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Comment. Math. Helvetici 55 (1980) 559-575 Birkhauser Verlag, Basel

The coefficients of quasiconformality of tori in n-space

KaAr:r Hac

Introduction

Let D and D’ be domains in R", n=3, the one point compactification of

euclidean n-space R". Next let f be a homeomorphism of D onto D’. With each
such f we can associate two dilatations

MGW) o M)

D=2 "My P M) M

Here M(I') denotes the n-module of the curve family I, see [13], and the suprema
are taken over all families I' of curves which lie in D with M(I') #0, . These
dilatations satisfy the inequalities

K()=Ko(H"',  Ko(H=K(H)"" (2

and reduce simultaneously to 1 if and only if f is a conformal mapping, i.e. a
Mobius transformation since n =3. The mapping f is quasiconformal if one, and
hence both, of the dilatations is finite. Moreover, when f:D— D’ is a
diffeomorphism of domains in R" it is easy to show that

K () =sup DL o LG

G SUP 7, )] G)

where J(x, f) denotes the Jacobian of f at x, while |f'(x)| is the norm of the linear
mapping f'(x) and I(f'(x)) = min {|f'(x)h|:|k| = 1}; [13].

The inner and outer coefficient (of quasiconformality) of the ordered pair
(D, D') of domains in R" are defined as

Ki(D, D)=inf K,(f),  Ko(D, D) =inf Ko(f) 4)
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560 KARI HAG

where the infima are taken over all homeomorphisms f of D onto D'. It follows
from (1), (2), and (3) that

1SKI(D’ D’)a KO(D» D,)SOO
K{(D, D)= Ko(D', D) (5)
K\(D, D')=K& (D, D).

The problem of characterizing domains with finite coefficients and that of deter-
mining these coeflicients are rather complicated in n-space. For Jordan domains
some results in this direction have been obtained in [9], [11] and [4]. Gehring [7]
has also determined the outer and inner coefficient when D and D’ are circular
tori in R?, i.e. cartesian products of an open disc and a circle, while Vaisala [13]
solves the problem for spherical ring domains in R", i.e. cartesian products of an
open interval and an (n— 1)-dimensional sphere. In the present paper we first
extend Gehring’s result in 3-space to n-space, the circular tori being cartesian
products of an open (n— 1)-dimensional ball and a circle. Next we consider the
more general case when D and D’ are the cartesian products of an (n— k)-ball
and a k-sphere. Both the inner and outer coefficients are determined, see
Theorem 4.

The standard procedure for determining the coefficients is the following: (i)
Find a lower bound for K;(D, D') (Ky(D, D')) using appropriate curve families.
(i) Show that this bound is sharp by constructing a diffeomorphism f: D — D’
such that K;(f) (K5(f)), calculated from (3), equals the bound in (i). For the case
of circular tori in n-space we are able to follow this procedure exactly and thus
generalize Gehring’s method in [7]. It may be of interest to observe that some
relations become more transparent in n-space where explicit computations have
to be replaced by more conceptual arguments. For the general case the standard
procedure does not seem to work and we have treated this by introducing surface
families instead of curve families. This method does not appear to have been used
on coefficient problems before.

The results on the outer coefficient appeared in the author’s thesis [10] while
the results on the inner coefficients in the general case are new. The author
wishes to express her thanks to Professor F. W. Gehring for suggesting this
problem and for many helpful discussions.

A word on notation

We refer to [13] for all definitions and notations not explicitly stated.
For each positive integer p let {2, denote the p-dimensional Lebesgue measure
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of B”, and let w, denote the (p — 1)-dimensional Lebesque measure of S?~'. Next,
V,(a) will denote the volume of BP(ae,, 1), a>1, with respect to hyperbolic
density in the p-dimensional half-space containing B”(ae,, 1). Similarly, v,(a) will
denote the (p — 1)-dimensional hyperbolic volume of SP(ae,, 1).

We let (1, 6, x;,5,...,x,) with k=1,2,..., n—1 denote polar coordinates of
x=3",xe in R". Here

0=(0,.0,,...,6), r=0, 0=60,<2m 0=6,<mwm; l=i=k-1.

These coordinates are related by the formulas: x, =r cos 6,, x,=r sin 6, cos 0,,
X3=rsin 6,sin 0,cos O5,...,x, =rsin0,sin 6, - - -sin 6,_, cos 6, Xpi1=
rsin 6, sin 0, - - - sin 6, _, sin 6,. We identify the half-space 6 =0 in R" with R? ¥,
the subspace x,,,= - -+ = x,, =0 in R" with R**'  and speak of the ball B" *(ae,, 1)
in =10, the sphere S* in x,,,=--=x,=0 etc. Finally a domain D in R" is
called a k-torus if it can be mapped conformally onto

T(k,a)=4{(r, 0, xg 5, ..., %) : (r—a)’+xi.,+ - +x2<1} (6)

for some a>1, and we call a its modulus. Note that m, 0=p=n, denotes
p-dimensional Hausdorff measure in R".

Lower bounds for the coefficients of 1-tori

We consider the family of Jordan curves in T = T(1, a) and dT, respectively,
which are not homotopic to 0 in T. Let I'r and I',; denote these families.

LEMMA 1.
(i) M(I7p)=x'""V,_(a)
(ii) MHT(FaT) = chnvrhz(a),
where M°" denotes the (n — 1)-modulus with respect to oT.

Proof. For (i) suppose that p is an admissible density for I';. For each fixed
point x=(r,0, x5, ..., x,)e B" '(ae,, 1) the circular path vy, given by 7v,(6)=
(r,0,x3,...,x,), 0€[0,27m], is in I't (to see this consider for example the
projection in the x,, x,-plane). Thus we get, using Holder’s inequality,

2

2 n
1= (J p(r,0,x;, ..., x,,)rd()) S(anr)"'lj; p"rdé
0
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and integrating over B" '(ae,, 1) we obtain

2T
j o™ dm, = j (j prrdo) dm, =7V, (@) 7)
R" B" !(ae,;, 1) 0

and hence M(I'y)= 7' ™"V, _,(a). On the other hand consider the function p,
which is equal to 1/27r in T and 0 in C(T). Then |, p, ds =1 for all y e I’} since
ds =rd6 and vy intersects the half space 6=t for all t€[0, 27w). Clearly p, gives
equality in (7) and we conclude that (i) is valid.

To prove (ii) we argue in exactly the same manner: Suppose that p is an
admissible density for [,;. The circular path, generated by revolving x =
(r,0,x5,...,x,)€dB" (ae,, 1), is in I',;. Hence, by Holder’s inequality

2

2m n—1
1= (I p(r, 0, x5, ..., xn)rd0> _<~(27-rr)"“2j p" 'rdo
0

($]

and thus

J p" tdm,_ =m*"v, »(a). (8)
0T

Next p,:0T—[0, =) given by py(x) = 1/27r is admissible and gives equality in (8).
Thus (ii) follows.

PROPOSITION 1. Given 1<a<b, let D, D' be 1-tori of modulus a and b,
respectively. Then

Vn—l(a)
V;~1(b)

vnwz(a) ] 1/(n—2)
vn—~2(b)

(i) Ko(D,D')=

(i) K;(D,D")= [

Proof. We may assume that D =T(1, a), D'=T(1, b) as in (6).

(i) This follows directly from (1), (4) and Lemma 1(i).

(i) By the Boundary Correspondence Theorem [9], [10] (see also Notices
Amer. Math. Soc. 19, A-317, 1972) each quasiconformal mapping f: T(1, a) -
T(1, b) can be extended to a homeomorphism of T(1, a) onto T(1, b) and the
induced boundary mapping f4 is an (n — 1)-dimensional quasiconformal mapping
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with K;(fs) = K;(f). Moreover

aT(1.a) P
K’ (f*) = KO (f*)l/(n‘Q.) > [M (FHT(l’a))jI

MaT(l’b)(FaT(l,b))
by the surface versions of (1) and (2). Thus (ii) follows from (4) and Lemma 1(i1).

Remark. The above procedure is Gehring’s method in [7] carried over to
n-space. It is not hard to see that we instead of the curve family I',;- could have
used the curve family “perpendicular’ to this one, i.e. consisting of Jordan curves
in dT which are not homotopic to 0 in CT. It turns out that this fam'ily is the right
one for further generalisations.

Modulus inequality for surfaces

In this section we give some results on surfaces which will be used to obtain
lower bounds for the coefficients in the general case.

We shall follow Agard [1] and restrict ourselves to the following class of
‘“parametic p-surfaces” in R": We say that a continuous mapping from some open
set G in R, 1=p=n-1, into R" is (a locally p-dimensional) quasiconformal
surface if there exists for each u,€ G a neighborhood U = U(u,) such that o has
the properties (i), (ii), (iii) and (iv) below in U.

(i) The partial derivatives of o are absolutely continuous on lines ([13]) and
L*-integrable.
(i) o is totally differentiable a.e.

Ao,y ...y 00)]2\?
Ja _ ( iy > 7Y ) 0 a.cC.
(iif) J,(u) il<Z<ip o)l ) T

(iv) There exists a constant Q = Q(U) such that

lo'(W|P <QJ,(u) a.e.

In defining the modulus M(Y) we declare a non-negative Borel measurable
function p in R" to be admissible for a family of quasiconformal surfaces 3 if
So, (poo)PJ, dm, =1 for all o€ 3. We denote the class of admissible functions by
A(2), and we then set

M(3) = inf {Ln p"dm,,: peA(Z)}.
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This is an example of the more general n/p-module of a system of measures
defined by Fuglede [3]. In particular M is monotone, countably subadditive and
has the ‘“‘minorizing property.”

By Theorem 6 in [1] we have

THEOREM 1. Suppose that f:D — D' is a quasiconformal mapping of do-
mains in R", and that X is a family of quasiconformal surfaces in D. Then there is
a family 3,< X, with M(3 — 3,) =0, of mappings o such that o* = foo is quasicon-
formal surface and

M(Zo) = Ko (M(Z?).

Remark. This theorem holds for surfaces satisfying only conditions (i) and (iv)
(slightly rephrased) as proved by Reimann [12] and pointed out by Agard [1]. For
quasiconformal surfaces Agard has also established the modulus inequality for
surface area based on Lebesgue area while it is not yet established with respect to
Hausdorff measure.

We want to establish the analogous result for quasiconformal mappings of
smooth hypersurfaces in R". For this we first generalize the concept of the
modulus to families of surfaces in an (n — 1)-dimensional C'-manifold S in R": If
3 is a family of surfaces in S, then the modulus of 3 wrt to S is given by

MS(:):infU ! dmn_lzpeA(Z)}.

S

Next, suppose f:S — S’ is a homeomorphism of (n — 1)-dimensional C'-manifolds
in R". For each £¢>0 and each point p on the manifold we have an R"-
neighborhood U and a bi-Lipschitzian diffeomorphism i,: U — U’ such that i,
maps the manifold into R*™" and Ky(i,)<1+e¢, see 17.12 [13].

Now for x € S, let x' = f(x). We say that f is quasiconformal if there exists a
K, 1=K <, such that for each £ >0 there is a corresponding map g, =i,.ofoi."
satisfying

sup Ko(g,)<®,  esssupKo(g.)=K+e.

xeS

The smallest K=1 for which the above is true is called the outer dilatation of f
and is denoted by K,(f). The inner dilatation K;(f) is similarly defined and as
before f is said to be quasiconformal if one (and hence both) of the dilatations is
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finite. There are several characterizations of these concepts, see [9], [10]. We shall
only need the following result.

THEOREM 2. If f:S— S' is a quasiconformal map then

K — e sup LD
uf(x)
where
. ( )__ ( ) . n— (Sﬂén(, )
L(x, f)=1lim sup u‘%—_—%ﬂ 5(x) = lim sup Tnnjljc(s N B”(x)f rr))) '

Furthermore, f is m,_,-absolutely continuous so that if g:S'— [0, =] is a Borel
function then

L gdm, ;= L (g o f)nf) dm,_,.

Before we can prove the surface generalization of Theorem 1 we need some more
preliminary results.

LEMMA 1. If 0: G — R" is a quasiconformal surface and f is diffeomorphism
defined in some domain containing o(G) then fo o is a quasiconformal surface.

Proof. This is an immediate consequence of the definition. In addition to chain
rules we use the fact that f is locally Lipschitzian for (i), and for (iii) the following
lemma (stated for C'-maps for later reference).

LEMMA 2. Given o:G<R° —-R" and a C'-map f in R" of a domain
containing o(G). Then f'= O,D0O, where O,, O, are orthogonal matrices and

D =diag (d,,...,d,) with 0=d,=---=d,, and at points where o is differentiable
we have

J%OG——-JE,{ Y (Hd%)oi} with ) 02=1

vyeC(n,p) ‘ievy vyeC(n,p)

where C(n, p) is the set of naturally ordered subsets of p elements from the integers
{1,2,...,nk

Proof. See proof of Lemma 0 in [1].
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LEMMA 3. Given o: G < R” — R" and a nonnegative Borel function f. Then
J f(x)my(o, x, G) dm,(x) = J flo(u))J,(u) dm,(u)
RrR" G

whenever o is m, — a.e. differentiable with equality if o is m,-absolutely continuous.

Proof. See p. 38 [1]. The proof is based on Theorem 5.3 [2] and the validity
of the area formula for Lipschitzian maps.

LEMMA 4. Suppose that S is an (n— 1)-dimensional C'-manifold in R" and
that i:U— U’ is a bi-Lipschitzian map, i.e. there exists a C>( such that
C'ly—x|<|f(y)—f(x)|<Cly—x| for all x, yeS. Assume further that i(SNU) is
a domain D < R""', that 3 is a family of quasiconformal p-surfaces in S \ U and
let 3'={ico:0€3}. Then

C»Z(n‘l)MS(Z) SMP(E’) < C2(n—1)MS (2)

and M®(X)=0 if and only if M¥(3")=0.
Proof. If pe A(X') then Cpeie A(Y) since J.,, =CPJ, by Lemma 2. Thus

M=o

S

(pei)" 'dm,_,= Cn—IJ p" M Ji_ydm,_,

P

by Lemma 4. The first half of the inequality follows. The second half is proved in
exactly the same manner.

THEOREM 3. Suppose f:S— S’ is a quasiconformal mapping of (n—1)-
dimensional C'-manifolds and let 3 be a family of quasiconformal surfaces in S.
Then there is a family 3,< 3, with M(2 -3, =0, of mappings o such that
o* =fo0o is a quasiconformal surface, and

M®(Zo) = Ko ()M (Z3).

Proof. Given x€ S let i,.: U, — U, and i,.: U, — U/ be the diffeomorphisms
introduced earlier. In particular g =i.cfoi,' is a quasiconformal map. Let o,
denote the restriction of o to o' (U,), set 3, ={o,}, and consider i.(3,) under g,.
By Theorem 1 followed by Lemmas 1 and 4 there is a family 3, ,< 3, with
MY (3, -3, =0 of mappings o, such that o¥=foo, is a quasiconformal
surface. Next let {U,} be a countable covering of S and let 3=
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{oceX:(QieN)(o, €2, —2, )} It follows from the countable subadditivity and
the “minorizing property” of M that M®(3,)=0. Hence we can choose 3,=
X —2,. To prove the inequality let p’e A(X}) and define p:S — [0, =] by p(x) =
p'(f(x))L(x, f). For each o€ 3, we obtain

j (0o o), dm,,:j o' (F(a(W)PL(a (W) )1, (u) dm, ()
G G

= (e )W)y ) dmy ()= 1.

Thus pe A(2,) and

MS(E(,)SJ

S

ot dm, = [ o0 Lk ) dm, ()

=Ko(f) | 0" 'ujdm, =Kol (o) dm,.,

by Theorem 2. Since p'e A(3)) was arbitrary we have the desired modulus
inequality.

Lower bounds for the coefficients of k-tori

In addition to the Lemmas 2 and 3 we shall need the following lemma for our
considerations.

LEMMA 5. Let f:T(k, a)— T(k, b) be a quasiconformal mapping of k-tori,
and let fy:0T(k, a) — dT(k, b) be the induced boundary mapping. Then

() for m,_,-a.e. x=(r,0, X 4y,...,%,)€B" ¥ (a, 1) the map f restricted to the
spheres S, = S*(r)+ x; o€, + *  + x,e,, is m, -absolutely continuous.

(i) for my-a.e. xeS* the map fy restricted to the (n—k—1)-spheres S, =
oB"*(a, 1)+ ax is m,_, -absolutely continuous.

Proof. The proof of Theorem 8 in [1], which is based on a method used by
Gehring [5], uses the fact that every quasiconformal mapping in n-space has finite
linear dilatations at each point. From Lemma 1 p. 12 [8] it follows that the same
is true for quasiconformal boundary mappings. The proof of Theorem 8 [1] can be
carried over with the obvious modifications except for the following

COVERING LEMMA. Let E be a subset of a sphere S, as in (i) or (ii). Then
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there exists for each t>0 a sequence of open n-balls B,, B,, ..., B, (9= q(t)) such
that
(i) E< U1 B;NS,
() UL,B;NS,<E(t)={yeS,:dist (y, E)<t}
(iii) No point in R" lies in more than N of the B, where N is independent of t. (In
particular no point of S, lies in more than N of the B;N S,.)

Proof of covering lemma. Fix t>0 and pick a finite sequence y,, y,,... as
follows: Let y, be an arbitrary point in E. If B"(y,, t) 72 E pick y,€ E— B"(y,, t).
If [B"(y,, t)UB"(y,, t)]? E pick y;€ E—-[B"(y,, t) UB"(y,, t)] etc. The process
must stop after a finite number of steps, i.e. there exists a g such that
Uj-1 B"(y;, t) 2 E, since for each q' the union %, B"(y, t/2) is disjoint and so
q'm,(B"(y,, t/2)NS,)=m,(S,) where p=k in the case (a), p=n—-k—1 in the
case (b). This proves (i) and (ii). To prove (iii) let y be an arbitrary point in R". If
y € B"(y;, t) then B"(y;, t) = B"(y, 2t). Again, by considering the B"(y; t/2) we see
that if y belongs to N’ of the B"(y;, t) we must have N'(2,(#/2)" = ,(2t)" and so
N'=4".

PROPOSITION 2. Given 1<a<hb, let D, D’ be k-tori of modulus a and b,
respectively. Then

Vn~k(a)

Vn—k(b)
'vn-k_l(a)]""""‘“’
L‘Un~k—1(b)

[Vi(a)
LV1(b)

(i) Ki(D,D")= , k#n-1

KI(D’ D,)Z

n—1
] , k=n-1.

Proof. We may assume that D = T(k, a) and D'= T(k, b) as in (6). Let f be an
arbitrary quasiconformal mapping of T(k, a) onto T(k, b).

(i) We consider for each xe B" *(ae,, 1) such that f restricted to S, =
Sk(r+x.,,++x,e, is my-absolutely continuous the spherical projection
o R* — S*(r)+ x; 10612+ - * - + x,e,. The hypothesis of Theorem 1 is satisfied for
f: T(k, a) — T(k, b) and the family 3 of the o, above. Thus (i) is established if we
can show that for some positive constant ¢

(@) M(3)=cV,_(a)

(b) M(ZF)=cV,_i(b).

Proof of (a): Suppose that pe A(2). In this case (punctured spheres) we can
perform the surface integration using Hausdorff measure, cf. Lemma 4. Fixing a
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parametric o, we get by Holder’s inequality

n/k
1_<_(J pkr"dmk) Swi"""’"r“—kj p"rk dm,.
Sx

S,

Integrating over B" *(ae,, 1) we obtain

j p"dm, = J (J p"r* dmk) dm, _,
R" B" k(ae,. 1) ‘IS,

> 2n~kw§(kﬁn)/n Vn—k(a)

and hence (a) with ¢ =2" k™"

Proof of (b): The function p which is equal to 1/w;/*r in T(k, b) and 0 in
CT(k, b) gives [gnp" dm, = cV, _(b).

It remains, however, to prove that pe A(Z¥). Denoting the orthogonal
projection of R" onto R**! by P it follows directly from the definition of J, that

[ et eoti am=] Fopeoti., dm,

Next, let S be the central projection of R**'—{0} onto S*, i.e. S(u)= w/|u|. The
derivative of S with respect to the natural orthogonal system based on spherical
coordinates has matrix D =diag (0, 1/r,..., 1/r). Thus from Lemma 2

1
L (pk o P (o) O';k).]po(r;« dmk Z;’ L ]SQPOO,; dmk.
k k k

Now, the function SoPo g’ is m,-absolutely continuous as a composition of
m, -absolutely continuous functions. Lemma 3 can be applied and we conclude

1
[ @reotin, am=—
k Wi Y(SoPoo?)(RY)

dm, =1
where the last inequality follows from simple topological considerations: By
assumption oF(R*) (one point compactification of o¥(R")) is not contractible in
T(k, b) and hence o¥*(R*) meets all the (n—k)-dimensional half-spaces 6=
constant. Thus (S ¢ P)(c¥(R¥)= S* and (S < Poo’)(R*) is S* possibly punctured
at one point.

(ii) For k# n— 1. Consider the induced boundary map fy:9T(k, a) = dT(k, b).
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Since K;(f¢)=K;(f) by the Boundary Correspondence Theorem [9]. [10] and
K (fs) = Ko(f%') it is sufficient to show

vn_k_ma)]"“"*'“”

Ko(fs )Z[vn_k_l(b)

We associate with each x € S* such that f3' restricted to S, =aB" *(b, 1)+ bx is
m,,_,-absolutely continuous the spherical projection o :R" % '—S§ . The
hypothesis of Theorem 3 is satisfied for fy':0T(k, b) — dT(k, a) and the family X
of the o, above. We now follow the procedure from (i) and note that (ii) is
established if we can show that for some positive constant ¢

(a) MPTED(S) = cv, oy (b) WO THD

(b) MPTED(SH) = v,y (@) HOkD,

Proof of (a): Suppose pe A(2). Fixing a parametric surface S, we get by
Holder’s inequality

(n—-D/(n—k—-1)
1< (J‘ pn~k—\ dmn‘k~]> Szkvn—kv—l(b)k/(n—k—])J’ pnwlrk dm,,_k_l
S

X SX

and hence
J pn“] dmn—l 2zhkwkvrv—k—l(b)ﬂk/(n—k_1)-
T(k, b)

Proof of (b): The function p which is equal to v,_,_,(a)"""* " P@2r)"" in
dT(k,a) and 0 in CoT(k, a) gives forua P ' dm,_; =2 U,y (@) " *D,
Again it remains to prove that pe A(Z¥). Consider the polar projection
P(r, 0, x5, ...,%,)=(r,0, X442, ..., x,). It follows that

| et dm =] e P ot dm

n-k—1

Since the function Poo¥ is m,_,_,-absolutely continuous Lemma 3 can be
y

applied and we conclude as before that the value of the integral is larger than 1.

(ii) for k=n—1. The tori are spherical rings and we get the bound by
considering the family of curves which join the boundary spheres, see Theorem
39.1 [13].
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Extremal mappings

We show that the lower bounds given in Proposition 2 are sharp by construct-
ing a pair of extremal mappings. In this construction we make use of the
symmetry properties of the domains and the fact that the bounds are given in
terms of hyperbolic volumes.

To be more precise, first let g,, g, be Mobius transformations of the (n —k)-
dimensional half-space R’} * onto the unit ball B"* so that g,(B" *(ae,, 1)) =
B" *(c), g.,(B" *(be,, 1))=B" *(d) for some ¢, d<1 (c>d). Next suppose we
are given a diffeomorphism h:[0,c¢)— [0, d). We use h to define a mapping
f: T(k,a)— T(k, b) in two steps as follows:

(i) k:B" *(c)— B" *(d) is defined by

X h(xl) if 0<l|x|<c

k(x) =X |x|
0 if x=0
(i) g;'okeog,:B" *(ae,.1)— B" *(be,. 1) is extended in the obvious way to
f: T(k, a)— T(k,b), i.e. f(ro0. x5 ....%,)=(".0, x5 ..., x!) where
(r'. xhin, ... xl)=g5" okog(r X as..., X,)

LEMMA 6. For f:T(k,a)— T(k,b) constructed from a diffeomorphism
h:[0, ¢c)— 1[0, d) as above the following holds
(1) If h has the property

max (—}—l—(tt—) h()> —1—%—?— for te(0,c) (9)
then
1 t o\ k11— h()*\" 7k
Ko)= 380,70 (rnig) Lo )
(i1) If h has the property
max (11—f(’) h()) RO o 120, 0) (10)

then
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Proof. The function f is a diffeomorphism and the dilatations are given by the
formulas (3). By symmetry it is enough to consider points in B" *(ae,, 1) and
hence in B" *(ae,, 1)— g, '(0). Thus the problem is to determine the semi-axes of
f'(x) when xe B" *(ae,, 1)—g;'(0).

We have f|B" *(ae,,1)=g5;'okog, and we set v=g,(x), w=k(v), and
y = g>(w). Let us first determine the semi-axes of f'(x) in R" . Since k is a radial
map induced by h the (n—k) semi-axes of k'(v) are h'(|v]) and h(|v|)/|v| where
h(lv])/|v| occurs (n —k — 1) times. Thus returning to the map f the corresponding
semi-axes of f'(x) are

18500 h(lv])
18500l vl

| g5 (x)|
|g5(y)l

h'(jv|) and

Next, suppose that x and y = f(x) have polar coordinates (r, 0, x; ;5. ..., x,) and
(r',0, yeias - .., y,) respectively. Then the last k semi-axes are

P do,_2r _|gi(o)] 1w’

rdo, 2r |gh(x)| 1—|v?

where the last equality holds since

1 g1 ()|
2r 2" TGP

both represent the density function for the hyperbolic metric in R7 .
The results follow by substitution in (3).

THEOREM 4. Given 1<a<b, let D and D' be k-tori of modulus a and b,
respectively. Then

| V()
(l) KO(Da D)_ Vn_k(b)
(i1) n_ [vi(a) ] B
KI(D’D)_Lvl(b)] for k#n-—1
n_ [Vila) " o
K'(D’D)__Vl(b)] for k=n-1.

Proof. We may again assume that D = T(k, a), D'= T(k, b).
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(1) It is sufficient by Proposition 2 and Lemma 6 to construct an h satisfying (9)
and so that

1 (1_;,(02)"-'( t )ZV__M_) (11)

R\ 1-1 h(t) V,_(b)
Setting L=V, _,(a)/V, _.(b) we can also write
c Sn—k~l d Snvfkwl
L = e
L (1=s?)" ds/ j (—syt®

where ¢ and d are as in Lemma 6. Let therefore h:[0, ¢) — [0, d) be given by

h(t) Snwkwl t Sn*kwl
L P :I ————ds. 12
L (= C 7L =@ 12

Then it is not hard to see that h is a diffeomorphism of [0, ¢) onto [0, d).
Furthermore. differentiation of (12) gives (11). It remains to show that (9) is
satisfied. That h(t)/t=<1-h(t)*/1—t> is obvious since h(t)<t. That h'(t)=
1= h(t)*/1—1t* is equivalent to

| h(t)2>n—k~1J‘h(t) Sn—k~1 (1 _ tz\)n_k_l J»( Sn_k_l
Ch() (1 2ynk 48= ———d
( h(t) 0 (1”‘52)"—’( dS< t by (1_84)11—!( N

and this follows since

o= () e

is increasing in (0, ¢).
(ii) For k# n—1. We observe that

k
B C Wy k-1 Kk
Un~k—l(a)k/(n k l)wn-kwl<1_cz> = "w Ul(a) .
1

Hence it suffices, by Proposition 2 and Lemma 6, to construct an h satisfying (10)
and so that

o) () - [T - 5]
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Let therefore h:[0, c]— [0, d) be given by

d 2\ k 2 c 2\k
(1—s7) c/l1=d*\*[<(1-s°)

Again h is a diffeomorphism of [0, ¢) onto [0, d). That

h(t)<1—h(t)2
t  1-¢

is trivial since h(t)<<t. It remains to prove that h(t)/t=h'(t) for te(0,c), or
equivalently

{ 1-h() _c1-d°
h(t) 1—-t* d1-c*

For this we observe that (14) implies
d l__ 2\k-1 1_d2 krc 1___ 2\ k-1
L, 5 e=llG=R) [ (5 e
h@y S d\1-c¢ A s
Now, from the above inequality and (14) we obtain
d 2\k 2 — 2 c 2\ k 2\ k—
(1-s?) (1—3)" 1] [c(l—d >]"J’ {(1~s) (1~s>" ‘]
+2 ds=|- +2 ds.
L(,) [ skt s Fla\i=e /] ) e s ’
The integrands equal

gy
kds\ s

and the result follows.
(ii) for k =n—1. Computation shows that f in (i) for k=n—1 is given by
f(x)=(a—1)"Vi@Vi®(p 1) |x|V(@/Vi®)~1x The map is radial and

V.(b) ]"'1'
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