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Comment. Math. Helvetici 54 (1979) 659-682 Birkhâuser Verlag, Basel

Twîsted Hopf Algebras

by René Ruchti

Introduction

Let Kbea commutative ring with unit and let A be a commutative K-algebra.
Let L be a twisted Lie algebra over A (see 3.1). As K-Lie algebra, L has a

universal enveloping algebra, URL, as twisted Lie algebra over A it has a twisted
universal enveloping algebra, L/R_AL. It is well known that URL is a Hopf algebra
with antipode, [3], while one easily realises that this is, in gênerai, not true for
UR_AL. However, there are certain parallels between URL and UR-AL pointing
to a Hopf algebra-like structure on l/R_AL. First of ail, the diagonal A : URL—>

URL®RURL induces a canonical L-module structure on the K-tensor product
M0®RN0 of two L-modules Mo and No. If M and N are modules of L considered

as twisted Lie algebra (see 3.10), then there is a similar canonical L-module
structure on M®AN, [4], so there should be some diagonal-like map for l/R_AL.
If a is the antipode of URL, then the map V (l®a) ° A induces a canonical
L-module structure on HomR(M0,N0). There is a similar canonical L-module
structure on HomA(M, N) for the twisted Lie algebra L, which points to the
existence of some sort of V-map for C/R_AL. As a main resuit of this paper we
show that mappings A and V exist for l/R_AL with the appropriate properties, see

3.7. We call the resulting structure on l/R_AL twisted Hopf algebra.
In [7], Sweedler uses twisted Hopf algebras, or xA-bialgebras, as he named

them, to classify algebras over A for commutative A. Takeuchi obtained Swee-

dler's theory for non-commutative A, [8]. In our paper, we don't deal with
classifications of algebras. Our approach to twisted Hopf algebras is via twisted
Lie algebras. In particular we are interested in the question of when such a

twisted Hopf algebra is isomorphic to l/R_AL for some L, see 4.20.
In the paper we assume the reader to be familiar with ordinary Lie algebra

and Hopf algebra theory. Basic material for developing the theory of twisted

Hopf algebras is presented in chapter 1. It can be found in greater détail and with
proofs in [7] and [8]. In chapter 2 we define twisted Hopf algebras and prove that
the category of modules of a twisted Hopf algebra (co-commutative and admitting
a V-map) is a closed abelian category, see 2.11. In chapter 3 we show that the
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660 RENE RUCHTI

twisted universal enveloping algebra of a twisted Lie algebra is a twisted Hopf
algebra admitting a V-map. In chapter 4 we introduce some homological machin-

ery to obtain a Poincaré-Birkhoff-Witt theorem for twisted Lie algebras and,
above ail, to investigate the relationships of twisted Hopf algebras with twisted
Lie algebras using primitive éléments.

One word about the notations. Ail our rings and algebras hâve units and ail
modules are unitary. Injective and surjective morphisms are denoted by the

arrows >-* and -» respectively. We also use the notations -^ and -221» to
dénote canonical inclusions and canonical projections.

1. Préliminaires

We list hère some basic material needed in this paper. More détails, in
particular proofs, can be found in [7] and [8]. We adopt the notations of [7] and

[8].
Let R be a fixed commutative ring with unit. We dénote the category of

jR-modules by R-mod. Unadorned Hom, End and ® mean R -morphisms, JR-

endomorphisms and tensor product over R, respectively.
Let A be a fixed commutative algebra over R. We dénote the category of left

A-modules by A-mod. An A-bimodule is an JR -module M carrying a left and

right A-module structure which commute with each other, i.e. for a,a'eA,
me M, (a • m)- a' a - (m - af). The category of A-bimodules is denoted by
A-bimod. Via the ring map R—>A defining the JR-algebra structure on A we
consider A-mod and A-bimod as subcategories of R-mod. M0 dénotes the
opposite A-bimodule of M M0 is R-isomorphic with M via meM*-+m°eM°
with A-bimodule structure defined by a • m0 • a! (a' - m • a)0, a, a'eA, me M.
For M g A-bimod, the left and right A-module structure is indicated by XM and

My, respectively, [7].
Let M, Ne A-bimod. Let

I XM<8)XN (m<8>aN= I MX<8>XN]

be the quotient JR-module of M®N by the JR-submodule generated by the
éléments am <&n — m(&an (ma ® n - m <8) an), me M, neN, a € A. As JR-module,

Define

MxAN=\ j XMU®XNU J MuA®Nu IX m, A<g>
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the left (right) A-module structure being the xA -module structure (uA -module
structure). xA defines a bifunctor xA : A-bimod x A-bimod—» A-bimod. For

/ : M-+M', g : N-*N' in A-bimod, /<8>g induces a morphism fx g : MxAN-+
MxANf in A-bimod, [7,(2.3)]. The twist map MA®N->NA<g)M induces an

isomorphism "twist": MxAN->NxAM in A-bimod. The product xA is not
necessarily associative. However, for M, N, Pe A-bimod, define

-rMxANxAP=J MuA<g)NuA<8>PM

with A-bimodule structure being given by x(MxANxAP)y =xMy xANxAP.
Then there are canonical maps in A-bimod, in gênerai not injective,

a : (MxAN)xAP-^MxANxAP

a' : MxA {NxAP)-*MxANxAP.

Later on, we shall hâve to consider

(M°xAN)°=JMJ UMX®XNU |UUM®

the left (right) A-module structure being the uA -module structure (xA -module
structure). Let

Z(M, N, P) J" UMV (8)AN®AMPU

with left (right) A-module structure being given by UM(MU). There is a canonical

map in A-bimod (compare [8, §6]).

0 : (M°xAN)°xAP-+Z(M, N, P).

Let M, N, P, Q e A-bimod. The twist map N(8)P~^P(8)N gives rise to
<P : Jx(MxaN)x<8)xQ^JxxM<8)aP<8)xN®aO which induces

f : (MxAN)<g)A (PxAQ)-^(M<g)AP)xA (N<g)AQ), [7, (2.10)].
Let M, Ne A-bimod. HomA(M,N) dénotes A-linear morphisms from M to

N, where both M and N are considered as left A-modules. For MeA-mod,
End M has A-bimodule structure defined by a - <p : my-+a • <p(m), q>a\my~*
ç(a - m), aeA, cpeEndM, me M. In particular, End A is in A-bimod. For
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Me A-bimod, there are maps in A-bimod

0:MxA End A-+M

$': End A xAM->M

[8,2.2].

2. Algebras, coalgebras and twisted Hopf algebras

2.1 DEFINITION. An algebra over A is a pair fx:A-»£ in the category
.R-alg of R -algebras. Algebras over A are denoted by (B, m, /ll) or simply B,
where m : BÇ$AB-*B dénotes multiplication. There is a natural A-bimodule
structure on B defined by left and right multiplication. Algebras over A form a

category which will be denoted by (jR-A)-alg. For (B,m,fi) in (JR-A)-alg,
(B°, m0, /ut°) dénotes the opposite algebra, where /m°(a) (jm(a))0, mo(b°®Ab'0)
(m(b'®Ab))°. The underlying A-bimodule of B° is the opposite of the underlying
A-bimodule of B.

Let Me A-mod. The A-module structure on M is given by an JR-algebra map
/ui : A-»End M. Hence End M is in (jR - A)-alg.

Let B' and B" be in (R - A)-alg. By [7, (4.1)], B'xAB" is in (R -A)-alg in a

canonical way. Siminarily, (B'°xAB")°e(R — A)-alg. The xA-product préserves
morphisms in (R-A)-alg, [7,(4.2)].

For M, Ne A-mod, there is a canonical morphism in (jR-A)-alg

End MxA End N-^End (MA® iSQ (2.1)

which is induced by End M®End N-»End (M®N)-*Hom (M®N, MA®N).
The R-algebra map ((End N)° ® End M)°->End(Hom(M, N)), (i|r0® <p)0^

(/h-^^o/o^), çeEndM, i/reEndN, /eHom(M, N), followed by
End(Hom(M,N))^Hom(HomA(M,N), Hom(M,N)) induces an (R-A)-
algebra morphism

((End N)° xA End M)°-*End(HomA(M, N)). (2.2)

The proofs of (2.1) and (2.2) are straightforward.
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2.2 DEFINITION. An augmentation of an algebra B over A is a pair
e :B—>EndA in (R-A)-alg. This is the same as giving a left A-morphism
6i : B-+A such that ex ° /ul idA, et(b • b') £i(& • Ci(b'))- Then e^bH e(b)(l),
[7, p. 108], The augmentation idéal I(B) kcre1 is only a left idéal in B.
Augmentée algebras form a category, denoted by (R -A)-aalg. Clearly, End A e

(R-A)-aalg.

2.3 DEFINITION. For BetR-A)-alg, a Ze/f B-module is a pair <p:B-*
End M in (JR-A)-alg, where MeA-mod. We write (M, <p), or simply M, for
this pair. This définition is équivalent to giving a map B<8>AM-»M in A-mod
with the usual associativity properties. A morphism of B-modules is a map
4> :M-*N in A-mod such that

commutes. The category of B-modules is denoted by B-mod. This is an abelian

category. If B is augmented, End A € B-mod.

2.4 DEFINITION [8,4.1]. A coalgebra is a triple (QA,e), where Ce A-
bimod, the diagonal A: C-+C*AC and the counit e : C-»EndA are in A-
bimod satisfying

Axl
CxAC —> (CxAC)xACy x

C fxACxAC

C is called co-commutative, if
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commutes. A morphism of coalgebras from (C, A', ef) to (C',A",e") is a map
<p : C-» C" in A-bimod such that A" ° <p (<px<p) ° A\ e" ° cp e1. We dénote the

category of coalgebras by (R-A)-coalg. Clearly, Ae(R-A)-coalg.
Let (C,A\£'), (C',4w,e")e(JR-A)-coalg. On C=C'<8>AC" we define the

diagonal A as the composite of C'®AC"-^> (C xAC')(8>A (C"xAC')4

(C <8)AC")xA(C'®AC") and the counit as the composite of

C'<g)AC'-^^EndA®A EndA-^EndA. (C, A, e) is in (K-A)-coalg, [8,

4.7].

2.5 DEFINITION. A co-augmentation of (C, 4 e) is a pair /u,:A-*C in
CR-A)-coalg. The category of co-augmented coalgebras is denoted by (R-A)-
ccoalg. It is closed under the tensor product defined above.

2.6 DEFINITION. A twisted Hopf algebra is a 5-tuple (H, m, jul, A, e), where

2)(H,m,/m8)e(K-A)-aalg
3) The multiplication m : HxAH-*H is in (JR-A)-coalg.

Conditions 1), 2) and 3) are équivalent to 1), 2) and
3') The diagonal A :H-»H XAH is in (R- A)-alg.

H is called co-commutative, if the underlying (R - A)-coalgebra is co-commutative.

A morphism of twisted Hopf algebras is a map which is both in (R — A)-aalg and

in (JR—A) ccoalg. We dénote the category of twisted Hopf algebras by (R — A)-
Hopf. A left H-module is a left module of the underlying CR - A)-algebra of H.

For R A this définition yields the familiar Hopf algebras, [3]. The reason for
the notation "twisted Hopf algebra" instead of "xA -bialgebra" as in [7] and [8] is

that the twisted universal enveloping algebra of a twisted Lie algebra is a twisted

Hopf algebra, see section 3 below, while the universal enveloping algebra of an

ordinary Lie algebra is an ordinary Hopf algebra, [3].

2.7 Example. The smash product. Let Kbea co-commutative Hopf algebra over
R. Let A be a commutative X-module algebra, [6, p. 153]. As left A-module, the
smash product A#K is A<g)K Define A : A#K-*(A#K)xA{A#K) by a#k>~*
Ia#k(1)A®l#k(2). Then A#K is in (K-A)-Hopf, [7, p. 117].

The A -map implies the construction of a tensor product in H-mod as follows:
Let (M,<p), (N,ip)eH-mod. Define <p<g>i/f : H-*End(MA<g>N) as the composite

of H ±> HxAH-^ End MxAEnd N-*End(MA<g>N), the last arrow being the

map (2.1). That is, ft(mA® n) X #(i)(w)A®#(2)(n), heH, me M, neN.
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(MA®N, <p®^) is called the tensor product of (M, <p) with (2V, ty). Note that this
product is associative. Consequently, H-mod is a monoidal category, the left and
right unit being (A, s). If H is co-commutative, the twist map MA®N—»NA<8)M
induces an isomorphism in H-mod (MA®N, <p®i/r)~>(NA®M, ^®<p).

We thus obtained a functor A®N from H-mod into itself. A suitable
généralisation of "antipode" to the case of twisted Hopf algebras provides the
right adjoint to this functor.

2.8 DEFINITION. Let (H, m, /x, A, e)e (R -A)-Hopf. A V-map is a morph-
ism V : H^>(H°xAH)° in (fl-A)-alg such that the diagrams

r

L

H -=-> H(8)AA -^ H(8)AH

commute. Similar to 2.4 we write

Twisted Hopf algebras admitting a V-map form a category, denoted by (R-A)-
aHopf, the morphisms being maps ç : H'-+H" in (R - A)-Hopf such that V ° ç
(9°x<p)°oV.

The V-map généralises antipodes of ordinary Hopf algebras in the following
sensé:

2.9 Example. Let R A and let H be an ordinary Hopf algebra over R with
antipode a. Thus a : H-*H is an algebra antimorphism, a(h • h') a(hr) • a(h),
such that m ° (l<8>a) 04 ^0 e> m-(a®l)-4 /x°e. Define the V-map by

It is easy to see that this V satisfies 2.8.

2.10 Example. Consider the smash product, 2.7. Dénote by AK the diagonal of K.
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Suppose a is an antipode of K. Let VK (1®a) ° AK. Define V : H^*H®AH as

the composite of ^^ (A#K).

Then V : H~> (H° x AH)°, [7, p. 142]. It is left to the reader to show that V

satisfies 2.8.
Sweedler, [7], and Takeuchi, [8], use a somewhat différent V-map, called the

Ess. Our V-map is, in some sensé, adjoint to the diagonal 4. To be more précise,
we construct an H-module structure on HomA(M, N), (M, <p), (N, i/OeH-mod, as

the composite of

V (dt°Xq>)0

H >(H° x AH)° >((End N)° xA End M)0 >End (HomA(M, N),

the last arrow being the map (2.2). That is, h(F) : m »-+I#(1)(F(<ph(2)(m))),
heH, m € M, FeHomA(M, N). The adjointness of the à- and V-map is

expressed in the following

2.11 THEOREM. The functors A(g)N and HomA(N, are adjoint, Le. for
M, N, FGH-mod, there is a natural isomorphism in A-mod HomH(MA<8)N, F)
HomH(M, HomA(N, F)). Therefore, if H is co-commutative, H-mod is a closed
abelian category.

Proof: Let feHomH(MA<g>N,P), i.e. ft(/(mA®n)) I/(h(1)mA®h(2)n). Define
N,P) by Fm(n) /(mA<g)n). By 2.8,

/(hmA<8> n) Fhm(n).

Conversely, given meM*-+FmeHomA(N, P) such that Fhm(n) (hFm)(n)

I h(1)(Fm(fi(2)n)). Define / : MA®N-»P by /(mA<g)n) Fm(n). Then, by 2.8,

lf(h(1)m A <8) h(2)n) I(Fh{ïf)(h(2)n)= IIh(1)(1)(Fm(h(1)(2)h(2)n))

h(Fm(n)) h(/(mA®n)). D
3. Twisted Lie algebras

Twisted Lie algebras are studied in [2], [4]. We are concerned hère with the
twisted universal enveloping algebra of a twisted Lie algebra and show that this is

a twisted Hopf algebra with V-map.
Let

Der A {£ € End A \£{ab) £(a)

be the A-module of JR-dérivations of A. This has an JR-Lie algebra structure by
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defining the bracket as

3.1 DEFINITION. Let Le A-mod. L is called twisted Lie algebra over A if the

following holds:
1) L is an R-Lie algebra.
2) There exists a morphism of JR-Lie algebras and left A-modules <p : L—»

Der A such that, for ail aeA, x, y g L, [x, ay] a[x, y] + <p(x)(a)y.
We simply write x(a) for <p(x)(a). A morphism of twisted Lie algebras is a

morphism L'—>L" of R-Lie algebras and A-modules such that

L' >L"

Der A

commutes. The category of twisted Lie algebras over A is denoted by (JR-A)-
Lie; clearly, Der Ae(R- A)-Lie.

For R A, 3.1 reduces to the usual définition of the category of JR-Lie

algebras. On the other hand, if L-*Der A is the zéro map we obtain an A-Lie
algebra, whence A-Lie ^(l^-AJ-Lie.

Consider the category (JR-A)-alg. We construct a functor Der:(K-A)-
alg—»CR-A)-Lie as follows:

3.2 DEFINITION. Let A-+B e(R-A)-alg. Let

Der(A -? B) {(£ b) g Der A 0B | ba ab + f(a), Va g A}.

This is an A-module by setting a • (x, b) (ax, afr). The bracket is defined by
[(£&)> (€',b')] ([&Ç'l[b,b']). The morphism Der(A->B)-^Der A is the
projection onto the first factor. Therefore, Der(A-»B)G(R-A)-Lie. A morphism
<p :B'^>B" in (K-A)-alg induces a morphism Der(A->B')-^Der(A->B") by
sending (£, b) to (£, <p(b)). Consequently, Der is a functor.

The functor Der has a left adjoint which is given by the universal enveloping
algebra construction.

3.3 DEFINITION. Let LG(JR-A)-Lie. Let TL be the tensor algebra of L
over R. An élément xt(8) • • • ®xrg TL of degree r is simply denoted by x1...r.
Let JL^TL be the twosided idéal JL (x®y-y®x-[x, y]), x,yeL UrL

is the ordinary enveloping algebra of the JR-Lie algebra L. On TL®A
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define an (R- A)-algebra structure by (x1...r<8)a)(y1... s<8> a')
x1...r®ay1®y2...&(*', xx...r, y^^eTL, a, a'eA. Let J0^TL®A be the

twosided idéal defined by J0 (x®a-ax-x(a)), aeA, xeL, and put J
Jq + Jl®A. This is an idéal in TL®A. The twisted universal enveloping algebra

UR-AL of L is defined to be

UR-A is a functor from CR-A)-Lie into CR-A)-alg.

3.4 Remark. l/R_AL can also be obtained by T+(A(BL)/I, where T+(A(BL)
dénotes the éléments of positive degree in the R-tensor algebra T(A(BL) and I is

the idéal I (a®a'-aa\ a®x-ax, x®a-a®x-x(a), x®y-y®x-[x, y]), a,

a'eA, x,yeL, [4].

3.5 PROPOSITION. L/R_A w ie/r ad/oînr to Der.

Proof: Similar to the untwisted case.

3.6 Remark. We can restate 3.5 in terms of the universal property of l/R_AL. Let
<f> : L-^B be a morphism of left A-modules and R-Lie algebras such that (<p(x),

<£(x))eDer(A—>B), <p being the map in 2), 3.1. Then there exists a unique
morphism L7R_AL-^B in (K-A)-alg such that

L >B

\
commutes.

In case R A, l/K_AL is just the ordinary universal enveloping algebra of L.
Der(l?—»B) reduces to the Lie algebra structure on B coming from the associative

structure. 3.6 is just the familiar universal property of l/R_AL.
It is well known that the ordinary universal enveloping algebra URL of an

R-Lie algebra is a co-commutative Hopf algebra with antipode, [3]. Our main
resuit of this section is that the twisted universal enveloping algebra UR_AL of a

twisted Lie algebra is a twisted Hopf algebra admitting a V-map. In the spécial
case L Der A, where L satisfies an additional condition (e.g. if L is projective as

A-module) Sweedler showed that l/R_A(Der A) is a twisted Hopf algebra with
Ess, [7, 18.5].
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3.7 THEOREM. Let Le(R-A)-Lie be arbitrary. Then L/R_AL is a co-
commutative Hopf algebra with V-map.

Proof: On TLÇ&A we define an augmentation e : TL<8> A —? End A by
e(*i r®a)(a') xx( • • • (xr(aa')). We simply write xt r(a) for e(xt r® l)(a).
Since xeL acts as dérivation, e(x<8a-ax-x(a))(a') x(aaf)-ax(a')-x(a)ar
0. Furthermore, e((x<8>y-y<g)x-[x, y])®a)(a') x(y(aa'))-y(x(aa'))-
[x, y](aa;) 0. By définition, e is an algebra map. Hence, e vanishes on /.
Therefore, we obtain an algebra map e : [/R_AL-»End A.

Let Xj ra dénote the image of xx r®a under the projection TL&A-*
l/R_AL. An easy induction argument shows that

(3.1)

Frequently, we omit the indices under the summation symbol.
The tensor algebra TL has a diagonal Ao : TL->TL®TL defined by

A0 is co-associative and co-commutative, thus defining an .R-Hopf algebra structure

on TL. Ao induces the diagonal, 4L, of the K-Hopf algebra URL TL/JL.

Consider the composite, Al9 of the maps

TL<8)A(8)TL®A^^ t/R_ALA® UR_AJL At is left and right A-linear. By (3.1),
A1(x1 r<8)a)-a'

à1(x1

q ha, whence ^x : TL®A-^L/R_ALxAUR_AL.

At is an J?-algebra map. This is clear for the restriction of Ai onto
TL<g)A. Since 4X is left and right A-linear, Al((x1 r<Sla)(y1 ,®a'))

y2 ,® 1)) • a' A1(x1 r® 1) • A1(ay1® y2 s<8> 1) • a'
s®û')« Therefore, ^x is an R-algebra map. Since Ao

induces the diagonal on TL/JL it follows that JL®A eker Ax. By définition,
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0. There-
fore, J0^ker àt and Ax induces

The remaining conditions for UR-AL to be in (JR-A)-Hopf are now easily
verified and will be left to the reader.

In order to define the V-map, let a : TL-+TL be the anti-algebra morphism
generated by a(x) -x, x eL. Let Vo (l®a) • Ao. We hâve V0(x) x<8> 1 -
x € L, V0(x! r) Xi • V0(x2 r)- V0(x2 r) • Xj. Let Vt be the composite

TL®A-^ TL<g>7X<8>A-

TL<8>A<8TL<2)A-f^2* L/R_AL<8)A l/R_AL.

It follows that

^i(*i r®a) Xj • Vx(x2 r®û)-V!(x2 r®a)-X!. (3.2)

Let u Xx r® a and x € L. By induction on r,

(V1(xu))a' xV1(u)a/-V1(M)xa' xa'V1(i4)-a'V1(M)x~V1(u)x(a')

^i(w) - Vx(m)x) + x(a')Vj(M) - Vj(M)x(a') a'Vx(xM),

so that Vx : TL®A-^((l/R_AL)°xAl7R_AL)0. From this and (3.2) it follows that
V1 is left and right A-linear and that it vanishes on Jo. Since Vo vanishes on JL it
follows that Vt vanishes on /L®A hence inducing

V : UR_AL^((t/R_AL)°xAl7R_AL)°.

The conditions in 2.8 hold sincs, essentially, they hold for Ao and Vo.

3.8 Remark. We point out that, in gênerai, V is not induced by a map
UR-AL—*UR-AL in the sensé of 2.9.

3.9 Example Let L0-»Der A be an JR-Lie algebra morphism. On L ~
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define a bracket by

[a®x,a'®y]=aa'®[x, y] + ax(a')®y-a'y(a)<g>x.

L is a twisted Lie algebra called the induced twisted Lie algebra, [2, §3]. Let
K URL0 be the universal enveloping algebra of Lo. It is easily seen that A is a

K-module algebra and that Ur_aL A#K in (R-A)-aHopf. Conversely, let
A#K be a smash product and suppose K= URL0 for a certain K-Lie algebra Lo.
Then, with the above notations, A#K=Ur_aL in (R-A)-Hopf.

In particular, let K be a field of characteristic 0 and let A R[[xu xn]] (or
A R[xu xn]) be the ring of formai power séries (or the ring of polynomials)
in n indeterminants. Let LoçDer A be the abelian subalgebra generated by the

partial derivatives dx —, i 1,..., n. If £ e Der A, let £ ^(x,), i 1,..., n.
dx

Then £ Z£idi- This induces an isomorphism L A®L0 DerA. Hence,
UR-AL A#l/RL0 A#SRLQ, SRL0 being the symmetric algebra of Lo. For
R R we thus obtain that the universal enveloping algebra of the Lie algebra of
formai vector fields is a smash product.

We turn now to the notion of left module of a twisted Lie algebra. Let
Me A-mod and let A—» End M be the map defining the A-module structure on
M.

3.10 DEFINITION. M is called left L-module, if there is a morphism L-»
Der(A—>End M) in (R - A)-Lie. A morphism of L-modules is a map M'-*M" in
A-mod such that

L > End M
i

End M"-»Hom(M', M")
commutes.

3.11 THEOREM. There is a natural équivalence of catégories

L-mod— l/R_AL-mod.

Proof: Similar to the untwisted case.

3.12 COROLLARY. L-mod is a closed abelian category.

3.13 Remark. A right L-module structure on an A-module M is a morphism
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L-»Der(A-»(EndM)°) in (JR-A)-Lie. The category of right L-modules is

équivalent to the category of right l/R_AL-modules. In contrast to the case of
ordinary J?-Lie algebras, the catégories of left and right L-modules are not
équivalent. This is due to the fact that the V-map is not induced by a map
l/R_AL->UR_AL.

4. PBW-theorem and primitively generated twisted Hopf algebras

For each A-module L we construct a certain homological invariant ("Baer
invariant") BR_A(L) in A-mod. If BR_A(L) 0 this implies that the Poincaré-
Birkhoff-Witt theorem (PBW-theorem) holds for every twisted Lie algebra structure

on L. Our methods are similar to the ones used in [1] for ordinary Lie
algebras. Proofs can therefore often be omitted.

Let LeCR-A)-Lie. The algebra TL<g>A, as defined in 3.3, is a graded
algebra, the éléments of degree r being TrL<8>A, TrL ^L. The corresponding
filtered algebra has filtration Fr(TL<8)A) Xk=o TkL®A. Via the projection
TL<8>A—>l/R_AL, this filtration induces a filtration FrUR_AL such that L/R_AL
becomes a filtered algebra. Let Gr l/R_AL dénote the associated graded algebra.
Now let SAL be the symmetric algebra of the A-module L. It can be considered
as the universal enveloping algebra of L with trivial bracket. One then has a

natural and surjective morphism in (JR-A)-aHopf

SAL-*Gr l/R_AL. (4.1)

If this map is an isomorphism we say that L has the PBW-property.

Let T= TL<g)A, S SAL and let KR_A(L) K(L) K be the kernel

Clearly, K (x®a - ax, x<8>y - y <g> x) and K is a graded idéal. We will see that if
K has certain universal properties, L has the PBW-property for every twisted Lie
algebra structure on L.

4.1 DEFINITION. Let T+gTbe the idéal of positive degree éléments. An
associative structure over L is a morphism T+-+M in T-bimod. An associative
structure is therefore given by a morphism cp:L-+M in A-mod such that
ç(x) * y x * <p(y), where * dénotes the (left or right) T-module opération on
M.
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4.2 DEFINITION. Let Me T-bimod. A twisted Lie structure over L is an
JR-module morphism u®t)G(A©L)®(A©L)H(u, v)eM with the following
properties:

2) (a, b> 0, Va,beA; (u,av) (u,a) * u + a *(u,v).
3) <m, v) * r * (uV-i/w') (wu-i>w) * t *(u',v'), u,v,u\v'eA®L, te T.

4) (u, v) * vv-w * (M> t)} + <u, w) * u-u*(v, w)4-<w, u) * u-u * (w, u) 0, m, u,

A twisted Lie structure is therefore an ordinary Lie structure in the sensé of [1]
satisfying the additional property 2) above.

A morphism of Lie structures is a map M' —> M" in T-bimod such that

M >M"

(A0L)<g)(A©L)

commutes. A twisted Lie structure, say C(L), is called universal if for any Lie
structure M there exists a unique morphism of twisted Lie structures C(L)-*M.
C(L) is clearly unique up to isomorphism, if it exists. Later we will construct it
using some homological machinery.

4.3 Example. K is a twisted Lie structure by defining (x, a) x®a-ax,
<x, y) x<8>y-y®x.

The following proposition is easy.

4.4 PROPOSITION. Let ç :T+^M be an associative structure. Then

<x, a) <p(x) * a-a * <p(x), <x, y <p(x) * y - y * <p(x)

defines a twisted Lie structure over L.

4.5 DEFINITION. Let (A©L)®(A©L)->Af be a twisted Lie structure.
Suppose there is an associative structure <p : T+-+M" and an injection M' >+M"
in T-bimod such that (u, t?) <p(u) * v-u * <p(u). Then we call M" an enveloping
associative structure of M'.

4.6 THEOREM. 1/ 1C is the universal Lie structure (cf. 4.3) then (4.1) is an
isomorphism for ail twisted Lie algebra structures on L.
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Proof. Although the proof of this theorem is essentially the same as the proof
of the corresponding statement for ordinary Lie algebras (theorem 2 in [1]), we
give an abstract version of it, the reason being that some of the arguments are
used later.

Let L/=l/R_AL, so that l/=T/J. Let Tr Fr(T) and define Kr

r jn7; l/r (Tr + J)/J.Then UJU^^TM^ + J
From the définition of J it follows that T^ + ^cT^ + J, Hence

we hâve a natural surjection

with kernel (T,.^ Jr)/(Tr_1 + Kr). This map is, of course, just (4.1). If we can
show that Jrc Tr_t + Kr, we are done.

Let (x, a) x®a-ax-x{a), (x, y> x®y-y<8>x-[x, y], x, yeL, aeA, so
that / «x, a>, <x, y». Put J(r) !„+,.,-! Tp<x, a)Tq +Ip+a«r_2 Tp<x, y)Tq c J. In
particular, J(0) 0, /(1) A-bimodule generated by ail (x, a), xeL, aeA, and

J(2) A-bimodule generated by ail x(y, a), (y, a)x, (x, y), x, y g L, aeA. Clearly,
/(r_1}<= J(r) and U/(r) /. Put Mr J(r)IJir_x). M Y,Mr is a T-bimodule and <,)
induces a map <, )': (A©L)<g)(A(BL)-»M. Exactly as in [1, Lemma §3] one
proves that (M, )') is a twisted Lie structure over L. Since, by assumption, K is

universal, it exists a morphism K—»M of twisted Lie structures which, in fact, is

an isomorphism (same argument as in [1]), i.e. KJK^^J^U^^y Therefore

every élément of J(r) not in J^-d has leading term of degree exactly r. Conse-
quently, since UJ(r) /, J(r) JHTr Jr. But J(r)ç Tr_x + Kr. D

We give now a homological construction of the universal twisted Lie structure
over L. Let

be an exact séquence of A-modules with P projective. We hâve the following
commutative diagram

I I
Kr-a(P) > > T(P)®A * SA(P)

l ï ï
KR_A(L) > >T(L)®A » SA(L)



Twisted Hopf algebras 675

where (Q) is the two sided idéal in T(P)(&A generated by Q. Let ZR_A
([T(P)®A, (O)]) be the two sided idéal in T(P)®A generated by [u, q], ue
T(P)®A,qe(Q). Since ZR_AcKR_A(P), we can define

BR.A(L) XR_A(P)n(Q)/ZR_A, CR_A(L) XR_A(P)/ZR_A.

A similar argument as in [1] shows that BR-A(L) and CR_A(L) are well defined
functors froni A-mod to A-mod. We hâve an exact séquence in A-mod

BR.A(L) ~CR_A(L)^ KR_A(L).

Note that BR_A(L) £BR_A(L), CR_A(L) I CR_A(L) are graded A-modules.

Frequently, we simply write B(L) for BR_A(L) and C(L) for CR_A(L).

By 4.3, KR_A(P) K(P) is a twisted Lie structure on P. It induces a twisted
Lie structure on C(L) K(P)/Z which will be denoted by (C(L), [, ]).

4.7 THEOREM. (C(L), [, ]) is the universal twisted Lie structure over L.

Proof. We first consider the case where L is a free A-module. Let (x,}l€l be a

set of generators for L and let I be given an ordering such that ord x, > 0, ail i e L
Let Sif be the free i?-module on {x,},^. Then SAL A®SR3Jf as A-algebras. We
assign the éléments of A the ordering 0. An A-base for SAL thus consists of
tuples

4.8 LEMMA. 1) Let (M,<,)) be a Lie structure over L. Then M has an
enveloping associative structure.

2) K is the universal twisted Lie structure.

Proof of Lemma: Let N=M(BSAL. The T-bimodule structure on N is given
as follows: On M it is just the given one. Let u a®xx. reA®SR%. Write
x0 a and let x, y e 2t or e A. Define x°m, M°yeMby

X>Xi

y
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The T-bimodule action on N on éléments u e SaL is then defined by

x * u x ° u + xu

where xu a®xxx r, uy a®x1 ry, if x, yeffl, or xu xa®xl r, uy
ry, if x, yeA.

By définition bx and cy act as

(bx) * u b * (x * u), u * (cy) (m * c) * y.

In order to show that this defines a left and right T-module structure on N we
need to check that c * (b * u) (cb) * u, (u * b) * c u * (bc). The first equality
is obvious. Using 2) and 3), 4.2, and induction on r we obtain

(M * b) * C

r-1
r= £ axx

r-l
Z a*l .-1 (*.fc " ^0*1+ 1 r-l<*r>

x r_i<xr, b)c +

(r-l
1=1

r-l r-l

r-l

u * (bc).

The proof of the corresponding statement in [1] now shows that (x * u) * y
x * (m * y) and (x * u) * b x * (u * b). The equalities (a * u) * y a * (u * y)
and (a*u)*b a*(u*b) are easily established. It follows from this that JV is in
T-bimod. The map <p : x eL^x e S\L c JV satisfies <p(x) * y x * <p(y), x, y € L.
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Therefore it defines an associative structure T^—^N. Now, x * a (x, a) + a<8>x,

a * x a<8)x, hence (x, a) x * a - a * x. Let x > y. Then ax * by
(ax * b) * y (ax, b)y + ab(x, y} + ab® xy, by * ax (by, a)x 4- ab®xy, whence

ax * by - by * ax (ax, by). This proves that N is an enveloping associative

structure for M.
The map T^-^N induces a map K-*N, also in T-bimod, sending x<&a-ax

into (x, a) and x®y — y ®x into (x, y). This map is clearly unique, hence K is the
universal twisted Lie structure on L.

We return now to the gênerai case where L is an arbitrary A-module. Let
(M, be a twisted Lie structure over L. Let P be a free A-module. By 4.8, K(P)
is the universal Lie structure over P. Therefore we hâve a unique map K(P)-*M
in T(P)<8> A -bimod. The kernel of this map contains Z, so that we hâve an
induced map K(P)/Z= C(L)^>M which is unique and has the desired properties
(cf. [1]). DD

4.9 COROLLARY. The following statements are équivalent:
1)BR_A(L) O

2) KR_A(L) is the universal twisted Lie structure over L.
3) Every twisted Lie structure over L has an enveloping associative structure.

Therefore, a twisted Lie algebra L over A has the PBW-property, if, in particu-
lar, BR_A(L) 0.

Proof. 1)<^2) is obvious. For 3)O2) use the proof of the corresponding
statement for ordinary Lie algebras in [1].

From the définition of JBR_A(L) it is clear that every twisted Lie algebra whose

underlying A-module is projective has the PBW-property. (This resuit has been
obtained by Rinehart, [4], using différent methods.) A similar argument as in the

proof of theorem 8 in [1] shows that JBR_A commutes with direct limits. Hence we
hâve

4.10 THEOREM. BR_A(L) 0, if L is a flat A-module.

4.11 Remark. There is a relation between the Baer-invariants BA(L) of [1]
and BR_A(L). There is an exact séquence in A-mod

* Ba(L).

B°r-a(L) is the Baer-invariant of L obtained by dropping the bracket in ail the
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definitiones and constructions for BR-A(L). That is, given an A-module X and a

map X->Der A in A-mod, the twisted Hopf algebra l/(X)= TX®A/J0 is the
twisted universal enveloping algebra of the "free" twisted Lie algebra L(X),
where L(X)c l/(X) is the Lie algebra generated by X as in the untwisted case,

[3, 6.18]. If BR_A(X) 0 this implies that the canonical surjection TAX-»
Gr U(X) is an isomorphism for ail maps X-»Der A. The vanishing of BR_A(X)
is harder to enforce than the vanishing of BA(X). For instance, if A contains a

copy of the rationals Q, then BA(X) 0 for every A-module X, [1], while, in

gênerai, BR_A(X) * 0 for Q c A.
In section 3 we constructed the functor l/R_A : (JR -A)-Lie-> (R -A)-Hopf. We

now construct a functor PR_A: (2*-A)-Hopf—»(.R-A)-Lie in the reversed

direction and study the composites PR_A ° L/r-a and L/R_A <> PR_A.

4.12 DEFINITION. Let HG(i*-A)-Hopf. Let J(H) be the co-kernel of

fi : A-*H. The diagonal A then induces a map J{H)-^J{H)A®J{H) in A-mod.

Pr-a(H) ker(J(H)-> J(H) A® J(H))

is called the A-module of primitive éléments of H. As left A-module, H
A©J(H), where I(H) ker et is the augmentation idéal. The primitive éléments

can be described by

Our first resuit is

4.13 PROPOSITION. PR_A is a functor from (R- A)-Hopf into (J?-A)-Lie.
Proof. Let x,yePR_A(H). By 3), 2.6, 4(xy) xyA<g)l + xA<8>y + yA<8>x +

lA®xy. Consequently, 4[x, y] [x, y]A®l + lA®[x, y]. Hence, PR-A{H) is an
jR-Lie algebra. Let xePR_A(H) and a g A. By 2.4, xa (e1A®l) ° 4(xa)

x, where e1(x) e(x)(l) as in 2.2. Then,

e(x)(ab) et(xab) ei(axb + et(xa) • b) a • e^xb) +
ae1(x)(b)-hbe1(x)(a)

Consequently, e restricts to an admissible map PR_A(H)—»Der A. Now, [x, ay]
xay - ayx 6i(xa)y + axy - ayx a[x, y] + x(a)y whence PR.A(H) e (R - A)-Lie.
Let <p:H1-j>H2 be a morphism in (!?-A)-Hopf. Since <p commutes with the

diagonals, it takes primitive éléments into primitive éléments. Since <p commutes
with augmentations, the induced map Pr-a(Hi)-*Pr-a(H2) is compatible with
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4.14 COROLLARY. There is a natural inclusion PR_A(H)-*Der (A-*H).
Hence we obtain a map in (R - A)-Hopf

UP(H) l/R_A(PR_A(H))^H. (4.2)

Proof. The first map is given by sending xePR_A(H) into (<p(x), x)e
Der(A —>H), where <p : PR_A(H)-*Der A. By 3.6, (4.2) is an algebra morphism.
It follows from 3), 2.6, that it commutes with diagonals. By construction of
Pr-a(H)> it commutes also with augmentations.

In gênerai, (4.2) is neither surjective nor injective. If (4.2) is surjective, H is

called primitively generated. A necessary condition for this is that H is co-
commutative. Later we will give sufficient conditions for (4.2) to be injective.

Let Le(i?-A)-Lie. There is a canonical map L->PC/(L) PR_A(t/R_AL),
induced by L—> l/R_AL, which, in gênerai, is not surjective. If BR^(L) 0, it is

injective, since, in this case, L-->l/R_AL is injective.
In order to obtain more informations about the primitive éléments we need

the following.

4.15 LEMMA. Assume BR_AL 0. Then Gr (l/R_ALA® t/R_AL)
SALA<g>SAL.

Proof. Let T2=TA®T, S2 SA®S, U2 t/A®U, J2= T
TA<g>K + KA<8)T (actually, J2 has to be thought of as the image of TA®J+
JA<g)T in T2, similar for K2 and others below). Then U2=T2/J2, S2 T2/K2.
Using the notations of the proof of 4.6, let T2 Xp+q=rTpA®Tq be the
filtration on T2 and define K2 K2HT2, S2 (T2 + K2)/K2, J^Pnt2, U2

(T2 + J2)//2. Since K2 is graded it follows that K2 Ip+q:,r Tq A®XP + KpA® Tq. As in
4.6, L/2/Lr2_1 T2/(T2_1 + /2), Sï/SU-TÏKTÎ.t + K2) and there is a

natural morphism

S2ISU-»U2IUU (4.3)

with kernel (T2_, +J2)/(T2_1 + K2). (4.3) is just the natural map S2->Gr (U2). We
must show that J2c !?_! +K2. For this let 4) Ip+q-rTqA®J(P) + J(p)a® Tq. Now
we repeat the argument used in the proof of 4.6. Since BR_AL 0, we have

KJK^x^J^U^-d !* follows that if m g J2r), utÉ J2r-i), u has leading term of degree
exactly r. Since UJfr) J2 this implies that J2r) T2 n / /2. But J2r) c T2.! + X2 so

we are done.
Note that in case A R this theorem is easy, since URL®URLs UR(L(BL)

and BR(L0L) O, if BR(L) 0.
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Let ueFr(U) be primitive, ufÉF^^U). Since A is a filtered morphism
Fr(l/A<g)L0, 4(M)^Fr_1([/A(8)Lr). Let û be the class in Fr(U)/Fr_t(U) rep-
resented by u. It follows that û is primitive in Gr(U). Suppose BR_AL 0. Then
Gr U) S, Gr UA ® (7) SA ® S and primitive éléments in U give rise to primitives

in S. In particular, we hâve

4.16 PROPOSITION. Let BR_AL 0. Then PU(L) L if PR-A(SAL)
L.

In order to take advantage of this proposition we need some facts about the
De Rham complex of the A-module L. Let a AAL be the exterior algebra of
the A-module L. In the graded A-module S®A a =Iq^0 S®A Aq define a

differential d of degree +1 by

xx pg Sp, y g Aq. We thus obtain the De Rham complex of L. The cohomology
modules are denoted by Hq(S®A a). Let Hpq ^Hq be the submodule generated
by cocycles in SP<8>A Aq. Thus Hq =IP^O Hpq.

4.17 PROPOSITION. Hpq is a torsion group bounded by

Proof. Define a map h : S®A a-*S<8>a a of degree -1 by

iA • • • Ayq)= £ (-1)J xxx ryq®AyiA • • • a y, a • • • Ayq.

Then (hd + dh)(xi p®AyiA • • • Ayq) (p + q)x1 p®Ay!A • • • Ayq. Let z

I ^i p®ayi a • • • a yq represent a class [z] g Hp'q. Then (hd -h dh)(z)
(p + q)z. Therefore (p + q)[z] 0 in Hp'q. D

We can now state our main results of this section.

4.18 THEOREM. If H°(S<8>aa) A (Le. if L is "connected"), then

Proof. The diagonal A :S-+SA®S is a morphism of graded modules, i.e.

ç=Ip^rSp<g>ASq. Therefore, PR-A(SAL) Zr»iPr(S) is a graded A-
module. Consider A\S% r**2. Let A\ be the component of A \ Sr in Sr~pA<8>Sp so

that A\Sr=%.0Arp. It follows that xePr(S) ift 4p(x) 0, p l,...,r-l. In
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particular, A[(x) 0. Let S+ £r3ÏB2Sr. We then have a commutative diagram

where a° A, S*=ax L and 41 Ir^24i. Suppose xePr(S), r^2. Then

A1(x) 0 or, equivalently, d(x) 0. By assumption, H°(S®A a) A, so x dy.

But y 0, hence x 0.

4.19 COROLLARY. Lef Le(K-A)-Lie be such fhaf BR_A(L) 0 and

H°(S®A a) A. Then Pl/(L) L.

Proo/. Combine 4.18 with 4.16.

4.20. THEOREM. Let He(R-A)-Hopf with primitive éléments L
Pr-a(H)- Assume BR_A(L) 0 and H°(S<g>A a) A. Then UP(H)-*H is injec-
tive. In particular if H is primitively generated, UP(H) > H is an isomorphism
in (R-A)-Hopf.

Proof. Let V ker UP(H)-+H and let xe V, xeFr(UP(H)), xëFr.t(UP(H)).
Assume r is minimal with this property. BR_A(L) 0 implies that L-*U(L) is

injective; consequently r^2. Since UP(H)-*H commutes with diagonals, A(x)
*a® 1 + 1 A<g)x + Z("a® v + uA® m) where u, v' e V, having filtration degree smal-

ler than r. The minimality condition on r thus implies £(uA®u + uA®u) 0,

hence xePR_A(UP(H)). But PR_A(UP(H)) L, by 4.19. Consequently x
0. D

The following propositions give conditions under which the assumptions in
4.19 and 4.20 are satisfied.

4.21 PROPOSITION. If A is torsionfree as abelian group and L is flat as

A-module, then BR_A(L) 0 and H°(S<8>A a) A.

Proof. The statement about BR_A(L) is just 4.10. If A is torsion free as

abelian group and L is a flat A-module, then SAL is torsion free as abelian group.
Therefore, H°(S®A a) A by 4.17.

In the particular case R A we are dealing with ordinary Lie and Hopf
algebras. UR-AL UAL is the ordinary universal enveloping algebra of L,
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Pr-a(H) Pa(H) is the Lie algebra of primitive éléments in the usual sensé [3]
and BR_A(L) BA(L). 4.21, and therefore 4.19 and 4.20, can then be extended
as follows:

4.22. THEOREM. BA(L) 0 and H°(S<g)A a) A in the following cases:
1) A is torsion free as abelian group and L is a flat A-module.
2) A contains a copy of Q, L arbitrary.

Proof. 1) is 4.21 in case R A. By [1], BA(L) 0, if A contains a copy of Q,
and H°(S<g)A a) A by 4.17.
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