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The Euler class and periodicity of group cohomology

by Stefan Jackowski

We investigate hère the cohomology of finite groups with coefficients in
modules over group rings. The well-known Cartan-Eilenberg Periodocity
Theorem for a finite group acting freely on a sphère is generalized. As a corollary
we obtain a criterion for the cohomological triviality of modules over group rings
of finite groups. It turns out that a module over a group ring is of trivial
cohomology if and only if its restriction to each elementary abelian subgroup of
the group is of trivial cohomology. As another application of the Euler class

technique we examine the nontriviality of the restriction homomorphism in low
dimensions. Thèse algebraic results are deduced from constructions and theorems
of equivariant topology and elementary représentation theory.

This work was done at the Forschungsinstitut fur Mathematik ETH Zurich. I
am grateful to Professor Beno Eckmann for the opportunity to work there. I
thank Professor Urs Stammbach for valuable discussions.

§1. The Euler class

In this section we define the Euler class of a cohomological sphère with a

group action. Our approach is motivated by Atiyah's construction of the Chern
classes of complex représentations (cf. [1]).

Let Xn be an oriented n-dimensional cohomological sphère over the ring R.
Assume that a topological group G acts on Xn preserving the orientation. Then
the Euler class

e(G,2n)eHn+\BG:R)

is defined as the Euler class of the sphère bundle EGxG2n-+BG. The Euler
class defined above inherits properties of the Euler class of sphère bundle. In
particular we hâve:

1.1. PROPOSITION. If the action of G on Xn has a fixed point, then
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We would like to know when the Euler class of a G-sphère is nonzero. We
restrict ourselves to the case of linear actions of compact Lie groups on sphères

given by complex représentations. The Euler class of a complex représentation is

defined as the Euler class of its sphère. The obvious necessary condition for the

nonvanishing of the Euler class is given by the last proposition. It turns out that
only in the case of an elementary abelian group or a torus group the Euler class of
an arbitrary complex représentation which does not contain the trivial représentation

is nonzero. Following tom Dieck this resuit will be formulated in terms of
the localization of the cohomology ring with respect to the Euler classes. We
dénote by S<^H*(BG:R) the multiplicative set of the Euler classes of ail

complex représentations of G which do not contain the trivial représentation.

1.2. THEOREM. If G is a compact Lie group, then

(a) S^H^iBG : Q) 5e 0 if and only if G is a torus group.
(b) S~1H*(BG:Z/pZ)ïéO if and only if G is an elementary abelian p-group,
(c) S^H^iBG : Z) 5* 0 if and only ifG TxK where T is a torus group and K

is an elementary abelian p-group for some prime p.

Proof If G is one of the groups listed in the theorem, then a straightforward
vérification shows that corresponding localization is nonzero.

Conversely: tom Dieck [6] using his Fixed Point Localization Theorem for
actions of compact Lie groups proved, that for an arbitrary ring R,
S~1H*(BG:R)?éO implies that G is an abelian group. Assume that G is an
abelian group. We prove only (c); proofs of (a), (b) are similar. If G is not of the

required form, then there exists an epimorphism G —» Z/nZ where n—pq,
p,q^l. Let V be the canonical one-dimensional représentation of the group
Z/nZ and V*9 Vq be p-fold and q-fold tensor powers of V. The représentation

V0 Vq does not contain the trivial représentation and its Euler class vanishes.

This implies that S"1ff*(BG : Z) 0.

§2. The Periodicity Theorem

The Cartan-Eilenberg Periodicity Theorem (cf. [4] Ch. XVI, §9) asserts that if
a finite group G acts freely on a sphère Sn then the multiplication by the Euler
class

e(G,2n)U-:Hq(G:A)-H>Hq+n+1(G:A)
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is an isomorphism for q > 0 and an arbitrary G-module A. The generalized periodicity

theorem formulâtes conditions for this multiplication to be an isomorphism for
the fixed module A.

Let R be the fixed ring. For a given compact Lie group G, tto(G) dénotes the

group of connected components of G. Let A be a module over the group algebra
R[tto(G)]. We dénote by H*(BG:A) the cohomology module of the classifying
space BG with coefficients in the locally constant sheaf (local coefficient System)
defined by the homomorphism tt1(BG) tto(G) —» AutR (A). Recall that for a

topological space X we dénote by cdR (X) the supremum of the integers m such

that there exists a sheaf F of R -modules on X with Hm(X:F) ^ 0. If the group G
acts on X then for every point x e X, Gx dénotes its isotropy group.

2.1. THEOREM. Let (G,Xn) be an orientation preserving action of the

compact Lie group G on the R-cohomological sphère Xn for which cdR (Xn) n. If
A is a R[TT0(G)]-module such that for every point xeX, Hl(BGx : A) 0 for ail
i>0, then the multiplication

e(G,2n)U:Hq(BG:A)->Hq+n+1(BG:A)

is an isomorphism for every q>0.

Proof. Consider a universal G-bundle EG —> BG and two projections

BG <r-^— EG xQXn
P2

> 2n/G

defined on the total space of the associated bundle with fibre 2n. The map px is

the projection of the oriented sphère bundle and therefore we hâve the Gysin
séquence (cf. [10], Ex. 5.J.6.):

To prove that the multiplication by the Euler class is an isomorphism in positive
dimensions it is enough to show that Hl(EG xGXn : pfA) 0 for i > n. To prove
this consider the induced homomorphism

p*:H*(2n/G :p2*p*A)^H*(EG xGXn :p?A)
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where p2*pfA dénotes the direct image of the locally constant sheaf defined by
pfA. We apply the Vietoris-Begle Theorem (cf. [3]) to the map p2:EGxGXn^>
XnIG. This map is not closed, but application of the Vietoris-Begle Theorem is

justified by the existence of the filtration {(EG)n}~=1 of the space EG by the

compact n-classifying spaces (EG)n. The cohomology of fibres H*(p21([x]) :

p*A) H*(BGx:A) is zéro in positive dimensions and therefore the Vietoris-
Begle Theorem implies that p* is an isomorphism. From the assumption of the
Theorem we hâve cdR(Xn) n and therefore (cf. [8], Proposition A. 11)

deR (XnIG)^ n which implies Hl(EG xGXn : pfA) 0 for i > n.

If G is a finite group then H*(G : A) dénotes as usual the Tate cohomology of
G with coefficients in the G-module A. As a conséquence of the last theorem we
obtain a criterion for periodicity of the Tate cohomology:

2.2. COROLLARY. Let (G,Xn) be an action satisfying the assumption of
Theorem 2.1. Assume that G is a finite group and A is a G-module such that

H*(GX:A) 0 for ail xeXn. Then the multiplication e(G,Xn)U • \H*(G:A)-*
H*(G : A) is an isomorphism.

Proof. We apply the method of dimension shifting. By the Theorem 2.1 the

multiplication e(G,Xn)U • :H*(G:A)-^JFf*(G: A) is an isomorphism in positive
dimensions. Consider the multiplication e(G, Xn) U :Hq(G :A)^>H~q+n+1(G : A)
for q^O. There exists G-module A' and the natural isomorphism H~q(G:A)
HX(G : A') which is compatible with the multiplication by the Euler class. It is also

clear that H*(GX :A') 0 for ail xeXn. Applying Theorem 2.1 to the module A'
we obtain the required resuit.

§3. Modules of trivial cohomology

Let G be a finite group. Recall that a G-module A is of trivial cohomology if
for every subgroup K < G the Tate cohomology H*(K : A) 0. As an application
of our periodicity theorem we prove the following criterion for cohomological
triviality of modules over group rings:

3.1. THEOREM. A G-module A is of trivial cohomology if and only if for
every elementary abelian subgroup T of G H*(T:A) 0.

Proof. The part "only if" follows from the définition of the module of trivial
cohomology.

To prove that our condition is sufficient we proceed by induction on the order
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of the group G. The theorem is trivially true for elementary abelian groups.
Assume that it is true for every group K of order | K\ < n. Let G be a group of
order n and let G be not elementary abelian. Now it is enough to prove that
H*(G:A) 0. From the inductive assumption we know that for every proper
subgroup K<G, H*(K:A) 0. From Theorem 1.2 it follows that there exists a

complex représentation V of G which does not contain the trivial représentation
and its Euler class vanishes. On the other hand Corollary 2.2 says that the

multiplication e( V) U • : H*(G : A) —» H*(G : A) is an isomorphism. Hence

H*(G:A) 0.

Let us remark that the last theorem remains true if we assume that H*(T: A) 0

only for maximal elementary abelian subgroups T of G.

Let R be an arbitrary ring. Theorem 3.1 implies the following characterization
of weak projective and projective modules over the group algebra JR[G].

3.2. COROLLARY. A R[G]-module A is (weakly) R[G]-projective if and

only if it is (weakly) RlT^-projective for ail elementary abelian subgroups T of G.

Proof The part "only if" follows from [9].
For any finite group H and any jR[H]-module A, A is weakly projective if and

only if Ê*(H:HomR (A, A)) 0 (cf. [9]). Now the corollary follows from
Theorem 3.1. Projectivity of an JR[G]-module is équivalent to R-projectivity and

weak #[G]-projectivity (cf. [9]).

The last corollary was proved by Chouinard [5] using purely algebraic methods.

It is worthwhile to compare his proof with our "topological" arguments. The
method of Chouinard can be also applied to a proof of Theorem 3.1.

Theorem 3.1 implies also that theorems of Nakayama, Tadesi and Tate (cf.

[2]), Theorems 10.1,10.2,10.3) remain true after replacing Sylow subgroups by
elementary abelian subgroups.

§4. The nontriviality of the restriction homomorphism

In this section we show an application of the Euler class technique to the

problem of nontriviality of the restriction homomorphism. Let G be a compact
Lie group and Z be the ring of integers with trivial G-module structure. Venkov
[12] and Swan [11] proved that for an arbitrary subgroup K<G the restriction
homomorphism H*(BG:Z) -> H*(BK:Z) defines on H*(BK:Z) the structure
of a finite H*(BG : Z)-module. Therefore if K^{e) then the restriction
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homomorphism is nonzero in infinitely many dimensions. This resuit was im-
proved by Evens [7] and Venkov [13]. Evens proved that for an arbitrary
subgroup K of a finite group G there exists an integer k \ \G\ for which the
restriction homomorphism H2k (BG : Z) —» H2k (BK : Z) is nonzero. Venkov's
theorem says that if K is a cyclic subgroup of order two of the group G then the
smallest integer for which the restriction homomorphism Hk(BG:Z/2Z) —»

Hk(BK:Z/2Z) is nonzero is a power of two. We improve hère the resuit of
Evens and we discuss a version of Venkov's theorem for cyclic subgroups of odd

prime order.
We consider finite groups. For a given group G and its subgroup K, let

n(K) be the smallest positive integer k for which the restriction homomorphism
H2k(BG:Z) -* H2k(BK:Z) is non-zero. Let c.d. (G) dénote the set of integers
which are dimensions of irreducible complex représentations of G and let b(G) be
the maximum of such integers. From elementary représentation theory we know
that for every fcec.d. (G) and normal abelian subgroup A of G, k \ (G: A). We
hâve also ft(G)^min {>/~ |G|, (G : A) | A abelian< G}.

4.1. THEOREM. IfK is a nontirvial cyclic subgroup of G, then n(K) ^ b(G).

Proof. It suffices to consider a cyclic subgroup of prime order. Let V be an
irreducible complex représentation of G which restricted to K in not the trivial
représentation. It is easy to see that the total Chern class (cf. [1]) c(V\K)e
H*(BK:Z) has nonzero components in positive dimensions. Naturality of the
Chern classes implies that there exists an integer m, 0<m=^dim(V) such that

The following simple example shows that if K is a cyclic subgroup of prime
order p, then n(K) is not necessarily a power of p.

4.2. Example. Let p be an odd prime and Dp the corresponding dihedral

group. If C<DP is the subgroup of rotations then the restrictions homomorphism
H2*(Dp :Z) -> H^iCiZ) is nonzero if and only if q is even.

However for supersolvable groups we hâve the stronger version of Theorem
4.1:

4.3. THEOREM. Let K be a nontrivial subgroup of a supersolvable group G.
Then there exists me c.d. (G) such that the restriction homomorphism
H2m(BG:Z) -> H2m(BK:Z) is nonzero.
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The proof of Theorem 4.3 is based on the following lemma from représentation

theory:

4.4. LEMMA. Let G be a supersolvable group and geG be a nontrivial
élément of G. Then there exists a représentation V, p) of G such that the operator
p(g)* y —* V does not hâve eigenvalue 1.

Proof We proceed by induction on the order of the group G. The lemma is

true for the trivial group. Assume, that it is true for groups of order < n. Let G be

a supersolvable group of order n. It has a nontrivial cyclic normal subgroup S and

we hâve the extension S >-» G —» G/S. If g^S then we take the appropriate
représentation for G/S and the coset gS. It exists by our inductive assumption. Let
V be the canonical 1-dimensional représentation of the cyclic group S. If geS
then it does not hâve eigenvalue 1 on the induced représentation ind^(V).

The following example shows that the last lemma is not true for solvable

groups:

4.5. Example. Consider the semi-direct product G (Z20Z2©Z2)xZ3 where

Z3 acts on Z2®Z2@Z2 by the cyclic permutation of the coordinates. The élément

(0,1,1, 0) has eigenvalue 1 on every représentation of G.

Proof of Theorem A3. We proceed as in the proof of Theorem 4.1. It suffices

to prove the theorem for cyclic subgroups of prime orders. Choose, using Lemma
4.4, a représentation V of G such that its restriction to K does not contain the
trivial représentation. The restriction of the Euler class e( V) e H2m(BG : Z) is the
Euler class e(V\K)eH2rn{BK\Z) and therefore is nonzero (cf. Theorem 1.2).
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