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The invariance principle

Martin Schechter

Abstract We prove the invariance pnnciple under weaker conditions and discuss applications

1. Introduction

Let Ho, H be self-adjoint operators on Hilbert spaces $fo> ^ respectively. We
assume that there is a bounded linear map / from $t0 to 3t. Put

eltHJe-ltH° (1.1)

and let M M(H, Ho, J) be the set of those fe $?0 such that the limit

Wf \imW(t)f (1.2)
t—*oo

exists. It has been shown by several authors that under certain conditions on / and
the real valued function <p(s) that

Wf lim e'«p(H>/e'MHo)^ (1 3)
t—*oo

(cf., e. g., Birman [1], Kato [2], Kato-Kuroda [3], Donaldson-Gibson-Hersh [4],
Mateev [5], Sakhnovich [6], Matveev-Skriganov [7], Schechter [8], Chandler-
Gibson [9]). When (1.3) holds, it is known as the invariance principle. The

purpose of this paper is to prove it under conditions weaker than previously used.

Applications are discussed in Section 5.

We shall make only one assumption on <p(£), namely that

f 2

ds-»O as f—»oo (1.4)

for each bounded interval I. It was shown in [10] that (1.4) is satisfied if <p'(s) is

piecewise continuous, positive and locally of bounded variation. Our assumptions

111



112 MARTIN SCHECHTER

on / are also simpler and weaker than previously considered. Our theorems are
stated in Sections 2, 6 and proved in Sections 4, 6. Lemmas which are used in
their proofs are given in Section 3. We employ ideas from [3, 4, 8, 9].

2. The gênerai theorems

Let fflaciH) be the subspace of absolute continuity of H (for the définition cf.

[10]). Our main theorems are

THEOREM 2.1. Let <p (s) be a real valued function satisfying (1.4) and let f be

an élément of M f) fflac(H0) such that

(2.1) d(E0(s)f,f)/ds is bounded, Eo and E are the spectral measures belonging to

Ho and H resp. and

(2.2)

ThenfeM(<p(H),ç(H0),J) and (1.3) holds.

THEOREM 2.2. Let <p(s) satisfy (1.4) andfe^ac(H0) satisfy (2.1). Assume
also that for some p > 1

(2.3)

and

f ||W'(f)/ll(l + k>gf)df<« (2.4)
h

Then feM(<p(H)9 <p(H0),J) and (1.3) holds.

3. Some Lemmas

In this section we give some lemmas used in the proofs of Theorems 2.1 and
2.2.
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LEMMA 3.1. If u e Xac(H) and

d(E(s)u,u)/ds^m2 (3.1)

then

|(e-ItHM, v)\2 dt =£ 2um2 ||u||2 (3.2)

Proof. Cf. [10].

LEMMA 3.2. Ifue dKac(H), veW then (E(s)u, v) is absolutely continuous and

\d/ds(E(s)u, v)\2^d/ds(E(s)u, u)d/ds(E(s)v0, v0)

where v0 is the projection of v onto $6ac.

Proof. Cf. [10, p. 517].

LEMMA 3.3. If (1.4) holds, then

j |je-6-'*<4)w(É)d£||2<is-+0 as t^=o (3.3)

for each Bochner square integrable vector valued function w(|).

Proof. Clearly (1.4) implies (3.3) for ail step functions w(£). But thèse func-
tions are dense in the space of Bochner square integrable vector valued functions
(cf [11]). Since the left hand side of (3.3) is bounded by

2tt

the resuit follows.

LEMMA 3.4. If (1.4) holds, then

\e-"*(eh(OdÇ-+0 as f-^oo (3.4)
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for ail Bochner integrable vector valued fonctions

Proof. Put MÉ) ||M£)|lè when W€)*0 and h1{Ç) e~e when h(£) 0. Take
h2(0 H&hl(Ç). Then h(f) hi(f)Mf) and hl5 h2 are square integrable. Now
the left hand side of (3.4) equals

(3.5)

where

w2jf (s) {2ir)

But by Lemma 3.3

as —» u as
0

and

•o

2ds^>0 as

Thus the expression (3.5) tends to Oas f^œ.

LEMMA 3.4. Put

^~^s)ds (3.6)

(3.7)

and

(3.8)
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If G(s) is Bochner integrable, then

s)\\ ds (3.9)

(3.10)

and

1/(0-

Proof.

+ 0

Cf.

as

[9].

4. The proofs

Now we are ready for the proofs of the theorems of Section 2.

Proof of Theorem 2.1. Let e>0 be given and take the bounded interval I so

large that ||E0(C7)/||<e. Put

N(t) (277)-1/2[W-J]e-"H° (4.1)

Then

where

h(s) d(E0(s)f,[W*-J*]v)lds (4.3)

Define

(Z(t)f, v) [ e-uv(s)h(s) ds (4.4)

By (4.2), (N(t)f, v) is the Fourier transform of h(s). Hence

h(s) (2ir)"1/2 Jc-^Wê)/, t) dÇ (4.5)
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By Parseval's identity, (4.4) becomes

where gt(£) is given by (3.6). Thus

Z(f)/=Jft(!)N(É)/d£ (4.6)

Put

Z1(t)f=^gM)N(t)fdÇ (4.7)

and

Z2(t)f= f gMWMdÇ (4.8)
J—oo

Now

j° J0 /, u)|2 d|

By Lemma 3.1, the last intégral is bounded by 2-n-m2||[W-J]*u||2=£
27rm2||W-J||2||u||2. Thus

||Z2(0/||2«27rm2||W-/||2|° |gt(£)|2d£ (4.9)

and this tends to 0 as t —» oo by (1.4) (note that the intégral in (4.9) can be put in
the form (1.4) by changing £ to -g). Next we note that

Z1(t)f= \ e~lt(pis)w(s) ds (4.10)

where

w(s) (2tt)-1/2
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Since the limit (1.2) exists, we hâve

elsHWf=WelsHi (4.12)

for each real s. Hence

(27r)1/2eltHN(t)/ [W- W(t)]f

and consequently

||N(0/|h(27r)-1/2||[W-W(0]/||

Thus N(t)f is square integrable in (0,oo) by (2.2). Hence w(s) is in L2 by (4.11).
Since I is a bounded interval, w(s) is integrable in I. If we now apply Lemma 3.4
to (4.10) we see that Zx{t)f-^Q as

Next we note that by Lemma 3.2

\h(s)\ ds ^ ^ (fs l|Eo(4)/l|2)(f |UEo(s)[W-

«||£o(C/)/|| ||proj. of (W-J)*o onto %Oac\\

Hence if we put

(Y(t)/,t>)=[ e""*(s)h(s) ds

we will hâve

||Y(r)/l|«2||Eo(C0/||<26

Now

([W-Jje-"^/, u) ie-'t<p(s)h(s) ds

Hence

[W-/]c-"p(H->)/= Y(t)/+Z(r)/

Since e > 0 was arbitrary, we hâve

as
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But

This gives (1.3).

Next we turn to the

Proof of Theorem 2.2. AH of the hypothèses of Theorem 2.1 are assumed with
the exception of (2.2), and this was used only to prove that

Z1(t)f^>0 as t-*œ (4.13)

Thus it suffices to prove (4.13). Let cr(£) be a function which equals 1 for £^2
and vanishes for £^1. Put

and

Z4(0/=

Then Z1 Z3 + Z4. Also

Z4(0/=[ e-lt«(s)M(s) ds

where

M(s) l

Since l-o-(^) vanishes for ^ 1, we see that [l-<r(£)]N(£)/eL2. Thus M(s)eL2
and consequently M(s) is integrable on I. By Lemma 3.4 we see that Z4(t)-> 0.

Now
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where

Thus

Since cr'(£) vanishes for £s?2, (2.3) and (2.4) imply that u'eL2 and

[l+log(l + |r|)]w'GL1. Since feM and cr(0) 0, we see that u(0) w(oo) 0. Let
G(s) be given by (3.8). Then

Thus

and consequently

Moreover, since

/.o

J

Hence G(s)eL1. Now we can apply Lemma 3.4 to conclude that Z3(f)/—»0.
Finally, we note that /eMbya well known theorem of Cook [12].
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5. Applications

Condition (2.4) is not much stronger than a sufficient condition for the
existence of the wave operator (1.2) due to Cook [12]. Condition (2.3) is close to
it as well. Thus Theorem 2.2 states that the invariance principle holds under
slightly stronger conditions than those usually used to prove the existence of the

wave operators. As an illustration, let Ho —A, H H0+V(x) on L2(En). For
each yeEn put

The linear combinations of such functions are dense in L2, (2.1) holds and

where F dénotes the Fourier transform. Thus a sufficient condition for the
existence of the wave operators is

f (l + r2rn/4Ty(r)^<oo (5.2)

for each y e En, where

Ty(02= j|V(x)|2exp {-|^} dx (5.3)

Conditions (2.3) and (2.4) reduce to

and
¦oo

(5.5)f

respectively. Thus we hâve

THEOREM 5.1. If <p(s) satisfies (1.4), and (5.4), (5.5) hold, then the wave

operators exist and the invariance principle holds.
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In particular, (5.4) and (5.5) both hold if

Ty(t) 0(ra) as r-»oo (5.6)

for some a > 1 —\n for each y. Thus we hâve

COROLLARY 5.2. If <p satisfies (1.4) and V satisfies (5.6), then the

invariance principle holds.

Finally we note that (5.6) is implied by

(l + \x\)aV(x)eL2 (5.7)

for some a>\-\n. This is the condition for existence of the wave operators
derived by Kuroda [13]. We hâve shown that it is also sufficient for the invariance

principle to hold.

6. Another approach

Now we consider hypothèses that differ from those of Section 2. We shall
assume that there are a Hilbert space 3if and closed operators A from ffl0 to JC

and B from M to 3Sf such that

(W(t)f, g) (Ae~ltHi, Be-ltHg)iï (6.1)

We shall prove

THEOREM 6.1. Assume that (1.4) and (6.1) hold. Let feMnWac(H0) be

such that

r »dr<oo (6.2)

and

lim sup ||Je""*(Ho>/|| ^ || W/|| (6.3)
t—x»

ThenfeM((p(H),<p(H0),J) and (1.3) holds.
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Proof. By (6.1) we hâve

KW-J]/, g) (Ae-«"°f, Be-uHg) ds (6.4)

Now

(A[Ro(z)-Ro(z)]f9 g) -27njôa(À-s) d(AE0(k)f, g)-»

-27TÎd(AE0(s)/, g)/ds a.e. as a|0

where z s + ia, a>0 and ôa(jUL) a/7r(/LL2 + a2). On the other hand

^\\A[Ro(z)-Ro(z)]f-f(s)\\2ds->0 as a->0

where

/•oo

/(s) -ïj e^Ae'^ofdt (6.5)

Hence

27Td(AE0(s)/, g)/& î(/(s), g) a.e. (6.6)

Consequently, if a (À) is any Borel function, we hâve

(Aa(Ho)/, g)= Ja(À)d(AE0(A)/, g)

or

|A (6.7)

In particular, we hâve

as
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by Lemma 3.3. Similarly,

^\\BW[Ro(z)-Ro(z)-]f-h(s)\\2ds->0 as a->0

where

fc(s) -if e's'BWe-u"idt

Hence

P||Be~"rH~"'(H) W/lp da (2ir)-2 P I fe-"x-"*<x)h(A) d\t da

{2ttT2 [ dv

Now by (6.4)

\ d<r

x ^\\Be-^"-"^H)Wf\\2 da

The first intégral converges to 0 as f —»oo while the second is bounded. Thus

(Wf, elt*(H)Je-lt<p(H°>f) -* ||Wff as t -> °o (6.8)

Hence

llr it<p(H) r0—itç(H0) _ TI/lfll2 — II T/?~lt<p^Ho)-f\\2
j|Lc jc vv jy || \\jc j ||

"Hl Wf|P~2Re (6 /6 °f Wf)
(6.9)

By (6.3) and (6.8), the right hand side of (6.9) converges to 0. This gives the
desired resuit.

It should be noted that (6.3) holds if [J*J- W* W]E0(I) is a compact operator
for each bounded interval I. To see this, let e > 0 be given and take I solarge that
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||E0(CT)/||<€. Now e~lt<piHo)E0(I)f converges to 0 weakly since

(e-^(H0Eo(I)/, g) J e-1^— (Eo(A)/, g) dk

This converges to 0 by Lemma 3.4. Thus [J*J- W*W]e-ltùiH^E0(I)f converges
strongly to 0. Hence

||Je-^(Ho)E0(J)/||2-|| WE0(I)ff

([/*/- W°W]e-lf<

On the other hand

Thus

as
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