying
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the second, the second implying the third and the third not necessarily implying
the first.

B. Osgood has recently established the following univalence criterion for
multiply connected domains in [11].

THEOREM 5. Suppose that the components of dD consisî of a finite number of
points and K-quasiconformal circles. Then there exists a positive constant c such
that the inequality

|Sf(z)|<cdist(z,dDr2 (5.4)

implies univalence for each f analytic in D.

Theorem 5 is an analogue for multiply connected domains of the first half of
Theorem 4. Moreover since (5.4) is the least restrictive condition in (5.1), we see

as a conséquence that the other two conditions in (5.1) also imply univalence for /
analytic in D whenever D is bounded by a finite number of points and K-
quasiconformal circles.

Theorem 5 contains two hypothèses about the domain D: first, that each

component of dD is a point or a K-quasiconformal circle and second, that dD has

only finitely many components. We conclude this paper with an analogue for the
second half of Theorem 4 which shows that each of the above hypothèses is

essential. (Cf. Theorem 6 in [9].)

THEOREM 6. Let Dbe a domain which is not in OAD and suppose there exists

a positive constant a such that the inequality

\Sf(z)\^aKD(z,z) (5.5)

implies univalence for each f analytic in D. Then each component of dD is a point
or a K-quasiconformal circle where K dépends only on a. In addition, D does not

separate the boundary components of any circular ring domain with conformai
modulus less than a positive constant m which dépends only on a.

Hère D is said to separate the boundary components of a ring domain R if
D<=^R and if distinct components of dR cannot be joined in C-D.

We postpone the proof of Theorem 6 until Section 6 in order to give first some

conséquences of this resuit.
Suppose that D is not in OAD. Since (5.5) is the most restrictive condition in

(5.1), we see that the conclusions of Theorem 6 hold if either of the other two
conditions in (5.1) imply univalence for / analytic in D. Thèse conclusions hold
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trivially if D is in OAD, since then each component of dD must be a point. (See p.
112 in [3].)

If we combine the above remarks with those following the statement of
Theorem 5, we obtain the following characterization of the finitely connectée
domains for which any of the conditions in (5.1) implies univalence.

COROLLARY 1. Let D be a finitely connectée domain. Then there exists a

positive constant a, b or c such that the corresponding inequality in (5.1) implies
univalence for each f analytic in D if and only if each component of dD is a point or
a K-quasiconformal circle.

Corollary 1 shows that the first hypothesis in Theorem 5 (that each component
of dD be a point or a K-quasiconformal circle) is necessary. We show next by
means of an example that the second hypothesis (that the number of components
of dD be finite) is also necessary.

COROLLARY 2. Let {Bn} be any séquence of disjoint closed disks which lie in
the unit disk U and let

D=U-\jBn.
n l

If
sup hyp area (Bn °°, (5.6)

n

then there exists no positive constant a, b or c for which the corresponding condition
in (5.1) implies univalence for each f analytic in D.

Hère the hyperbolic area in (5.6) is taken with respect to U, that is

hyp area (Bn) J J(l - |z|T2 dx dy.

Proof. The domain D is clearly not in OAD. For each n let Rn dénote the
circular ring domain bounded by dU and dBn. Then D séparâtes the boundary
components of dRn while an elementary calculation shows that the conformai
modulus of Rn is given by

mod Rn - log 1 +- ,n \2 5\ hyp area (Bn)/
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(Cf. p. 8 in [8].) From (5.6) we find that inf mod Rn 0, and the desired conclusion
now follows from Theorem 6.

Now let D be as in Corollary 2. Then the components of dD are ail circles. If
the Bn are chosen so that (5.6) holds, we obtain an example which shows that the
second hypothesis in Theorem 5 (that D be finitely connected) is essential.

On the other hand B. Osgood has shown in [11] that for certain choices of the
disks Bn one obtains infinitely connected circle domains D in which each of the
conditions in (5.1) implies univalence.

6. Proof of Theorem 6.

By hypothesis D is a domain which is not in OAD. We begin with a pair of
lemmas, the first of which yields a lower bound for KD.

LEMMA 3. If wx and vv2 are finite points which lie in the same component of
C-D, then

\z-w1\\z-w2,

for ail z in D.

Proof. Let C dénote the component of C - D containing wx and vv2, and let Cx
and Dx dénote the images of C and D under f(z) (z - Wi)/(z - w2). Then D2
C - Q is a simply connected subdomain of C which contains the domain Dx but
not the point z 0. Hence (1.3) and the first inequality in (5.2) give

KDl(w, w)Kp,(iv, w)^4dist(w,aD2r7^|

for ail w in D1. Then as

we obtain

16tt
f'(z)
f(z)

_W
16tt\\z-w1\\z-

for ail z in D.
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LEMMA 4. If D séparâtes the boundary components of a circular ring domain
R with modulus less than log 2, then there exists a function f analytic but not
univalent in D with

|Sf(z)|<(127rmodK)KD(z,z)

for ail z in D.

Proof. Suppose first that R is an annulus of the form

(6.1)

Since D séparâtes the components of dR, we can find points xx and x2 in D with

-r<xl<-l/r and l/r<x2<r. Let xo j(x1 + x2) and set f(z) (z -x0)2. Then /
is analytic in D with f(xt) f(x2) and Sf(z) -§(z-xo)~2. Next asDc.Rwe hâve

Ko(z,z)>Kr(z,z)>(tt|z|2 sinh (21ogr))"1

by (1.3) and (4.1). Then since log r2 mod jR < log 2, we find that

'x°'<2\r —) <T ' sinh ^2log ^<2mod R*

and we obtain

sinh (2 log r)^ 12. mod R
-xo|/

for z in D.
For the gênerai case we can find a Môbius transformation g which maps R

onto an annulus Rx of the form in (6.1). If fx is the function defined above

corresponding to Dt g(D), then / /i°g is analytic but not univalent in D and

\Sh(g(z))\\g'(z)\2

t mod R1)KDi(g(z), g(z))|g'(z)|2

t mod

This complètes the proof of Lemma 4.
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We turn now to the proof of Theorem 6. By hypothesis there exists a positive
constant a such that the inequality

\Sf(z)\<aKD(z,z) (6.2)

implies univalence for each / analytic in D. Let

/20tt
b max I

Ott i \
— +1,3
a I

and for each point z in C and each r>0 let B(z, r) dénote the open disk with
center z and radius r. We show first that D is b-/oca//y connectée, that is for ail z
and r, points in D fi B(z, r) can be joined in D H B(z, br) and points in D - B(z, r)
can be joined in D-B(z, r/b).

Assume otherwise. Then by Lemmas 1 and 2 in [9] there exist fînite points wx
and vv2 which lie in the same component of C-D such that the function

z- w2

is analytic in D and satisfies the inequality

b — 1

for some pair of points zx and z2 in D. Since b > 3

Now set

.v
27TÎ

Then / is analytic in D with

by Lemma 3. Our choice of b gives 87r|l-c2|<a and thus / satisfies (6.2). But
f(z2) and we hâve a contradiction.

We conclude that the domain D is indeed b-locally connected and hence, by
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Lemma 5 of [9], that each component of dD îs either a point or a K-
quasiconformal circle where K dépends only on b This estabhshes the first
conclusion m Theorem 6

For the second conclusion let R be a circulai* ring domain whose boundary
components are separated by D and suppose that mod R<m, where m

min(log2, a/127r)>0 Then by Lemma 4 there exists an / analytic but not
univalent m D with

\Sf(z)\^(12irmod R)KD(z, z)<aKD(z, z)

Again we hâve a contradiction Hence mod R>m and the proof of Theorem 6 îs

complète

7. Final remark.
The authors hâve just learned that J Burbea has recently established results
similar to Theorems 1 and 3
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