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Comment. Math. Helvetici 55 (1980) 413-426 Birkhauser Verlag, Basel

Cohomologically complete and pseudoconvex domains

MicHAEL G. EAstTwooD! and GIUSEPPE VIGNA SURIA2*

§0. Introduction

An open subset D of a Stein manifold may be studied from a number of
different viewpoints. On the one hand, there are the essentially geometric
conditions of g-pseudoconvexity in various forms and, on the other hand, the
more analytic aspects of Dolbeault cohomology and extendibility of holomorphic
functions or cohomology classes (cf. [1], [2], [3], [4], and [13]).

The object of this paper is to link some of these concepts by an indirect but,
we believe, rapid method using certain natural cohomology classes derived in §1.
It should be mentioned that these classes can be represented directly by means of
certain forms (cf. [5] and [11]) although we shall not use such representatives
explicitly in this paper. After briefly reviewing the various notions of q-
pseudoconvexity in §2 the ‘“‘test classes’ are used in §3 to compare these notions
(Theorem 3.8). In particular, we obtained the interesting conclusion that if D has
C? boundary with H*(D, 0)=0 for p>q then D is g-complete; this gives an
answer to a special case of a conjecture proposed in 1962 by Andreotti and
Grauert [2].

The test classes also turn out to be useful in discussing extendibility questions
for cohomology classes (considered in [3], for example) and such questions are
studied in §3, §4 and §5. An interesting application of these methods gives a
lower bound on the number of analytic functions needed to define an analytic

subvariety just “touching” D in terms of extendibility of cohomology classes
(Theorem 5.7).

§1. The test classes

Suppose R is a commutative ring with identity and f,,f,,...,f. € R. If we
regard these elements as a column vector fe R" = A'R", then we may define the
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414 M G. EASTWOOD AND G. VIGNA SURIA

Koszul complex K'(f) by
K'(f)= N\ (R"), with differential dw = f A w.

There is an analogous construction for a sheaf of rings and n sections thereof to
give a Koszul complex of sheaves X (f).

Now suppose M is an n-dimensional Stein manifold with structure sheaf 0. If
x € M it is always possible [6, Satz 1, p. 91] to find n holomorphic functions
fi, f2, - .., f. such that

{x}={yeMst. fi(y)=f(y)=---=f(y)=0}

If these functions give local coordinates at x (which can always be arranged), then
we shall denote them by z,, z,,..., z, It is easy to see that ¥ '(f) is exact on
M-{x} so we may break it up into short exact sequences:—

0—->ZL(H—=H" " f)=>L_ (/=0 for 0=s=n-2,
where

L.H=0=%"(f) and &, ()=X°(f)=0.

The connecting homomorphisms of the corresponding long exact sequences on
cohomology may be composed to give

o (f) : HP (M —{x}, £, ()= H*™* (M ~{x}, 101 (f)) for k=0
and in particular (if n =2)
o (f): (M, 0)=TI'"(M—{x}, 0)= H* (M~ {x}, £_,(f)) = H**"(M —{x}, Z,(f)).

Hence we obtain test classes a,(g, f)=a,(f)(g) in H*"'(M—{x}, £.(f)) for any
holomorphic function g on M and for 0=s=n-2. If g=1 then we shall denote
these test classes by a(x, f).

If D is an open subset of M then there is (see [12]) a Stein manifold E(D)
called the envelope of holomorphy of D which contains D and is characterised by
the property than every holomorphic function on D extends uniquely to E(D).
E(D) is not necessarily a subset of M because sheeting can occur and in general
E(D) will be a Riemann domain over M with projection 7 : E(D)— M, say. This
notation will be retained for the rest of the paper. A reason for calling the
cohomology classes a,(g, f) ‘‘test classes’ is given by the following theorem:
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1.1. THEOREM. Suppose xe M— D and g is chosen with germ at x not
contained in the ideal generated by the germs of the functions fy,f,, ..., f. (for
example if g(x)#0). Then

x € m(E(D)) ay(g, f) iD?é 0

where a,(g, f) | means the image of a(g, f) under restriction:
H'(M —{x}, £y(f))— H'(D, Z,(f)).

Proof. Follows exactly the argument in [5, Theorem 2.7 | where the case g=1
is proved. [

If H’(D,0)=0 for 1=p=n—1 then it is easy to show that H'(D, £,(f)) =0
for any f defining a point x € M — D and hence (as in [S]) we may deduce that D is
Stein. This suggests that we could use the test classes a,(x, f) |p for 0=s=n—-2to
measure how far D is from being Stein. It follows from the above theorem that
whether «(x, f) |D vanishes or not depends only on x and D, and is independent
of choice of f. We will show that the same is true of a,(x, f) | if we restrict to the
case where f;, f>, ..., f, form a local coordinate system near x. So suppose f is a
general collection of functions defining x€ M — D and z is a collection which give
local coordinates near x. Then:

1.2 PROPOSITION. For any s, o (x, f) |p =0>a.(x, z) |p = 0.

Proof. If $ denotes the ideal sheaf of {x} and 0"*" the sheaf of germs of n X n
matrices of holomorphic functions then

@nxn 3 fn
w W
Al - Az

is surjective, and hence the corresponding map on sections over M is surjective
too by Cartan’s theorem B. This shows that there is a matrix A of holomorphic
functions on M such that Az =f. A may be regarded as a sheaf homomorphism
A:0"—0" and hence gives rise to A:N'O"—>AN'0". A(zArw)=AzAAw=
fAAw so A K (z)—> % (f) is a map of complexes. Less obvious is that A also
induces a map A*:% (f)— ¥(z) which in some sense is adjoint to A. A™ is
defined by *A*= A'+x where A' means A transposed and * is the Hodge
*-operator. We observe that A*:#"(f)— #"(z) is just the identity and hence,
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from our definitions, the induced map A*: H**''(M-{x}, £.(f))—
Hs "M —{x}, £.(z)) takes a.(x,f) to o,(x, z). The same is true over D i.e.
a,(x, 2) |p= A*(a,(x, f) |p). Thus a,(x, f) |p =0 gives o, (x, z) |p =0 as required. [J

1.3. COROLLARY. Whether a,(x, z)|p vanishes or not is independent of
choice of functions z,, z5,...,z,. U

This corollary allows us to simplify notation and write «a,(x) instead of a,(x, z)
in the following definition and for the rest of this paper.

1.4. DEFINITION. The projected q-envelope of holomorphy of D is the set
E,(D)=DU{xe M—Ds.t.a,(x) |p#0} for 0=q=n-2,
and we say D is a-q-complete if and only if D = E_ (D).
By construction a,(x) |p = 0= a,.1(x) |5 =0 so we have
DcE, »,(D)< E, s(D)< - - - < Ei(D)< Eo(D) = w(E(D)),
where the last equality follows from Theorem 1.1. Unfortunately it is not clear that
E,(D) are open except in case q =0 although this does appear to be true in all
cases we have checked.
In what follows we shall compare a-q-completeness with other related proper-

ties of open subsets of Stein manifolds including cohomological completeness and
q-pseudoconvexity.

§2. Hartogs figures and g-pseudoconvexity

Let A denote the open unit polydisc in C" and define for each integer q in the
range 1=q=n-—1 the qth Hartogs figure H, by

q
H,={zedAst.|z]<} for j>qlUU {zedst.3<|z| <1}
i=1

Since each of the sets in this union is Stein it follows that H?(H,, ¥)=0 for p>gq
and any coherent analytic sheaf &. By using this cover and comparing coefficients
in Laurent series expansions it is easy to show that H°(H,, 0)=0 for 1=p<gq
also (see [2, p. 218]).
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2.1. PROPOSITION. E,_,(H,)=A (yet E,(H,)=H,).

Proof. Writing just &£, instead of £,(z) we have H"'(H,, &,) =0 since ¥, is
coherent and so a,(x) |y, =0 for all xeC" - H,, Thus E,(H,) = H,.
On the other hand, consider the exact sequence

H*(H, %" )—>H*(H,, %,_,)—>H*"'(H, £,).

H"*"' is merely the direct sum of some number of copies of @ so
H*(H,, %" *"')=0 for 1=s<q and we can conclude that a(x) IHq =0 implies
o, y(x) |, =0. Thus E,(H,)=E, ,(H,) for 1=s<q and hence E, (H,)=
Ey(H,). However, an application of the Cauchy integral formula shows that the
envelope holomorphy of H, is A so E,(H,)=A by Theorem 1.1. O

In the above proof, E, ,(H,)= E,(H,) was deduced from H"(H,, 0)=0 for
1 =p <q so the same can be said for H, as in the following definition.

2.2. DEFINITION. An open subset H, of M is said to be a general q-Hartogs
figure if and only if H?(H,, 0) =0 for 1=p <gq. D is said to be Hartogs q-complete
if and only if for any general q + 1-Hartogs figure H,,, < D, also w(E(H,,,))< D
(or, equivalently, Eo(H,,,) < D). Cf. [7, Definition 2.1, p. 35].

We now recall the basic definitions of g-pseudoconvexity and g-completeness.
If x,e 0D, the boundary of D, it is always possible to find a neighbourhood U
of x, and a defining function of class C* ¢: U—R such that

DNU={xeUs.t ¢(x)<P(xy)}.

If ¢ can be chosen to be non-singular at x, we say that D has C? boundary at x,
and if this is true at all points of dD we say D has C? boundary. If ¢ is a
non-singular defining function near x, and z,, z,,..., z, are local coordinates
centred on x, then we consider

, the complex Hessian.

() (x0) = (%‘Z”—:;—))

iL,i=1

The Levi form (£¢)(x,) is defined to be the restriction of (#¢)(x,) to the
holomorphic tangent space to dD at x,. It is easy to check that the number of
negative, zero, and positive eigenvalues of (£¢)(x,) are independent of choice of
¢ and coordinates. Thus they are invariants of D near x, and we will denote them
by n(x,), z(x,), and p(x,) respectively. If D has C? boundary we say D is weakly
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(resp. strongly) q-pseudoconvex if and only if n(x)=q(resp. n(x)+ z(x)=q) for all
x€oD (cf. [4, p. 209])).

If D does not have C* boundary we can still make the following definition [13,
p. 433]; D (which only need be a complex analytic manifold) is said to be
q-complete if and only if we can find an exhaustion function ¢ : D—R of class C?
such that

(1) {xe D s.t. d(x)=c} is compact for all ceR.

(2) (#P)(x) has at least n—q positive eigenvalues for all x e D.

Finally we say [13, p. 443] D is cohomologically q-complete if and only if
HP(D, ¥)=0 for all p>q and all coherent analytic sheaves ¥.

Using Theorem 1.1 and well-known results (e.g. [9, esp. Ch IX] or [10]) the
following are equivalent:

(a) D is O-complete,

(b) D is cohomologically 0-complete,

(b)Y H°(D, 0)=0 for p>0,

(c) D is a-0-complete,

(d) D is Hartogs 0-complete.
Indeed, they are all equivalent to:

(e) D is Stein,
and in this case we say D is a domain of holomorphy as if M=C". If D has C?
boundary then [10, p. 49] (a) is equivalent to:

(a") D is weakly O-pseudoconvex.

§3 Inextendibility of cohomology classes

We now want to investigate what happens if we replace 0 by q in the
statement at the end of the previous section. We start with some well-known or
simple implications.

3.1. THEOREM. If D is q-complete then it is also cohomologically q-
complete.

Proof. [2, p. 250]. The notation there is slightly different. []

3.2. LEMMA. If H?(D, 0)=0 for p>q then H’(D, ¥,_,)=0 for s>q.

Proof. The conclusion is vacuous unless g <n—2 so we may assume that this is
the case and, in particular, that H" (D, 0)=0. The long exact cohomology
sequence of 0>, —»H" " '> %, _,—0 together with the hypotheses show that
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H*(D, ¥, )=H**'(D, %,) for s>gq
Thus HY(D, ¥, )=H""\D, ¥, ,))=H"\(D,0)=0 for s>q. [J

3.3. PROPOSITION. If H?(D, O)=0 for p>q then D is a-q-complete.

Proof. Lemma 3.2 implies H**'(D, ¥4,)=0 s0 a,(x)|p =0 for all xe M—D.
Hence (see Definition 1.4) E (D)= D so D is a-q-complete. []

3.4. PROPOSITION. If D is a-q-complete then it is Hartogs q-complete.

Proof. As remarked just before Definition 2.2 we know that for any general
q + 1-Hartogs figure H,.,, Eo(H,.,) = E,(H,.,). Hence, if H,,, < D,

T(E(Hy41)) = Eo(Hy 1) = Eq(H,y44) € Eo(D)= D

where the last equality is by assumption. By Definition 2.2, D is Hartogs
q-complete. []

To proceed further we discuss inextendibility of cohomology classes. Suppose
x €dD and & is a coherent analytic sheaf. Following Andreotti and Norguet [3, p.
199], we introduce

H?(D, x, #)=lim H*(DN U, ¥)
H%(D U{x}, ¥)=lim H* (DU U, &)
H*(¢¥)=lim H?(U, &)

where the direct limits are taken over all open neighbourhoods U of x. Notice
that

S ifp=0

Hy) - |
0 otherwise.

There are restriction maps:

w:HY (D, ¥)—H"(D, x, ¥)
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p:HY.(DU{x}, ¥)—> H"(D, &)
AHYE)— H?(D,x, ¥) etc.

and an exact sequence (the Mayer- Vietoris sequence):

. > H(D U{x}, ¥)—>H"(D, ) HY¥)— H"(D, x, ¥)— H*Y(D U{x}, %)

— ..

induced by the usual Mayer-Vietoris sequence. We say that £ H?(D, &) is
extendible through xe€odD if and only if ¢€imp. From the Mayer-Vietoris
sequence we see that if p>0 then £ is extendible if and only if w(&)=0. We say
that D is a q-domain of holomorphy if and only if, for all x € dD, there exists p=<q
and a cohomology class £ € H?(D, 0) which does not extend through x (cf. [1, p.
138]). For g =0 this is just the usual definition of domain of holomorphy but for
general q we shall see (Example 4.3) that there are many domains which are not
q-domains of holomorphy for any q.

Inextendibility of cohomology classes is closely related to pseudoconvexity.
Suppose x €D and ¢ is a C? defining function in a neighbourhood U of x. The
following is due to Andreotti and Grauert:

3.5. PROPOSITION. If the complex Hessian (#¢$)(y) has at least k(=2)
negative eigenvalues for all y € U then there are arbitrarily small open neighbour-
hoods Q of x with

(1) H» (DN Q,0)=0 for 1=p<k-1
(2) The restriction map I'(Q, O)—I'(D N Q, O) surjective.

Proof. [2, Proposition 12, p. 222]. [

3.6. COROLLARY 1. If D has C? boundary and it is Hartogs q-complete
then it is also weakly q-pseudoconvex.

Proof. If x €dD and ¢ is a C? defining function, non-singular at x, whose Levi
form has at least q+1 negative eigenvalues then by considering instead the
defining function ¢ = —e~“® for ¢ sufficiently large we can arrange that () has
at least q+2 negative eigenvalues near x. Thus, if Q is chosen as in the
proposition, D N Q is a general q + 1-Hartogs figure by (1) with m(E(DNQ))¢ D
by (2). This is in contradiction with D being Hartogs q-complete so our original
assumption must be false and consequently n(x)=<gq as required. [J]
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3.7. COROLLARY 2. If D has C? boundary and is a q-domain of holomor-
phy then D is also weakly q-pseudoconvex.

Proof. If D is not weakly g-pseudoconvex then there is a point x €D with
n(x)>gq. Then, arguing as in the first corollary, Proposition 3.5 shows that
(combining statements (1) and (2))

A : HYO)— H?(D, x, O) is surjective for p=q.

From the Mayer-Vietoris sequence it follows immediately that
p:H%(D U{x}, O)— H?(D, O) is surjective for p=q

so, by definition, D is not a q-domain of holomorphy. []

To complete this section we collect the results to prove the main theorem:

3.8. THEOREM. Consider the following statements for an open subset D of a
Stein manifold:

(@) D is q-complete

(a') D is weakly q-pseudoconvex (if 3D is of class C?)
(b) D is cohomologically q-complete

(b") H?(D, 0)=0 for p>q

(c) D is a-q-complete

(d) D is Hartogs q-complete

(e) D is a q-domain of holomorphy

Then, (a)=>(b)=>(b")=>(c)=>(d) and if, D has C* boundary (a), (a'), (b), (b"), (¢),
and (d) are all equivalent and follow from (e).

Proof. (a)=> (b) is Theorem 3.1, (b)=>> (b’) is trivial, (b")=> (c) is Proposition 3.3,
and (c)=> (d) is Proposition 3.4. If D has C* boundary then (d)=> (a’) and (e) > (a’)
are the corollaries to Proposition 3.5. Hence, the only missing implication is
(a")= (a). This follows from the same argument used in case q =0 [10, p. 50] and
an exhaustion function for D can be constructed from log(distance to D). [

§4. Counterexamples

We now discuss some counterexamples to missing implications in Theorem 3.8
when D does not have C? boundary. The most interesting examples of such
domains are complements of analytic subvarieties.
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4.1. PROPOSITION. Suppose V is an analytic subvariety of M with irreduci-
ble components V; such that, for any open Stein subset U of M, H?(U-V,, 0)=0
for p#0 or d, — 1, where d; is the codimension of V,. (This happens, for example, if
the V, are geometrically complete [8, Theorem 23]). Let D= M— V. Then

E,D)=M- U V,

d,=q+1

Proof. If xeV, and d;=q+1 then a,(x)|y-v Iis zero since H''(M-
V. ¥,)=0 by lemma 3.2. Thus, further restricting to D also gives zero and we
conclude that E (D) M~ J4=q+1 V;.- To show the reverse inclusion suppose
x€Vi—Ug=qn V,; for some k with d, >q+ 1. Choose a Stein neighbourhood U
of x which avoids U, _,,, V;. Then H?(U—-V,,0)=0 for 1=p<q+1 so as in
Proposition 2.1 we may conclude that E, (U - V,)=E.U-V,). But by the
Riemann removable singularities theorem Ey(U-V,)=U so,as D2 U-V,,

E, (D)2 E(U-V,)=Ey(U-V,)=U x as required. [J
4.2. EXAMPLE. Let M=C* V=V,UV,, and D=M-V, where
V,={zeC*s,t,z,=z,=0}, V,={zeC*s.t. z3=z,=0}.

Then, by [13, pp. 445-447], H*(D,0)#0 so D is not cohomologically 1-
complete. By Proposition 4.1, however, we see that E,(D)=D so D is a-1-
complete (and thus Hartogs 1-complete too). Also, since V may be defined by 3
functions (2,25, 2,24, 2223+ 2,24), it follows [13, Proposition 2.6, p. 435] that D is
2-complete. Thus D i1s a-1-complete but nothing better than 2-complete and
cohomologically 2-complete. In the notation of Theorem 3.8 (c)#(b’).

This example also provides a negative answer to the following: Is it true that if
D is a g-domain of holomorphy then, for all xedD and ¢ H?(D, 0) p>gq, & is
extendible through x? The answer is yes if ¢ =0 or D has C? boundary for then
H*(D, 0)=0 for p>q. However, we claim that, in this example, D is a 1-domain
of holomorphy but that there is an element of H*(D, 0) which does not extend
through the origin. To see that D is a 1-domain of holomorphy consider the
following commutative diagram with exact rows:

)

H\D, %> > H\D, %) > HAD,%)
l‘* l“ l'* for any xe V.
HYD,x,¥* — HYD,x,%,) — H*D,x, %)
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Now since E (D)=C* yet E,(D)= D we have ay(x)|p#0 yet a,(x)|p =0. But
a,(x) |p =8(ay(x)|p) so there is an element ¢ H'(D, ¥?) such that ¢(¢&)=
ao(x) |p. For any polydisc neighbourhood A of x ay(x) |pna is again non-zero by
Theorem 1.1 and the Riemann removable singularities theorem. Therefore
wn(€)#0 and so, identifying X? with ©° one of the components of & does not
extend through x. Thus D is a 1-domain of holomorphy. On the other hand the
Mayer-Vietoris theorem shows that

H?*(D, 0)= H*(C*-{0}, 0)

and there is a cohomology class (a,(0) for example) in H*(C*—{0}, ©) which does
not extend through the origin. It is clear that the corresponding class in H*(D, O)
also fails to extend.

4.3. EXAMPLE. Finally we give an example of an open set D in C" (n=2)
which is not a qg-domain of holomorphy for any q. Simply take D =C" — A where
A is the closed unit polydisc. Let x=(1,0, ..., 0). Then D has flat boundary near
x so H?(D, x,0)=0 for all p=1 and hence every class £€ H?(D, O) extends
through x. Moreover every analytic function on D extends across A by Hartogs’
theorem.

This D does not have C? boundary but the corners can clearly be smoothed
without destroying the example.
§5 The analytic touching number

There are some further results about inextendibility of cohomology classes
which can be deduced by these methods.

5.1. DEFINITION. If x €dD define the inextendibility index k(x) by
k(x)=min{q s.t. HY(O)— H*(D, x, O) is not surjective}.
k(x) is well-defined by the following:

52. LEMMA. If u(ayx)|p)=0 in HYD,x,%, (for example if
HY(D, x,0)=0 for all q=1) then HY(0)— H°(D, x, 0) is not surjective, i.e.
k(x)=0.

Proof. Apply Theorem 1.1 to UN D where U is any neighbourhood of x so
small that ay(x)|ynp=0. O
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5.3. PROPOSITION. If D has C? boundary at x € 3D then k(x)=n(x). (Cf.
[3, théoreme 1, p. 203)).

Proof. Follows from Proposition 3.5 along the same lines as the proof of
corollary 3.7. [

The following question clearly has a positive answer if g =0: Is it true that in
the highest non-vanishing cohomology group H?(D, O) there is a class which does
not extend through at least one point of 6D? If D has C? boundary we can give a
positive answer for arbitrary q:

5.4. THEOREM. Suppose that H?(D, 0) =0 for p >q but that HY (D, O) # 0.
Suppose also that there is a point x € 0D such that k(x)=q (which is always the
case, by Theorem 3.8 and Proposition 5.3, if D has C? boundary). Then there exists
& e HY(D, 0) which does not extend through x.

Proof. This is clearly true if q=0 so suppose q=1. By Lemma 3.2
H*Y(D, £, =0 so in the following commutative diagram with exact rows

HYD, %" ") % HYD, ¥,_,) — H"'(D,%,)=0

s S

H*(D, x, X"~ ") — HYD, x, %,_y) — H"D, x,%,)

it is possible to find £ HY(D, ¥ 97") s.t. d(§)=a, (x)|p. We claim that
w(¢)# 0 and, by the Mayer-Vietoris sequence, this will show ¢ does not extend
through x and so prove the theorem since ¥™ 9" is merely a direct sum of copies
of 0. To prove the claim we will show w(a,_(x) |p) # 0. If w(ae(x) |p) =0 then, by
Lemma 5.2, k(x)=0. But, by hypothesis, k(x)=q so for =1 (as supposed) we
may conclude that w(ag(x)|p)#0. Thus, for some s=1, u(a,_,(x)|p)#0 yet
u (o, (x) |p) = 0. Then the exact sequence

H*(D, x, X" )—H*(D, x, 4, ) > H""(D, x, £,)

shows H*(D, x, #¥""")#0 and hence H*(D, x, 0)# 0. Therefore s=k(x)=gq.
Hence p(o,_(x)|p)#0 as required. [

We now introduce another invariant motivated by the following:

5.5. PROPOSITION. Suppose D has C* boundary at x € dD. Then there exists
a neighbourhood U of x and s analytic functions g, g,,...,8 on U for s=
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n(x)+z(x)+1 (=n-p(x)) such that, writing

V={yeUs.t g (y)=g,(y)= -+ =gly)=0},

we have VN D ={x} i.e. V touches D at x.
Proof. [4, Prop. 6, p. 209]. [J

5.6. DEFINITION. The analytic touching number a(x) of x € dD is the least s
for which we can find s analytic functions g,, g,,..., g near x which define a
subvariety touching D at x as in the above proposition.

Proposition 5.5 shows that a(x)=n(x)+ z(x)+ 1. A lower bound is provided
by the following:

5.7. THEOREM. a(x)=k(x)+1.

Proof. Suppose g, 82, - - ., & are as in Definition 5.6. We suppose without loss
of generality that U, their common domain of definition, is Stein. Then, by [8,
Theorem 23, p. 154],

HP(U-V,0)=0 for p=s.

Thus, by lemma 3.2, H*(U-V, x, %,_,)=0 and hence u(a,_(x)|p)=0. It fol-
lows, as in the proof of Theorem 5.4, that k(x)<s—1. []J

The inequalities proved in this section for D with a C* boundary may be
summarised as

nx)sk(x)salx)—1=n(x)+z(x).
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