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Some properties of groups without the property P,

V. LOSERT

Let G be a locally compact group with a left Haar measure dx. The group is

said to hâve the property F1 if for every e > 0 and every compact subset K of G
there exists seL1^) with ||s||i l and supxeKjG|s(xy)-s(y)| ày <e. (see [1] p.
168).

In [1] A. Derighetti introduced the quantity pu which is defined as the
infimum of ail non-negative real numbers À such that for every compact subset K
of G there exists s > 0 with \\s\\x 1 and supxeK JG \s(xy) — s(y)\ dy < À. He proved
that pi<l implies property F1.

In this paper we are able to show that Pi<2 already implies property P^ It
follows that Pi can assume only two values, px 0 if G has property P1 and px 2

if not. Analogous relations are proved for the constants pp, which are defined in
the same manner as pl5 with ^(G) replaced by LP(G) (l<p<oo). The same
constants are obtained if the System of compact subsets of G is replaced by that of
finite subsets.

More generally one can consider the case of a locally compact space X on
which G acts continuously and which admits a quasi invariant measure ix (see

[5]). This defines a représentation ] of G on L2(X, fi). One can define constants pp

as above and it turns out that again only two values for each pp are possible,
depending whether tt weakly contains the one dimensional identity représentation
of G are not.

In the last section we show that the Fourier algebra A(G) (or more generally
AP(G)) factorizes iff the group has property Pt. This generalizes a resuit proved in
[7] 2.3 for the free group of two generators.

Acknowledgement I want to thank H. Rindler with whom I had a number of
valuable discussions on the subject of this paper.

Notations

Let G be a locally compact group with unit élément e, X a locally compact
topological space on which G acts continuously and which admits a quasi
invariant Radon measure jll with modular function x (cp. [5]).
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134 V LOSERT

If / is a function on X and a e G, we define af(x) f(ax) for jc g X. 2F (resp. gf)

shall dénote the family of ail finite (resp. compact) subsets of G.

We hâve a représentation ttp(x)s y(x~\ .)1/px~ls for x e G, s e LP(X, /m). (We
will write tt instead of tt2.)

We define p(7rp) supKeX inf {supxeK||7r(x)s-s||p : s eLp(X, /ut), s>0 ||s||p 1}

(l<p<oo)
P*(ttp) is defined in the same manner with JC replaced by 3F.

d{ir) sup inf{sup |(tt(x)s, s) —1| : s g L2(X, /ut)}

d*(ir) with ^ instead of %.

p(tt2) coïncides with the quantity p(ir) of [1]. For X= G, ju, Haar measure p(tt1)
coïncides with p1#

If M is a mean on L°°(X, /x) (a positive linear functional with M(l) 1) we put
a (M) sup {|MU) - M(4>)| : x e G, c/> g L°°(X, /lc), ||^|U < 1}.

If x g G, ex shall dénote the point measure of mass one concentrated in x. We
write Lk(G) for the space of real-valued integrable functions on G and L^(G)
{/€Li(G):J/(x)dx=0}.

LEMMA 1 Pur B={€x*/-ey */:x, yeG, feL^(G), WfW^l}. Then the

closed absolutely convex hull of B in L^(G) coïncides with {/gLr(G):||/||1<2}.
Proof. We use the bipolar theorem [10] Th. 4 p. 35:

{<f>e L*(G) : U - y4>\l < 1 Vx, y g G}.

If (freB0 is continuous this means that |<£(jc)-c/>(y)|<l for ail x,yeG. It
follows that supx€G<^(x)-infxeGc^(x)<l (<^ is real valued) and so there exists

some cgR such that ||<£-c||oo^2. B° is by définition closed with respect to the

topology cr(L°°, L1), it is convex and left-translation invariant. It follows that
c^gB0, feL^G), /=>0, J/dx l implies f*<f>eB°.

If </>GjB° is arbitrary, we choose an appropriate approximate identity (ut) in
LX{G) such that ut* <t>eB° and u, * <f) converges to </> in the topology C7(L°°, L1).
Since u, * <j> is continuous we can find c,eR such that ||m, * <j) - cj| =^|. Let c gR be

a cluster point of the cl? then some subset of ut * <\> — cx converges to <£ - c (for
o-(L°°, L1)) and it follows that ||<£-c|U^sup|^ *<£-cl|U^i This means that
B° {^gLr(G):3cgR:||^-c||oo<|} (the converse inclusion is trivial).

If feL^Gl J/dx=O, H/11^2, </>Gfî°, ||*-c|U<i then

Consequently feB00 and it is again trivial that any / in the closed absolutely
convex hull of B satisfies J/dx =0 and ||/)|i^2.
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Remark. The conclusion of Lemma 1 is not valid in the case of complex
valued functions:

Let au a2, a3 e C be the roots of z3 1 and assume that 4> e L°°(G) takes only
the values 3~1/2 at (î 1, 2, 3) each on a set Ax of positive measure. Then <\>

belongs to B° but there does not exist a constant c eC such that ||<£ —c||oo^è- Now
one can easily construct a function feL°(G) such that ||/||i 2 and arg/(x) ât
for x g Ar Consequently J f(x)<t>(x) dx 3~1/2 J |/(x)| dx 2.3~1/2 > 1 and so / does

not belong to the closed, absolutely convex hull of B.

LEMMA 2. If M is a mean on L°°(X, /ut), 4>eL°°(X, jx), feL°R(G), we hâve

Proof. For fixed <£ e L°°(X, /ul) the map /—»/*$ is continuous from Ll{G) to
L°°(X,/ll) (for the norm topology). For x,yeG, feLl(G) we hâve by the
définition of a (M):

\M(ex *f*4>-e, */*^)|^a(Af)||/*<^|U^a(A*)||/||1||*|U

The set B1={geL^(G): |M(g * ^)|<a(M)||c^||oo} is a closed convex subset of
L^(G) which contains the set 0.£ {ex */-ey */: x, y e G, /g4(G), ||/||i^1}.
By Lemma 1 Bx contains ail functions geL^(G) with ||g||^2 and so the resuit
follows.

LEMMA 3. If M is a mean on L°°(X, jjl), C a compact subset of G, e> 0, then

there exists feL\X, jll), />0 with J/(x) d/n(x) 1

/or ail xeC.

Proof. Let h be an arbitrary function in Ll(G) with h >0, J h(x) dx 1. Then
there exists some neighbourhood U of the unit élément e in G such that
||ex * h - h||x < 6/2 for x e U. Let F {xl5.., xn} be a finite subset of G such that

Now we consider the space Y which is defined as a product of n +1-copies of
Li(X) with the norm \\(ft)\\ sup H/J^. Put a =a(M)~1 (if a(M) 0 the same proof
works if a is sufficiently large) and define a map u :Lr(X, jll) —> Y by

M(/) («77^ * fi " h)/, «^(6^ * h " h)/, /).

(We write also tt^ for the extension of the représentation to ^(G).) u is clearly
linear and satisfies ||/||1<||M(/)||<2a||/||1.

The dual space Y' of Y can be identified with the sum of (n + l)-copies of
Lr(X,/ul), equipped with the norm ||(<k)|| Er=ill<klU and the dual map u'
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of u is then given by
<£„+! .(h * (jc) h(x-1) Acfx"1)). Let K be the preimage of the unit bail of Y by u,

then the polar K° is the image of the unit bail of Y' by u'. If 4>eK°, it
follows that there exist (tf^er with I?=i||<k||oo^l such that <f>

iP-i «[(«x, * h)* * <fr -h* * <fr] + </>n+1. By Lemma 2 |M(<J>)|< 1 and this means
that M belongs to the bipolar K00 of K in Lr(X, jll)". By the bipolar theorem iC is

dense in K00 for the topology cr(LR(X, jll)", Lr(X, jll)). Since M(l) 1 it follows
that there exists foeK such that |Jx/0(x) d/Lt(x)-1|<e/8. foeK means that ||/0||< 1

and WiTiie^ *h-h) f0\\x<a(M) for i 1,..., n.

We décompose /0 into its positive and négative part: /o /o~/ô- From
/ôlli^l, |l-|l/olli + ll/ôllil<e/8 it follows that ||/o-/olli =||/ôlli^e/16 and

-e/8. Put f ftl\\fol Then «^(^ * h-
(We assume e<l.)

Finally if xeU then H^Ce^
The following lemma, as well as its proof, is due to H. Rindler:

LEMMA 4. p(ir1) 2 if and only if p(tt2) 21/2 p*(irl) 2 if and only if

Proof. Assume that xe G, feL\X, jjl), />0, \\f\h 1, |k1(x)/-/||1>2-€. Put

Then

•>x

(2<g,g>-2<772(x)g,g))1/2(2<g,g)

+ 8<7r2(x)g,g))1/2

2(l-<7r2(x)g,g)2)1/2.

It follows that <7T2(x)g, g)<(l-(l-e/2)2)1/2<€1/2 and

Ik2(x)g - g|i 2 - 2(7r2(x)g, g) ^ 2. (1 - e1/2).

Conversely if ||/n"2(x)g-g|||>2-€ ist follows from the équation \a-b\2<\a2-b2
(0,6^0) that
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THEOREM 1. The following statements are équivalent

(i) 7T does not contain weakly iG

(ii) p(ttp) 21/p for l<p<oo
(iii) p*(ttp) 21/p for l<p<œ
(iv) d(7r) l
(v) d*(7r) l
Proof. If tt contains iG weakly then ail the quantities in (ii)-(v) are zéro and so

(ii)-(v) implies (i).
If p*(tt2)<21/2 then by Lemma 4 p*^)^. The same argument as in [1]

Prop. 1 shows that there exists a mean M on L°°(X, jll) with a(M)<2. By Lemma
3 p(tt1)<2 and by Lemma 4 p(7T2)<21/2. If ||7r2(x)s-s||<a<2 then <
tt2(x)s, s»l-a/2. It follows that d(ir)<l and by [1] Cor. 14 tt contains iG

weakly. This shows that (i) implies (ii), (iii) for p 1, 2 and (iv).

If d*(7r) 1 a simple computation shows that p*(ir2) 21/2. It remains to show

that p(tt2)2 2 implies p(ttp) 21/p for l<p<oo (analogously for p*(ttp)). By the

inequality \a - b\p < ap + bp for a, b > 0, p > 1 it follows that p(ttp)<21/p. Assume

that ||7r2(x)5-s|||>2-2e2 i.e. (tt2(x)s, 5><€2 and that s>0, ||s||2 l. Put t

tt2(x)s, A1={xeX:s(x)<€r(x)}, A2 {xeX: t(x)<es(x)} (we assume e<l).
Then it follows that €jx/A2s(x)2 dfi(x)<$x/A2s(x)t(x) dn(x)<e2.

Consequently JXxA2s(x)2 djm(x)<€ and similarly JX\Alt(x)2 dja(x)<e. For 1<
p<oo we get:

The same estimate holds for (JA2 |s(x)1/p -f(x)2/p |p dix(x))/p. This gives combined
5x\s(x)2/p-t(x)2/p\dn(x)>2-8(e) where S(€) -^ 0 for e -> 0. If one puts sr
s2/p then ||7rp(x)s1-s1||p>2-ô(€) and it follows that p(ttp)>21/p.

For feLx(G), xeG put Ax f AG(x)fx. If H is a closed normal subgroup we
write TH for the canonical map Ll(G) -> Ll{GIH) and ^ for the convex hull of
{Ax : x g H). It is well known (see [8] p. 174) that if H has the property Px then

inf \\Af\\x= HTn/Mor ail feL\G).
Aes4

The next proposition shows that a converse similar to Th. 1 holds for this
characterization:

PROPOSITION l.IfH does not hâve the property Pl9 then for any A < 1 there

exists feL\G) such that H/l^ 1, TH/ 0 and infA6



138 V LOSERT

Proof. If À < 1 and for any feL\G) with THf 0 there exists Aesi such that
\\Af\\~ All/il> one can iterate this procédure to get A esi such that ||A/||< An||/||. An
analogous argument as in [8] Ch. 8, 4.5 p. 176 shows that for /l5 fmeLx{G)
with Th/, =0 and e>0 there exists Aesi such that \\AfX <e for î 1, m.

Let {xx, xn) be a finite subset of H, e>0. If feL\G) with />0, ||/||a 1 is

arbitrary put /t=€x*/-/. Then THft=0 and consequently there exists Aesî
such that ||A/t||<€. Then g Af satisfies g>0, ||g||i l and ||eXi *g-g||i<€ for
î 1, n. This means that (G, H) has the property P*(G, H) (see [9] §3 p. 12)
and by Prop. 1 p. 13 of [9], H has the property Px.

2. In the last section we consider some function algebras on a locally compact
group, whose factorization properties dépend on the property P^ The proof of
this resuit was obtained independently by A. Derighetti.

Let AP(G) be the algebra of ail functions £ fn * gn, where /neLp(G), gne
LQ(G), l/p + l/q l, gn(x) g(x~1) (see [6]).-for p 2 one gets the ordinary
Fourier algebra of G. Let BP(G) be the algebra gernerated by those positive
definite functions which are subordinate to the left regular représentation of G on
L2(G). [2] An algebra A is said to factorize weakly, if it coincides with the linear
span of A.A.

PROPOSITION 2. If one of the algebras AP(G) (1 < p < oo) or BP(G) factorizes
weakly, then G has the property Plm

Remark. If G has the property F1 then BP(G) has a unit élément and each

AP(G) has a bounded approximate identity (see e.g. [6] p. 121).

Proof. If a function / belongs to one of thèse algebras, then its complex
conjugate does also and has the same norm. By Th. 2.3 of [3] there exists a

constant Kx > 0 such that for each compact subset C of G there exists feA such

that />1 on C, />0 on G and H/II^K^ (A dénotes of the algebras cited above.)
In the case of AP(G) one can now use the same argument as given in [6] Th. 6 to
see that G has property Px. An analogous argument holds for BP(G) since this is

the dual of the C*-algebra on L2(G) generated by left convolution operators from
L\G) ([2] p. 192).
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