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Quadratic fonns over rings of dimension 1

(Dedicated to Professor K. G. Ramanathan on his sixtieth birthday)

Parimala Raman and R. Sridharan

Introduction

The object of this paper is to study quadratic spaces over commutative
noetherian domains* of dimension 1 in which 2 is invertible. We prove (Theorem 3.1)
that over such a ring, if further, the set of singular prime ideals is finite, then any
quadratic space which contains a hyperbolic plane locally at ail the prime ideals
contains a hyperbolic space of rank 2. The main tool for the proof of this theorem
is a resuit (Theorem 2.1) which seems to be of independent interest, which states
that over a semi-local ring of dimension 1 (in which 2 is invertible), if a quadratic
space contains locally a hyperbolic plane, then it contains a hyperbolic plane. As
an application, we classify (Proposition 4.5) quadratic spaces over k[t2, t3], k a

field of characteristic ^ 2, up to anisotropic spaces and deduce that if fc is a

quadratically closed field, any quadratic space of rank ^3 over k[f2, t3] is

extended from k. We show however (Corollary 4.8) that over R[f2, t3] there exist

anisotropic quadratic forms of rank 5*3 and discriminant 1 which are not
extended from R. This follows from the resuit (Proposition 4.7) that the non free
projective module over R[X, Y] constructed in ([9], Proposition 1) remains non
free over H[X, Y]/(X3-Y2). (This gives incidentally a non free, stably free

projective module over a non commutative ring of dimension 1).

Throughout the paper, unless otherwise explicitly stated, jR dénotes a

commutative, noetherian ring with identity in which 2 is invertible. We sometimes
dénote by q the quadratic space (Rn, q).

We hâve pleasure in thanking Dr. Amit Roy and Dr. Balwant Singh for the
various helpful discussions we had with them while this work was in progress.

§ 1. Some assorted lemmas

We collect in this section some lemmas which are needed in our later sections.
Some of the lemmas are probably well known, but we hâve included their proofs
for the sake of completeness.

* For the falsity of the theorem for nondomains, see, H. Bass "Modules which support nonsingular
forais," J. Algebra 13 (1969).
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LEMMA 1.1. Let R dénote a commutative ring, which is complète with respect
to an idéal I and in which 2 is invertible. If (P, q) is a quadratic space over R such
that (P, q)<8>RR/I contains a hyperbolic plane, then (P,q) contains a hyperbolic
plane.

Proof. Let v, weP®RR/I be such that q(v) q(w) 0 and q(v, w) l. Let
v,wgP be lifts of v, w. Then (Rv + Rw,q \ Rv + Rw) is a quadratic R -space of
rank 2 and discriminant -1 + jjl, fx e I. The élément 1 - \x is a square in R since R
is J-adic complète. Hence {Rv + Rw, q \ Rv + Rw) is a hyperbolic plane.

LEMMA 1.2. Let R be a commutative artinian ring. If (Rn, q) is a quadratic
space which locally contains a hyperbolic plane, then it contains a hyperbolic plane.

Proof. Let 3K,, 1 =^ i ^ r be the maximal ideals of R. We hâve an isometry

Since, by assumption, q®Kw contains a hyperbolic plane, it follows that each

component of the R.H.S. of (*) contains a hyperbolic plane and hence

q®RK/rad jR contains a hyperbolic plane. Lemma 1.2 now follows from Lemma
1.1.

LEMMA 1.3. Let R<^ S be commutative semi-local rings and let S be an idéal

of S which is contained in R. Let A be an Azumaya algebra over R such that
A®RS and A<g)RR/& are both isomorphic to matrix algebras. Then A is isomorphic
to a matrix algebra.

Proof. If, for any commutative ring, Az(- dénotes the category of Azumaya
algebras over the ring, we hâve ([2], Theorem 5.3, p481) the following exact

séquence

Kt Az (S)®KX Az (jR/<£)-» Ki Az (S/S)-* Ko Az (R)

-» Ko Az (S)®K0 Az (R/<S) -> Ko Az (S/S)

In view of ([3], Proposition 6.8, p 120), we hâve, for any commutative ring B,
K1Az(B)^>Q/Z(g>U(B)(BQ/Z<8)SK1 (B). In particular, if B is semi-local, we
hâve SK^B) 0 ([2], Cor. 9.2, p 267) and hence Kt Az (B) -^ Q/Z(g> U(B). Hence

we hâve an exact séquence

Q/Z® U(S)eQ/Z® l/(R/<£) -» Q/Z<g> l/(S/<£) -* Ko Az {R) ->..
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On the other hand, we hâve ([2], Theorem 5.3, p 481) the exact séquence

so that U(S)(BU(R/($)-*U(SI(S) is a surjection and hence KxAz(S)®
Kx Az (R/&) -> Kx Az (S/©) is surjective and 0-> Xo Az (R)-» Ko Az (S)0
Ko Az (JR/S) is exact. If rank A r2, then, the élément A-Mr(R) of Xo Az (JR)

becomes trivial in Ko Az(S)0Ko Az(R/fë) and hence is trivial in K0Az(R).
Hence A(g>RMs(R) -^ Mr+S(R). Since R is semi local, we may cancel MS{R) ([13],
Proposition 3.2) to get A-^Mr(R).

COROLLARY 1.4. Let R be a commutative semi-local domain of dimension
1. Then, any Azumaya algebra over R which is locally isomorphic to a matrix
algebra is isomorphic to a matrix algebra.

Proof. Let JR dénote the intégral closure of jR in its quotient field K. Since

dim R 1, by Krull-Akizuki Theorem, R is noetherian and hence semi-local. The
canonical map Br(R) —»Br(K) is injective ([1], 7.2) and since R is semi local,
A®RK is isomorphic to a matrix algebra. Hence, there exists an intégral
extension S of R which is an R -module of finite type such that A<8)RS is

isomorphic to a matrix algebra. If S dénotes the (non zéro) conductor of R in S,

R/fë is artinian and A®RR/S is locally a matrix algebra. Thus, A®RR/S is a

matrix algebra modulo rad R/fë and hence is a matrix algebra. We now apply
Lemma 1.3 to complète the proof.

Remark. M. Ojanguren, in his paper entitled 'A non-trivial locally trivial
algebra' (J. Algebra 29, 510-512) gives an example of a domain R of dimension 2

and an Azumaya R-algebra which is locally a matrix algebra, but not a matrix
algebra. This example can be semi-localised to show that the above corollary does

not généralise to higher dimensions.

LEMMA 1.5. Let Rbe a commutative ring of dimension 1 for which Pic R is n

divisible for some integer n^l. Then, any Azumaya algebra of rank n2 over R
which is trivial in Br (R) is isomorphic to Mn(R). In fact, more explicitly, if Q is a

projective R-module of rank n, then EndR Q-2» Mn(R).

Proof. Let A=EndRQ, Q being a projective R-module of rank n. Since R
is of dimension 1, we can write Q P(BRn~1 with PePicR. By our assumption,
there exists PxGPicR such that ^nP1^ P. We hâve
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SO that

Mn(R) EndR Rn^>EndR Rn<g>R EndR Pt

(iT(g)PO

§ 2. Quadratic forms over semi-local rings ol dimension 1

THEOREM 2.1. Let R be a noetherian semi-local domain of dimension 1 in
which 2 is invertible. If a quadratic form over R contains locally a hyperbolic plane,
then it contains a hyperbolic plane.

Proof. Let R dénote the intégral closure of 1? in its quotient field K. By
Krull-Akizuki theorem, 1? is noetherian and hence Dedekind. Since R is semi-

local, JR is semi-local and hence is a principal idéal domain.

Let q be a quadratic form over R which contains locally a hyperbolic plane.
Then, q®RK contains a hyperbolic plane and it follows that q®RR contains a

hyperbolic plane, since jR is a principal idéal domain.
Let (jut!,..., jULn)e JRn be a unimodular isotropy of q in ,Rn and let Sfi,^ 1,

vl € R. If S K[juLl5..., fxn, vl9..., vn\ S is finitely generated as an R -module,
hence noetherian semi-local and q®RS contains a hyperbolic plane. Let

S^ qi-Lh, where h dénotes a hyperbolic plane over S.

Let © dénote the conductor of R in S. Since S is finitely generated as an

-module, S ^ 0 and we hâve the following cartesian square

K-* S
1

Since JR/© is Artinian, Lemma 1.2 implies that q®RJR/(£ ^q2J-h where h
is a hyperbolic plane over K/fë. Since moreover q®RS^ qxlh, we hâve

q1<8>RS/&-^q2<8>RS/&. In view of ([2], Theorem 5.1, p 479) there exists a

quadratic form q' over R such that q'^nS^q^ q'^JR/fë^cfo- Let discq
-À dise q' with À g U(R). Since q and q' differ by a hyperbolic plane over S and

JR/fë, À is a square in both S and JR/©. Let qf (vl9..., vn) be a diagonalization of
q' over R. Then (kvt, v2, •., vn) becomes isometric to qx over S and q2 over l?/@.

Replacing q' by (Ài>l5 v2,..., vn) we may assume to start with that discq
— dise q' dise q' • dise h.

Denoting, for any commutative ring B, K&iB), i 0,1, the K^groups of the
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category Q of quadratic spaces over B, we hâve the exact séquence ([2], Theorem
5.3, p481)

The forms q and q'± h map into the same élément in K0O(S)(BK0O(R/&) under
r} and hence the class of q — q'±.h in K0O(JR) is in the image of <£>.

Since S/® is semi local, the canonical map O4(S/©)-^K1O(S/©) is surjective
([14], Theorem 3.1, p317). Let a€O4(S/fë) be such that the class of q-q'±h
in K0O(R) is the image of the class [a] of a under <f>. By définition, 4>[oc]

ql — h±h, where qx is a quadratic 1?-space of rank 4 which becomes hyperbolic
over S and £/(£. We therefore hâve q-q'±h q1-h±h in K0O(R) so that

for some hyperbolic space H over R. Since K is semi-local, we hâve ([12],
Theorem 8.1), qLh^qxlq'. Since dise q =-dise q', it follows that dise qi l.
Since qx is a rank 4 quadratic space of discriminant 1, it follows from ([8],
Theorem 4.6) that such a space is given by the reduced norm of HomA (P, Q),
where A is an Azumaya algebra of rank 4 over R and P and Q projective
A-modules of rank 1. Since by our choice qx is hyperbolic over S and R/&, it
follows that A®RS and A<8>Rl?/@ are both Braner équivalent to ([8], Theorem
4.6) and hence isomorphic ([13], Proposition 3.2) to the 2x2 matrix algebras over
S and J?/(S respectively. Lemma 1.3 now shows that A-2>M2(JR), P and Q are
therefore free and hence qt is hyperbolic i.e. q1 —> h ± h. We therefore hâve

qlh-^q'±h±h and by ([12], Theorem 8.1), q^q'±h, i.e. q contains a hyperbolic

plane.

§ 3. Quadratic forms over rings of dimension 1

THEOREM 3.1. Let R be a noetherian domain of dimension 1 in which 2 is

invertible. Suppose that the singular set Sing (R) of Spec (jR) is finite and non
empty. If (P, q) is a quadratic R-space such that (P, q)®RRp contains a hyperbolic
plane for p e Sing (R), then (P, q) contains a hyperbolic space of rank 2.

Proof. Let S R - Up€spec(R) V- Then S~XR is semi-local and by our assumption
(P, q)®RS~1R contains locally a hyperbolic plane. Hence by Theorem 2.1,
(P, q)®RS~1R contains a hyperbolic plane. Let DePbea unimodular isotropy in
(P, q)®RS~1K. Let K dénote the quotient field of JR. Then, for any p €
Spec (R)-Sing (R), Rp being a discrète valuation ring, since Pp/KvnPp is torsion
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free, ît is projective On the other hand, if peSmg(JR), (KvC\P)v ((S 1JR) v)v
îs a direct summand of Pp, since v is unimodular m P®RS 1R Thus (P/KvDP)p
is projective for any p eSpec (jR) and hence P/KvHP îs projective Thus, Kv DP
îs a totally isotropic direct summand of F of rank 1 which can be completed to a

hyperbolic space of rank 2 ([4], 4 10 1)

COROLLARY 3 2 Let R be an affine domain of dimension 1 over a field k of
charactenstic ¥=2 Then, every quadratic R-space which locally contains a hyperbolic

plane contains a hyperbolic space In particular, the canonical map W(R)—>
W(,RP) is injectwe, W(-) denoting the Wittnng

§ 4. Quadratic spaces over k[t2, r3]

Let k be any field of charactenstic ^2 The conductor of the subring k[t2, t3] of
the polynomial ring k[t] m k[t] is the idéal (t2, t3) and we hâve the Cartesian

square

k[t2, f3] > k[t]
ï 1

k k[t\t3]/(t2,t3)->k[t]/(t2)

We begm by recording some results which we require In what follows we shall
wnte jR fc[f2, r3]

LEMMA 4 1 Pic

Proof We hâve, in view of ([2], Theorem 5 3, p481), an exact séquence

1 -> [/(JR) -* U(k) x U(k[t]) A U(k[t]/(t2) -> Pic (R) -> Pic (fc[f]) x Pic (k) -
We therefore hâve the exact séquence

An élément À + juU g fc[t]/(f2) is a unit if and only if ÀEfc* and then the map
À + juU—>(À, A V) gives an isomorphism I7(k[f]/(t2))—»fc*x k Hence the coker-
nel of t) is isomorphic to k and Pic(JR)-2»fc

LEMMA 4 2 The inclusion k—>fc[t2, r3] induces an isomorphism of the 2-

torsion subgrup of Br (k) onto the 2-torsion subgroup of Br(fc[f2, t3])
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Proof. We hâve ([6], Theorem 2.2) a commutative diagram of exact séquences

(fc)

î î-
l-»Br (fc) -> Br (k)©Br (fc) -»Br (k)-> 1

where the vertical maps are induced by inclusions. The map i/> is an isomorphism
in view of ([13], Cor. 2.5). On the other hand in view of ([1], 7.6) <p induces an

isomorphism of the 2-torsion subgroup of Br(k)©Br(k) on to the 2-torsion
subgroup of Br(k[f])©Br (k). The lemma is now immédiate.

LEMMA 4.3. K^ikWKt2))-^ Z/2Zxk*/k*2

Proof. The inclusion fc-^fc[f]/(f2) and the supplementation e : k[t]l(t2)—> k

defined by s(a + bt) a induce maps K1O(k)-^K1O(k[f]/(r2))AK1O(fc) with
8/ identity so that KxO(k) is a direct summand of KxO(k[t]l(t2)). Since k[t]/(t2)
is local, the projection O2(fc[f]/(r2))->iC1O(k[r]/(r2)) is surjective ([4], Th. 3.5).
We hâve

-{G x

Hence any élément of KxO(k[t]/(t2)) is the class of A or _x
A g (7(fcM/(r2)). Since \0 A / \A 0/

/A2 0 \_ /A 0 \/0 1\/A 0 VVO 1\"1
\0 A-2J~\O A-VU 07\0 A V 11 0/ '

it follows that _2) represents the trivial élément of KjOCkf^/Cr2)) and
V 0 A /

is generated by 1 and _t I, A running through rep-\ 1 U / VU À /
resentatives of square classes of U(k[t]/(t2)). Since U(k[t]/(t2)) \ (U(k[t]/(t2)))2 -^
fc*/fc*2 it follows that K1O(k)-^K1O(fc[t]/(r2)) is surjective and hence an

isomorphism.

LEMMA 4.4. The inclusion k—>R induces an isomorphism
K0O(R).
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Proof In view of ([2], Th 5 3, p481), we hâve an exact séquence

Smce U(k[t]/(t2))IU(k[t]l(t2))2^>k*lk*2, in view of Lemma 4 3, the map
K1O(k)-^K1O(fc[r]/(f2)) induced by the inclusion k^>k[t]/(t2) îs surjective and
hence -n îs surjective We therefore hâve a commutative diagram of exact

séquences

O->K0O(k) -* K0O(k)®K0O(k) -*

the vertical maps being induced by the inclusions From ([5], Theorem 1 1) ît
follows that </> îs an isomorphism Also, smce k[t]l(t2) îs local and

U(k[t]l{t2))IU(k[t]l{t2))2^k*lk*2 <jr is an isomorphism Hence 6 is an
isomorphism

PROPOSITION 4 5 Let k be any field of charactenstic +2 Then, any
quadratic space over R k[f2, f3] is isometnc to qx 1 H(P) or q1lH(Rn), where qt
is anisotropic and P a projectwe R-module of rank^l

Proof Since by Lemma 4 4, X0O(k)^>K0O(jR), any quadratic K-space q is

stably extended from a quadratic space q0 over k Since q®Rk[t] is extended
from q0 and q is isotropic, ît follows that q0 is isotropic and hence contains a

hyperbohc plane Hence q<8)Rp contains a hyperbohc plane for each prime idéal p
of R By Theorem 3 1, ît follows that q contains a hyperbohc space H{P), where
P is a projective R -module of rank 1 Hence we may wnte any quadratic space q

over jR as c^lHCQ), where qx is anisotropic and Q a projective jR-module If
rank Q> 1, then Q P©jRn with P a projective R-module of rank 1 We claim
that H(Q)^>H(Rn+1) In fact, ît suffices to show that H(P®R)^>H(R2)

In fact, more generally, if R is any commutative noethenan ring of dimension
1 for which Pic R is 2 divisible, then, for any P e Pic (R), H(P® R) ^ H(R2) For,
if P=Q®RQ, with QePicR, P®R^>Q®Q and H(Q®Q)
((OieO2)0(OîeOÎ), h) where O^O, Q2^Q We hâve Q,®
Qf-^CQi^RQf)©^-^^2 1S a totally isotropic direct summand of H(Q®Q)
This complètes the proof of Proposition 4 5

COROLLARY 4 6 Let k be a quadratically closed field of charactenstic ^ 2

Then, any quadratic space of rank ^3 over R fc[f2, r3] is extended from k
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Proof. The underlying module of any discriminant module over R is free since
Pic (R)s->k has no éléments of order 2. Hence the underlying module of any
quadratic space over R is free. Every quadratic space q over .R of rank 5^2 is

isotropic, since it is stably extended from fc by Lemma 4.4 and fc is quadratically
closed. Hence if rank q^4, it follows from Proposition 4.5 that it is isometric to
(l)lH(JRn) or H(Rn) and is hence extended from k. Let now q be a quadratic
space of rank 3 over R. Then, since dise q 1, (fc being quadratically closed), it
follows from ([8], Th. 4.9) that q is isometric to the orthogonal complément of 1

in (A, Nrd) where A is an Azumaya algebra of rank 4 over R. From Lemma 4.2 it
follows that A is Brauer équivalent to M2(R) and Lemma 1.5 shows that
AS*M2(R). Hence q is extended.

We conclude by showing that there exist non extended (anisotropic) quadratic
spaces of ail ranks 5=3 over R[f2, f3], where R dénotes the field of real numbers.

The exact séquence of H[X, Y]-modules

0-*P->H[X, Y]2-^H[X, Y]-*0 (*)

deflned by t](l,0) X+i, tj(O, 1)= Y + j gives a projective H[X, Y]-module P
of rank 1 which is not free ([9], Proposition 1). The reduced norm on End^x Y] P

or P give anisotropic quadratic spaces of rank 3 and 4 respectively and of
discriminant 1 over R[X, Y] which are not extended from R([8], Th. 4.6 and 4.9).

PROPOSITION 4.7. The module P P®htx,y]H[X, Y]/(X3- Y2) remains

non-free over H[X, Y]/(X3- Y2).

Proof. The projection of P on the fîrst factor of H[X, Y]2 is a left idéal of
H[X, Y] isomorphic to P. It is generated by ([11], p 143) 1 + ïX + jY-fcXY and
1 +Y2. If we identify H[X, Y]/(X3- Y2) with the subring H[t2, r3] of H[r] by
X-H>f2, Y-*t3, we see that P is isomorphic to the left idéal a of H[t2, r3]

generated by 1 + if2 + jt3 - kt5 and 1 + f6. We prove that this idéal is not principal
which shows that P is not free. Suppose that a is principal. Then it must be

generated by an élément whose degree is 2 or 3 since H[f2, t3] contains no linear
polynomials.

Case 1. Letabe generated by 1 + axt2 + a2t3 with a2 f 0. Then 1 + it2 + jt3-
kr5 (l + b1f2)(l-fa1t2+a2t3) gives a1 + 61 i, a2 j, b1a1 0, bla2 ~k which
together imply ax 0, bx i so that we find k ij - k, a contradiction.

Case 2. Let û be generated by 1 + cM2, a^O. Then l + /f2 + /Y3~fcf5

(l + b1r2 + b2f3)(l + a1t2) gives at L The équation
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leads to cx — i, c2 0, cxi4-c3 0, c3i 1, so that c3 — 1 —î, a contradiction
once again. This proves the Proposition.

COROLLARY 4.8. There exist (anisotropic) non extended quadratic forms of
rank ^3 and discriminant 1 over R[t2, t3].

Proo/. The reduced norm on EndH[t2^ P gives a quadratic form of rank 4 and
discriminant 1 over R[f2, f3]. Since P is not free in view of Proposition 4.7, the

orthogonal complément of 1 in End^y t^ P gives a non extended quadratic form
of rank 3 ([8], Th. 4.9). Similarly the norm form on P gives a quadratic form of
rank 4 and discriminant 1 over R[f2, t3] which is not extended. Non extended
forms of rank ^5 can be constructed out of thèse as in ([8], Proposition 7.3).

Remark 1. Explicit non extended quadratic forms over R[f2, t3] of ranks 4
and 3 can be written down by substituting X t2, Y=t3 in the non extended
matrices over R[X, Y] constructed in [10] and [7]. By the method of [10], it can
also be proved that there exist an infinity of mutually inequivalent quadratic
spaces of rank 4 and discriminant 1 over R[f2, f3].

Remark 2. The ring H[f2, t3] is an example of a (non commutative) ring of
dimension 1 over which we hâve the non-free but stably free projective module P.

In fact P0H[r2, r3]^H[r2, r3]2.
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