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Minimal models for non-nilpotent spaces

W. MEIER

Introduction

Minimal models in the sense of Quillen [12] and Sullivan [15] have become a
standard method to study problems in rational homotopy theory, provided the
spaces involved are simply connected or nilpotent (see, e.g. [1], [3], [11], amongst
others). Recall that a space X of the homotopy type of a connected CW-complex
is nilpotent if 7 X acts nilpotently on 7, X for all i=1.

The purpose of this note is to adapt this minimal model description to more
general spaces of the homotopy type of a CW-complex, and to apply it to basic
problems which are specific to the non-nilpotent situation.

In more detail, for a given CW-complex X we consider regular nilpotent
covers Xy together with the covering transformations, which determine an action
of the group G = 7, X/N on the minimal model of X,. Then we show that the
model of Xy, together with this G-action, describes the “rational homotopy type
of X"’ in a well defined sense, provided that the rational cohomology dimension
of G is =1 (Theorem 2.3). This is the case, e.g. if G is either a finite or a free
group. The proof of our result is based on a paper by G. Cooke [4]. As an
immediate application we get a classification of homotopy types of CW-complexes
having a given rational universal cover and a given finite or free fundamental
group (Corollary 2.7). Moreover we construct minimal models of cell complexes
whose (rational) attaching maps and two-skeleton are given (Proposition 3.1).
This can be applied in particular to homology circles (e.g. higher knot comple-
ments) with infinite cyclic fundamental group. Our main application is concerned
however with the explicit construction of a minimal model for the Q-acyclic
functor A?X ([5], [2]), where X is a CW-complex with Hy(X, Q) of finite Q-type
and with finite fundamental group (Theorem 4.5). Recall that A®X is a Q-acyclic
space (i.e. I:I*(AQX, Q) =0) which is the homotopy fibre of the ‘“‘rational plus
construction” @ : X — Xg (cf. [2], [9]). Moreover @ agrees with the rationalization
of X in the sense of [2] as 7, X is finite. Thus given the rational homotopy type of
X we can read off the rational homotopy groups of A?X from our model, and
hence we get explicit information on 7, X¢. This in turn leads to information on
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Minimal models for non-nilpotent spaces 623

the rational homotopy groups of the plus construction X* of Quillen [13]. The
groups m X" are of geometric interest for any CW-complex X, as they may be
interpreted as certain bordism groups [7]. Moreover a knowledge of mX™ is
useful for the classification of acyclic maps [9].

I wish to thank B. Gray and R. Strebel for helpful conversations and the
referee for pointing out [16].

§1. Homotopy actions on spaces and algebras

In this introductory section we recall some definitions and basic facts, and we
define homotopy actions on graded differential algebras as well as minimal models
of such actions.

(1.1) A homotopy action of a group G on a space X € [ICW, the homotopy
category of connected CW-complexes, is a homomorphism « : G— €(X) from the
group G to the group €(X) of homotopy classes of (free) homotopy equivalences
of X. A homotopy action a of G on X is equivalent to a homotopy action g8 of G
on Y if there exists a homotopy equivalence f: X— Y such that the diagram

&(X)
=

G lzm

[¢]
\%(Y)

is commutative.

Here €(f) is defined by [g]—[fgf '], where [g]le €(X) and f' is any
homotopy inverse of f (cf. [4]).

(1.2) To define similar homotopy actions on algebras we first introduce some
notation. For a treatment of graded differential algebras and minimal models in
the sense of Quillen [12] and Sullivan [15] we refer, e.g. to [3], [1], [11], [8].

DGA is the category of differential graded, augmented, commutative, associa-
tive algebras defined over the rationals Q which are concentrated in non-negative
degrees and have a cohomology differential (of degree +1). We restrict DGA to
algebras A which are homologically connected, H°(A)=Q, and we just call the
objects in this category ‘‘algebras.”

DGLA is the category of differential graded Lie algebras defined over Q which
are concentrated in non-negative degrees and have a homology differential. We
just call objects in this category ‘“‘Lie algebras.”

For the appropriate homotopy categories HDGA, HDGLA of algebras or Lie
algebras respectively, as well as for the pointed versions of each, we refer to [3],

[11], [1].
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(1.3) DEFINITION. A homotopy action of a (discrete) group G on an
algebra A € DGA is a homomorphism a : G— €(A) from G to the group €(A) of
homotopy classes of automorphisms of A.

In the same way we define homotopy actions on Lie algebras. As in the
following completely similar definitions and results hold for Lie algebras, we omit
the corresponding statements.

(1.4) DEFINITION. A homotopy action a of G on A € DGA is equivalent to
a homotopy action B of G on BeDGA if there exists a weak equivalence
(=cohomology isomorphism) f: A— B € DGA such that the diagram

a(g)
—_—

A A

lf lf
B(»)

B B

—_—

for every element g€ G commutes up to homotopy.

(1.5) Remark. If one restricts to cofibrant algebras [3], every weak equival-
ence f: A—BeDGA has a homotopy inverse ([3], 6.5). Hence for cofibrant
algebras the definition of equivalence of homotopy actions on algebras takes a
form analogous to that on spaces. This in particular applies to minimal algebras

([31, 7.5).

(1.6) DEFINITION. A homotopy action a of G on A €e DGA is minimal if A
is a minimal algebra.

(1.7) PROPOSITION. Every homotopy action a of G on Ae€DGA has a
minimal model.

Proof. Choose a minimal model e : M— A e DGA, then we define a homotopy
action B8 of G on M which is equivalent to a: For an automorphism «a(g):
A — A, g€, there exists a map M(a(g)): M— M e DGA (which is unique up to
homotopy) such that the diagram

a(g)
_—

A A
I M(a()) [
M M

—_—
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commutes up to homotopy ([3], 8.7). As the map M(a(g)) is a weak equivalence,
and M is minimal, it is an automorphism of M.

(1.8) For our main result we shall need a relation between homotopy actions
on spaces in [ICW and such actions on algebras in DGA. This is established by
certain functors in ([3], §8). First recall that there are (adjoint) functors
F:HDGA—HY¥ and M:H¥—HDGA, where H¥ denotes the homotopy categ-
ory of connected simplicial sets. By taking the geometric realization we can
replace this category by IICW. Note that these functors have also pointed
versions. Let now a : G— €(X) denote a homotopy action where X € IICW. Then
applying the functor M we get a homotopy action B:G— €(My), where My
denotes a minimal model of X. Vice versa, a homotopy action 8 of a group G on

an algebra A e DGA gives rise to a homotopy action @ of G on the space
F(A)e & (or in TICW).

§2. Differential algebras and non-nilpotent spaces

In this section to any space X € [ICW we associate minimal models in terms of
homotopy actions on suitable algebras. In the main result (Theorem 2.3) we give a
criterium on the fundamental group of X, which allows a description of the
“rational homotopy type” of X via minimal models. This generalizes the minimal
model approach of Quillen and Sullivan given for the homotopy theory of rational
nilpotent spaces. As an immediate application we get a classification of spaces
with a prescribed rational universal cover and suitably given fundamental group.

Let X € IICW be given. Then to X we associate minimal models as follows:
Consider fibrations (up to homotopy)

Xy—X—K(m X/N, 1) (2.1)

where Xy is a nilpotent (e.g. a simply connected) covering space with respect to
the nilpotent normal subgroup N of w,X. The covering determines a free
topological action (and hence a homotopy action) a of G =m X/N on Xy. By
taking a minimal model B of this action we thus have associated a minimal model
to X (depending on the group N). By fibre-wise rationalization of (2.1) we get a
fibration (up to homotopy)

Xnoy— X—K(G, 1). (2.2)

Now suppose that XN(O) is of finite Q-type, i.e. the Q-vector spaces H, (X; Q),
n=1, are finite dimensional. Then the Sullivan or Quillen model of this space
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allows to reconstruct the homotopy type of XN(O) in a precise sense: In this case
the functors F and M restrict to adjoint equivalences (cf. [3] for minimal algebras
and [1], [11] for minimal Lie algebras). We now ask for conditions which allow to
reconstruct, in a well defined sense, the fibre homotopy type of (2.2) (and hence
the homotopy type of X) from the minimal model B: G—>é(My,) of X.

Let B:G—B(|F(My)|) be a realization of this action, where Y =X, and
|F(My)|| has the same homotopy type as Y,,. Then to obtain Y, as a covering
space of X out of the action 8 we have first to turn B8 into an equivalent free
topological action y:G—%(Y,), where Y, =Y,,. If this can be done in a
unique way (up to equivalence of homotopy actions) we say “B:G—&(Mx, )
determines the rational homotopy type of X.” Our main result now gives a
sufficient condition when this is the case.

(2.3) THEOREM. Let X be a space in IICW and let Xy, be a regular nilpotent
cover with respect to the nilpotent group N. Suppose that Xy is of finite Q-type and
that G = m X/N has rational cohomology dimension <1. Then the associated
minimal model B:G— € (Mx,) determines the rational homotopy type of X.

(2.4) Remark. There is a similar result valid for MX replaced by a Quillen

model of Xy. If X, is simply connected no finiteness condition on X, is necessary
[12].

Proof of Theorem 2.3. Let again denote the realization of B by B:G—>
Z(|F(My)|) where Y= Xy. Then to $ there can be associated a lifting problem
[4]

’,WBG(Y(O))
lB" (2.5)
K(G, 1) —=— K(8(Y), 1)

Here G(Y) denotes the space of free self-homotopy equivalences of the space Y.
It is an associative H-space with m,G(Y)=%é(Y). The identity component is
denoted by G,(Y) and there is an exact sequence of H-spaces

G,(Y)— G(Y)— m,G(Y).

Since mBgy,— ™ K(€(Y), 1) is an isomorphism, there is a lifting over the
two-skeleton of K(G, 1) which is unique on the one-skeleton. Then it follows
from the methods of [4] that the action B8 can be turned into a unique topological
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action equivalent to B if and only if the lifting problem (2.5) has exactly one
solution (up to homotopy). This is the <case in particular if
H"(G,{m,_,(G(Yo,)}) =0=H""YG, {m,_,(G(Y))}) for all n=3. This in turn
is satisfied if G has rational cohomology dimension =<1. Note that one can replace
any topological action by an equivalent free topological action by taking a product
with a contractible free G-space W: In the notation as before set Yo, = Yo, X W,
where B': G—%(Y!,) is a topological action equivalent to B, and let G act on
Y, via the diagonal action. Hence under the conditions of Theorem 2.3 there is a
well defined quotient space \_’(0)/ G =~ X associated to the homotopy action S.

(2.6) Remark. In [15] Sullivan has given an algorithm which computes the
groups m;G,(Y,,) for a rational nilpotent space Y, (with suitable finiteness
assumptions).

(2.7) COROLLARY. Let X cIICW be a simply connected rational space, and
let G be either a finite or a free group. Then there is a one-to-one correspondence
between spaces Y e ICW having a universal cover equivalent to X and with
fundamental group G, and the set of equivalence classes of homotopy actions
o :G—>E(Ly), where L denotes the Quillen minimal model of X.

§3. A minimal model for cell complexes

In this section we indicate a construction for a Lie algebra model of any cell
complex whose two-skeleton and all higher (rational) attaching maps are explicitly
known. As an immediate application we get an algorithm for the computation of
rational homotopy groups of such spaces. This even works if the Lie algebra
model thus constructed doesn’t completely determine the rational homotopy type
of X (in the sense of Theorem 2.3).

Let X be a space in [ICW. Then we first consider the universal covering
X — X of X, where X =X/m and 7= m,(X). If f: A— X is a map of a simply
connected space A into X, a universal covering space for X U;CA can be
constructed as follows: One maps 7 X A into X by choosing a lifting f:A=X
and by sending (g, a) into f,(a)=g - f(a), g€ m. Then the mapping cone of the
map X A— X thus defined is a universal covering space of X U;CA. Note that
the map fg is not base-point preserving, but is (freely) equivalent to such a map if
A and X are based. For an inductive construction of a Lie algebra model of X we
start with C@X?, where X" denotes the n-skeleton of X and C9X denotes the
fibre-wise rationalization of the fibration (up to homotopy) X—X—K(G, 1). We
suppose that 7,(X)®Q as a w-module is known. (This is the case, e.g. if either =
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is a cyclic or a finitely generated free group, cf. [6].) Then the inductive step is
given in the following

(3.1) PROPOSITION. Let f:S""'— X, n=1, be a lifting of the attaching map
fof an (n+2)-cell to X. If a:w—>€(Lg) is a minimal model of X, the minimal
model for X U;e"*? is quasi-isomorphic to B:m7—%(L), where B is defined as
follows: L =Lg I Ugcr L(yo41)y (L(y,.,) denotes the free Lie algebra on the
generator y,.,), and the differential d of L is given by d|, _ = d, the differential in L,
and d(y,.1); =8 X,, where g-x,eH,(Lg)= 7,1 (X)®Q is represented by
fg : S"*1 — X. Moreover the action of w on L is given by the action on generators.

Proof. If = is finite this is a consequence of ({11, Proposition 8.11, or [1]) and
the construction of the universal cover of a mapping cone as given above. If 7 is
infinite one restricts the map 7 X $"*!— X to finite subcomplexes of 7 x S™*' and
applies ([11], Proposition 8.11) again. Since homology and homotopy commute
with direct limits we get the result.

(3.2) EXAMPLES. (1) If X is a pseudo projective plane, i.e. the mapping
cone of a map f:S'—S! of degree q,q=2, then the action of 7, X=2Z/q on
X =\/,_, S? is explicitly known. The pseudo projective planes are basic examples
of rationally acyclic spaces (i.e. He(X;Q)=0). If p=2, i.e. if X is the real
projective plane, this space is a two-stage in the sense of [5], [9]. For p =3 the
universal cover of X can be described as the space obtained from 3 closed discs by
identifying boundaries. A covering transformation will be given by a cyclic
permutation of the discs followed by a rotation by 2#/3. Therefore the Lie
algebra model of X is given by a :Z/3— € (L), where Ly is the free Lie algebra
on generators a, b of degree 1, and the action is given by a(a)=b, a(b)=—a—b.
As an interesting application of this description of the rational homotopy type of
X one can show that the action of 7, X on m;(X)®Q is non-trivial for infinitely
many dimensions i. This means that the Q-acyclic decomposition ([5], [9]) of X is
infinite.

(2) If X is a compact homology circle with 7, X =7 we can use (3.1) and (1.7)
to get a minimal model, which determines the rational homotopy type of X,
according to Theorem 2.3. Although X is not compact (as 7, X is infinite) the
groups m; X®Q, i =2, are always finite dimensional Q-vector spaces. This follows
from the classical fact that H,;(X; Q) is a finite dimensional Q-vector space (see
Theorem 2.2 of [16]).

As a well known explicit example consider the mapping cone X of 6:S°—
S?v ', given by 2a® —a, where ge m,;S' and a € m,S? are generators. Then one
can show that the minimal model of X is a :Z — (L ), where the action is given
by a(g)(1)=27% geZ.



Minimal models for non-nilpotent spaces 629

§4. The Q-acyclic functor

In [S] Dror has defined an acyclic functor A :IICW—IICW and for any
X € [ICW a natural map a: AX— X such that

(i) AX is an acyclic space, i.e. FI*(AX :Z)=0, and

(i1) The map a is, up to homotopy, universal for maps of acyclic spaces into X.

This notion as well as the step by step construction given in [5] may be
relativized [2] to an R-acyclic functor A® for a subring R of the rationals. If one
concentrates on the case where R=Q and X is a space in IICW with finite
fundamental group and with H'(X; Q) a finite dimensional Q-vector space for all
i, one has a well known relation between H*(X; Q) and H*(X; Q):

H*X;Q=H*X;Q° G=mX,

where H*(X; Q)¢ is the invariant subalgebra of H*(X; Q). This enables us to
imitate the construction of A?X by a step by step construction of a minimal
model for A?X, which determines its rational homotopy type according to
Theorem 2.3. In this way we get an effective tool to systematically compute the
higher homotopy groups of A?X if 7 X is finite.

(4.1) For our construction of a model for A®X we first recall the construction
of ACX itself (cf. [5] in the case R=2Z): A?X may be defined as A%X =
lim A?X, where

> A2X -5 A2 X— -5 AYX =X

is a tower of fibrations as follows:
(i) As m,X is finite it is Q-perfect and we put AX =X
(i) A2X (n>1) is defined as the fibre square

i l (4.2)
v

A2 X —— K(H,(A2,X;Q), n)
Here the vertical map on the right is the universal path fibration and pe
H"(AR_,X; H,(AY_,X;Q))=Hom (H,(A?_,X; Q), H,(A?_,X;Q)) corresponds

to the identity in the latter group. It is immediate from the construction that the
fibre of A2X—>A? ,X is (n—2)-connected. Hence

mA?XRQ=mAXRQ if i=n-2.
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Let now a : G— é(Mx) be a minimal model of X, where G = 7, X is a finite
group and X, the universal cover of X, is of finite Q-type. Then according to (4.2)
we construct a minimal model B8 : G— (M) for A?X as follows: Put 8, =a:G—
é(Mg). For n>1 B,:G—>%(M, ), where Y, denotes ZS\)Z, is obtained as a
pushout

LaW) = Ly(W)

My, «———— L, (W)®L,_,(W) (4.3)
A )P

My,  «————L,(W)

Here W=H, (A% ,X;Q)=H"(A2 ,X:Q)=H"(A% ,X;Q)°. Moreover 7 cor-
responds to p in diagram (4.2) under the isomorphism

[L.(W), My]=H"(Y;Q®W™*  (cf.[8], p. 20) (4.4)

for a simply connected space Y of finite Q-type. (L,(W) denotes the symmetric or
exterior algebra on W as to whether n is even or odd, and L,(W)®, L,,_,(W) is
an acyclic algebra.) Hence we obtain

THEOREM 4.5. Let X in IICW be a space with finite fundamental group and
with universal cover of finite Q-type. Then o
(a) the Q-acyclic space A?X has a minimal model a: G—%(M,), Y =A°X,
which determines the rational homotopy type of A?X, and
(b) a may inductively be constructed as follows:
(1) ay=B:G—E(Myg), where B is a minimal model of X
(ii) for n>1 «,:G—>E(My ), Y,FZ?)/(, is isomorphic to G—&(M),
where M=M, ®.L, (W), W=H"(Y,_;Q)°, and the differential d in
M is given by d(a®1)=dy,a®1 and d(1Qw)=1w®1, aeMy . Herert
corresponds to p in (4.2) via (4.4). Moreover the G-action on M is induced
from the action on Mx and is trivial on new generators.

(4.6) Remark. If o, : G—%€(M) is not already minimal we have to replace it
by a minimal model (cf. [8], §8), so as to be able to read off the homotopy groups
of A2X as the generators in the model.

§5. Explicit computations and examples

As we may see from Theorem 4.5, an effective computation of the homotopy
groups of A2X depends on the possibility of an effective computation of



Minimal models for non-nilpotent spaces 631

infi"(f\/‘,?_\l)/( ;Q)°, the invariant subalgebra of the cohomology algebra of
AQ_ X If X is such that m, X = G acts trivially on mX®Q for all i =2, the space
A®X is rationally trivial. So the first interesting case arises if we have a non-trivial
(=non-nilpotent) action of the finite group G on 7, X®Q for exactly one
dimension n=2. Then the computation of mA?XQ®Q reduces to that of
mACY®Q, where Y is a two-stage Postnikov system

K(Q,n)—Y—K(G,1) (5.1)

with Q a finite dimensional Q-vector space, and n=2 (cf. [9], [10]). If n is even
we have H*(Y; Q)= H*(K(Q, n); Q)€ =S(Q)®. According to Theorem 4.5 this
leads to the classical problem of computing invariant elements generating the
subalgebra S(Q)€ of the symmetric algebra S(Q) (see [14] for a recent exposition
of this beautiful topic). Assuming Y is of the form (5.1) with n even one can
express m; ACX®Q in a range in terms of the cohomology ring H*(Y; Q)=
S(Q)€. The fibration (5.1) is determined (up to fibre homotopy type) by the
G-action on Q, i.e. by a rational representation w:G— Aut(Q), and without
restriction of generality we can assume that w has no invariant elements except 0
(cf. [10]). Moreover we restrict to the case n =2 as the general case of even
numbers n is similar. Then we have

(5.2) PROPOSITION. Let K(Q, 2)— X—K(G, 1) be a fibration determined by
a finite dimensional rational representation w: G — Aut (Q) of the finite group G.
Suppose furthermore that @ has no invariant elements except 0. Then
(a) mA?X=0Q and mA®X=m,,X{ for i>2
(b) mXe=HYK(Q2,Q° mX4=0, mXs=HK(Q,2),Q°,
;X = coker &g, meXo=ker 8g, and myX( =coker 8.
Here &,: H(X; Q)— (H«(X; Q)® Hy(X; Q));, i =10, is the geometric diagonal.

(5.3) Remarks. (i) This result could directly be obtained by (tedious) computa-
tions based on Theorem 4.5.

(i)) In principle there is a similar expression of m,,Xg depending only on the
cohomology ring H*(X; Q). For higher dimensions however one can not expect a
general description of mX{, entirely in terms of H*(X; Q).

Proof. Statement (a) is immediate whereas (b) follows from the EHP-sequence
(3.8) in [1]

8!41 -
o H (X5 Q) — Al — 1) — mXg®Q— H(X; Q) —> - - -
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Here A (i) = (Hy(X$; Q) ® Hy(X3; Q)):. and the sequence is valid for i =9 as X
is 3-connected.

As an illustration of our description of A?X by a minimal model we explicitly
determine it in the following simple example:

(5.4) EXAMPLE. Let w:Z/2— Aut (Q), Q=Q?, be the representation given
by w(1, 1)=(-1,-1). Then H*(X; Q) = H¥(K(Q, 2); Q)*?*= Py[u, v, w]/(uv — w?)
with deg u =deg v =deg w =4. From (5.2) we see that m,A?X =Q?, m,A?X =
Q? and w(,A®X =Q, and by a method of [10] one can even show that these are
the only non-vanishing homotopy groups. Hence

M. Qx=S(a, b)®E(a, B, y)®S(5)

where dega=degb=2, dega=degB=degy=3 and deg 6 =6. The action
w:Z/2— %(M;(\L;() is given by w(a)=—a, w(b)=—>b and is trivial on the other
generators. For the differential we have to follow up the construction as given in
Theorem 4.5: One finds that da = a?, dB = b?, dy = ab, dé = a*3— aby.

(5.5) Remarks. (a) Following this pattern it is straightforward to determine
models for the Q-acyclic spaces studied in ([10], §4). Moreover, using the
algorithm as given in Theorem 4.5 one can do explicit calculations of mA?X
beyond the range given in (5.2) in many cases where the method of [10] doesn’t
apply. It is not clear however what is the actual range where Theorem 4.5
explicitly works, since it is not known to what extent one can explicitly determine
generators of invariant subalgebras of cohomology algebras.

(b) In principle one could also determine m,A®X by a Serre spectral sequence
argument, again using Dror’s construction of A?X, However, beyond computing
cohomology algebras explicitly, this depends on the possibility of passing from
cohomology to homotopy and vice versa. Therefore our approach seems to be
much more adequate as our model keeps the entire cohomology and homotopy
information on A2X simultaneously.
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