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Almost finitely presented soluble groups

RoBERT BIERI and RALPH STREBEL

Dedicated to Professor B. Eckmann on his sixtieth birthday

1. Introduction

1.1 Finitely presented soluble groups have been investigated by several au-
thors. Roughly speaking, their results deal with two aspects: with the subgroup
structure of finitely presented soluble groups [2], [4], [7], [18], and with soluble
varieties whose non-cyclic relatively free group are infinitely related [16], [3].
Here we attack the problem of recognizing which finitely generated soluble
groups are finitely related in a somewhat more systematic way: We show that all
finitely presented soluble groups have a certain structural property which is
inherited by homomorphic images (whether this holds for the property of being
finitely presented itself is an old problem of P. Hall’s and is still open).

1.2 The methods of [2] and [4] made it clear that even in the soluble case the
HNN-construction is an important tool for obtaining finitely presented groups.
Recall that every group B containing a pair of isomorphic subgroups 9:S= T is
embedded in the HNN-group '

G=(B, t;tst ' =9(s) (all se8)),

in which 9 is induced by an inner automorphism. B is termed the base group, S
and T the associated subgroups, and ¢ the stable letter of G. If the base group
coincides with one of the associated subgroups G will be called an ascending
HNN-group. 1t is only in this special case that G can be soluble (see, e.g., [12]).

Our methods allow to replace the assumption that the groups in question be
finitely presented by a (conceivably) weaker condition. Let K be a commutative
ring with non-trivial unit. A group G is called almost finitely presented over K if
there is a presentation G = F/R, such that F is a finitely generated free group and
the tensor product R/[R, R]®, K is finitely generated as a KG-module.
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A key result of this paper is

THEOREM A. Let G be a group containing a normal subgroup N with infinite
cyclic quotient G/N, and let te G be an element with gp(t, N)= G. If G is almost
finitely presented over some ring K then G is an HNN-group with stable letter t such
that both base group and associated subgroups are finitely generated and contained
in N.

Every finitely presented infinite soluble group G contains a subgroup G, of
finite index which is, of course, again finitely presented and which does map onto
an infinite cyclic group. It thus follows that G, is an ascending HNN-group over a
finitely generated base group. This is the necessary condition for a soluble group G
to be finitely presented mentioned in Section 1.1 above.

1.3 A first application of Theorem A concerns relatively free groups or, more
generally, groups that arise from relatively free ones by adding “few” relations
(see G. Baumslag [3]). In the sequel © will denote the variety of all groups and
A, A the variety of all extensions of elementary Abelian p-groups by Abelian
groups.

THEOREM B. Let B#©O be a variety of groups containing A, A for some
prime p. Let

Gz(xl’x21'°-,xm;r17r27°'~,rn>

be a finitely presented group with m=n+2. Then G/®B(G) is not almost finitely
presented (over any ring K).

COROLLARY B1. If 8B is a variety of groups with A, A=V # O then every
almost finitely presented B-free group is cyclic.

Theorem B answers a question of Gilbert Baumslag ([1], Problem 5) who had
settled the case A, A < B < A? in [3]. Its corollary generalizes Smel’kin’s result [16]
that all non-cyclic free soluble groups are infinitely related.

Another consequence of Theorem B concerns the derived series of the finitely
presented group G:

COROLLARY B2. If G=(xy,..., Xy 1,...,T,) is a finitely presented group
with m = n +2 then none of the factors G‘/G“*V of the derived series is a torsion
group or divisible by a prime. In particular, G # G“*V for all d=0.
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1.4 The condition imposed by Theorem A on a finitely generated soluble
group of the form G =N ] C to be (almost) finitely presented is, in general, far
from being sufficient (e.g., it gives no restriction when N is finitely generated). But
it is both necessary and sufficient if N is nilpotent, and in that case we obtain

THEOREM C. Let G=N1] C be the split extension of a nilpotent group N by
an infinite cyclic group C. Then the following conditions (i)-(iv) are equivalent:

(i) G is finitely presented,

(i) G is almost finitely presented over some ring K,

(ili) G is an ascending HNN-group over a finitely generated nilpotent base
group,

(iv) N,, = N/[N, N] is a finitely generated C-module with the following three
properties:

(a) the Z-torsion subgroup-of N, is finite,

(b) the rational vector space V =N,, ®, Q has finite dimension, and

(c) there is a generator t of C such that the characteristic polynomial of
t @ QeEnd (V) is integral.

COROLLARY C1. Let G=N] C be as in Theorem C. Then G is ﬁnitely
presented (respectively almost finitely presented over K) if and only if G/[N, N] is.

The class of all finitely generated nilpotent-by-infinite-cyclic groups is admit-
tedly rather small. But it is of some interest because the groups in this class need
not satisfy the maximal condition for normal subgroups, contrasting the well-
known result of P. Hall on finitely generated metabelian groups [10]. In fact a
finitely generated nilpotent-by-infinite-cyclic group can even be isomorphic to a
proper quotient of itself ((11], p. 348). These pathologies cannot occur in the
finitely presented case.

COROLLARY C2. Every finitely presented nilpotent-by-cyclic-by-finite group
satisfies the maximal condition for normal subgroups.

1.5 For a final application of Theorem C we go back to the situation of
Theorem B but restrict to the case of a single defining relation. Let 8 be a variety
with A, A<B#LO, and let G=(x,,..., x,; 1), If m>2 then the quotient group
Q = G/'B(G) is infinitely related (by Theorem B) and if m =1, Q is cyclic. In the
remaining case m =2, Q may or may not be finitely presented depending on r and
on B.

Let N, denote the variety of all nilpotent groups of class c. In case the variety
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B satisfies A> =BV < N A and r is not a commutator word, Theorem C applies and
shows that the answer depends solely upon the relator r. In Section 5 we derive an
algorithm for deciding whether a given relator leads to a finitely presented
metabelian quotient G/G"” or not (see Theorem D in Section 6.1).

2. The proof of Theorem A

2.1 Almost finitely presented groups. Throughout the paper K will denote a
commutative ring with 1#0. Let R > F—> G be a short exact sequence of
groups. If R is finitely generated as a normal subgroup of F then R,, =R/R’ is a
finitely generated G-module. Thus it is immediate from the definition given in
Section 1.2 that a finitely presented group G is almost finitely piesented over Z
and this, in turn, implies that G is almost finitely presented over every ring K.
Whether the converse holds is an open question. Evidence in favour of such a
conjecture is provided by the fact that all these finiteness conditions have much
the same properties, such as being inherited by extensions and by subgroups of
finite index.

Almost finitely presented groups arise naturally in homology theory: G is
almost finitely presented over K if and only if the trivial KG-module K admits a
projective resolution which is finitely generated in dimensions 0, 1 and 2 (cf. [6],
p- 20). In the proof of Theorem A we shall work with yet another characterization

LEMMA 2.1. G is almost finitely presented over K if and only if there is a short
exact sequence of groups M >—> X —» G such that X is finitely presented and
Mab ®Z K = O.

Proof. If F is a free group and S < R are two normal subgroups of F one has
the exact sequence of K(F/R)-modules

SR'/R'®, K—+- R,, ®, K—> (R/S),, ®;, K—> 0. (2.1)

Suppose G = F/R is almost finitely presented over K. Then R,, ®; K is generated
by a finite set of elements of the form ,R'® 1. Take S to be the normal subgroup
of F generated by {r;}. Then w is an epimorphism, hence (R/S),, ®z K =0 and
R/S > F/S — G is the required short exact sequence.

Conversely, if we are given the short exact sequence M >> X —» G and a
finite presentation X =F/S, take R<F with F/R=G and R/S=M. Now
M,, ®; K =0 implies that the map u in (2.1) is epimorphic, whence R,, ®, K is
finitely generated as a KG-module.
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2.2 Let G be an almost finitely presented group over K. By Lemma 2.1 there
is a short exact sequence of groups M >> X —» G, where X is finitely presented
and M,, ®; K=0. Given an element t€ G and a normal subgroup N <G such
that G/N is infinite cyclic generated by tN, we choose a finite set of generators
a..., A, x of X such that w(a,),..., w(a,)e N and w(X)=1t. Then X admits a
finite presentation of the form

X=FR=(Ay,...,0m X;T1,..., ).

with a; = q;R, 1 =i=m, X = xR. By the choice of a,, ..., a,, the relators ry,...,r,
have zero exponent sum on x. Hence there is a natural number A such that all
relators ry, ..., r, are contained in the finitely generated subgroup

U=gp(a’*|1=i=m,—-A=k=))cF.
Now consider the finitely generated subgroup
S=gp(m(@)" |1=i=m,-A<k<A)cG.

S and its conjugate T =S’ are contained in B = w(UR/R) and we can define the
HNN-group

G*=(B,p;psp'=s" (s€S))

We claim the canonical epimorphism ¢ : G* — G induced by the inclusion B<= G
and ¢(p)=t is an isomorphism. To see this define a homomorphism ¢:F— G*
by setting

¢(a)=m(a;)e B and ¢@(x)=p.

¢ is epimorphic and, by the choice of B, sends all relators ry, ..., r, to the unit
element. Thus ¢ induces an epimorphism ¢:X=F/R—>» G*. The composite
Yo p:X —>» G coincides with 7, hence ker (¢ ° ¢) = M. Since M,, ®, K=0 and ¢
maps ker (¢ ° ¢) onto ker ¢, it follows that (ker ¢),, ®, K =0. On the other hand,
ker ¢ is a normal subgroup of the HNN-group G* missing the base group and
hence is free (cf. [12], p. 627). Both facts put together show that ker ¢ is trivial.

3. Ascending HNN-groups

3.1 Let C be an infinite cyclic group. For each generator t of C we define a
class £, of C-groups as follows: A C-group N is in 4, if it contains a finitely
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generated subgroup B < N with the two properties

B'c B (3.1)
and

B generates N as a C-group. (3.2)

Any subgroup B = N satisfying (3.1) and (3.2) will be termed a base group of N
(with respect to t). Notice that if B is a base group of N, so is every transform
BY, i€Z, and that N is the ascending union N=J7_, B . From this it follows
readily that a C-group N is in the class 4, if and only if the split extension N | C
is an ascending HNN-group over a finitely generated base group B =N, with
stable letter ¢, and such that B coincides with the first associated subgroup.

3.2 The goal of this section is a classification of all nilpotent C-groups in £,;
this will immediately lead to a proof of Theorem C.

LEMMA 3.1. (i) If Ne¥, then N is finitely generated as a C-group.
(ii) If Ne £,0 £-: then N is a finitely generated group.

Proof. (i) is plain from the definition. So assume Ne 4, N#4-,, and let B, B’ be
finitely generated base groups of N with respect to ¢t and ', respectively. By
replacing B’ by a suitable transform (B')" we can achieve that B’ contains
generators of the finitely generated group B, i.e., B< B’. Then we have B'' <
B c B’ for all j=0 by (3.2), hence N=gp-(B)< B’, and N=B’ is finitely
generated.

3.3 Next we prove that the class £, is closed with respect to homomorphic
images and extensions.

LEMMA 3.2. Let N be a C-group and M <N a C-invariant normal subgroup.
Then one has:

(i) if Nis in £,, so is N/M,
(ii) if M and N/M are in £, so is N.

Proof. (i) If B is a finitely generated base group of N then BM/M is a base
group of N/M.

(ii) Let U be a finitely generated subgroup of N such that UM/M is a base
group of N/M, and pick generators u;, u,, ..., u; of U. By (3.1) we can find
elements m;e M, uje U, j=1,2,...,f, with u;=mu}. Now choose a finitely
generated base group V of M with m;e V for all j=1,2,...,f and let B be the
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subgroup of N generated by U and V. B is finitely generated, B‘'c B, and B
generates N as a C-group, whence Ne€{,

3.4 We now turn to Abelian C-groups (i.e., to C-modules) belonging to £,.
These can be characterized as follows:

PROPOSITION 3.3. A finitely generated C-module A is in £, if and only if the
following three conditions hold:

(a) the Z-torsion subgroup tor A of A is finite,
(b) the rational vector space V= A ®, Q is of finite dimension,
(c) the characteristic polynomial of t ® Q € End (V) is integral.

Proof. Let A€#, and let B be a finitely generated base group of A. Since ¢
induces an injective endomorphism B > B it induces an automorphism on the
torsion-subgroup tor B. Hence

tor A = (U B"') Ntor A= |J (B Ntor A)=tor B is finite.
i=0 i=0

In view of Lemma 3.2 it thus remains to consider the case where the additive
group of A is torsion-free. Again, let A € £, and let B be a finitely generated base
group of A. Every transform B'" is a free Abelian group of the same finite rank
n, hence A =J B'"" is a torsion-free Abelian group of rank n. The endomorphism
t: B — B can be described by an integral matrix, and therefore the characteristic
polynomial of t® Q: A ® Q —> A ® Q has integral coefficients.

Conversely, assume A is a finitely generated C-module, satisfying (b), (c),
whose additive group is torsion-free. Let

X(xX)=x"+2z;x" T+ 2,x" 2+ - -+ +2,€Z[x]

be the characteristic polynomial of ¢t ® Q acting on V=A ® Q. As A is embed-
ded in V we have x(t)A =0 hence

tn tn—2

n—-1
a"=-z;a" —z,a" - - =z,

for every element a € A. Now let a,, a,,..., a,, be a finite set of generators for
the C-module A and let B denote the additive subgroup generated by af,
0<i=n-1,1=<j=m. Then one has B'c B and gp-(B) = A, hence B is a finitely
generated base group and A €4,

As an immediate consequence of Proposition 3.3 we note that the class of all
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C-modules in £, is closed with respect to the tensor product (over Z); of course
this can also be proved directly.

LEMMA 34. If A, and A, are two C-modules in £, then so is the tensor
product (over Z) A; ® A, when endowed with the diagonal C-action.

3.5 Let N be a group and N,, the m™ term of its lower central series, i.e.,
N;=N and N,, =[N, N,,_,], m=2. If N is a C-group then all factors N,,_,/N,,
are C-modules and there is a C-module epimorphism

w:N/IN,®N,,_,/N,, > N,/N, ...,

given by m(xN, ® yN,,) =[x, y]N,,.., (see [15], p. 55). Using Lemmata 3.2 and 3.4
we now have immediately

PROPOSITION 3.5. Let N be a C-group. If its Abelianization N/N, is in £,
then so is every lower central factor N/N,,, m=2.

COROLLARY 3.6. If N is a nilpotent C-group then N € £, if and only if
N,, € £..

3.6 Proof of Theorem C. A finitely presented group is almost finitely presented
over every ring K. If G =N ] C is nilpotent-by-infinite-cyclic and almost finitely
presented then G is an ascending HNN-group over a finitely generated nilpotent
base group B< N by Theorem A. All finitely generated nilpotent groups are
finitely presented, and every HNN-group over a finitely presented base group and
with finitely generated associated subgroups is finitely presented. These facts
establish the cycle (i) = (ii) = (iii) = (i). The equivalence (iii) & (iv) is covered by
Corollary 3.6 in conjunction with Proposition 3.3.

3.7 Proof of Corollary C2. Let G be a finitely presented nilpotent-by-cyclic-
by-finite group. We have to show that every homomorphic image of G is finitely
presented. Since being finitely presented is inherited by extensions and subgroups
of finite index we may as well assume that G is nilpotent-by-cyclic. Let M<G. If
G/M contains a nilpotent subgroup of finite index then G/M is polycyclic, hence
finitely presented. Otherwise G = N ] C is nilpotent-by-infinite-cyclic and M < N,
whence G/M is finitely presented by Theorem C and Lemma 3.2.

Remark. Note that every almost finitely presented nilpotent-by-cyclic-by-
finite group is constructable in the sense of [4]; thus Corollary C2 is a special case
of [4], Corollary 5.
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3.8 Connexion with the Alexander polynomial. Let G be a finitely generated
group satisfying the conditions

(a) G/G' is infinite cyclic, and
(b) G'/G" is torsion-free.

These conditions hold, e.g., for the fundamental group of the complement of a
tame knot in R (see e.g. [8]) and, more generally, for any group having a finite
presentation of the form

(xl) ceoy Xy Xty wlxla LR mem),
where w;, w,,...,w, are words with zero exponent sum on all generators
X1y X25+ -5 Xme1 (s€€ €.g. [17], p. 332). Let t denote a generator of the infinite

cyclic group G/G'.

In this situation the Alexander polynomial A(t) is defined, and it has been
proved by H. F. Trotter that G/G" is finitely presented if and only if either the
first or the last coefficient of A(t) is a unit ([19], Theorem 3; his formulation is
actually slightly different, but the translation is provided by the formula

A(t)=det(tA+(I—-A))=t"det A+ --- £det(I—A)

on p. 657). This result is a special case of Theorem C, for, as G/G" is torsion-free
and A(1)==1, the characteristic polynomial of t ® Qe End (G'/G"® Q) is pre-
cisely the normalized Alexander polynomial.

4. The proof of Theorem B
4.1 Let
G=<x1’x2a"-’xm;r1"°-’rn)

be a finitely presented group. with m=n+2, and 8 # © a variety containing %,
for some prime p. Then by the arguments of [3], pp. 307-308, Q= G/B(G)
contains a normal subgroup N with infinite cyclic factor group Q/N =(tN) and
with N/N’'NP infinite elementary Abelian. No infinite Abelian torsion group can
lie in the class #, U #-:, hence N£ £ U 4,-. by Lemma 3.2. As 8 # 9D, Q = G/B(G)
contains no non-Abelian free subgroup. Therefore it follows from Theorem A
that Q is not almost finitely presented over any ring K. This proves Theorem B
and Corollary B1.
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4.2 In order to prove Corollary B2 let first d be an integer =2 and consider
GYIGYY 1If GY/GY*Y @, K were trivial for some K then, by Lemma 2.1,
G/G“ would be almost finitely presented over K, contradicting Theorem B when
applied to the variety of all soluble groups of derived length d. Thus
GGV ®, K#0 for every commutative ring K. For K =Q this means that
GP/G“*V is not a torsion group, and for K =F, that G‘/G“*"V is not divisible
by p.

The case d=0 is obvious, so we are left with d=1. The KG,,-module
G'/G"® K is isomorphic to H,(G; KG,,). Computing this homology group by
means of the free resolution associated to the presentation {(x,,..., X5, ..., %)
we obtain G'/G"® K as the middle homology group of a complex of the form

(KGg)" = (KGg)™ = KGgp. (4.1)

Now assume that K is a field and choose a free-Abelian subgroup T of finite
index j in G,,. Then (4.1) is a complex of free modules of rank nj, mj and j,
respectively, over the integral domain KT, and G'/G" ® K # 0 follows by counting
ranks (since m=n+2).

S. Two generator one relator groups in the variety of all metabelian groups:
preparations

5.1 Let G be a two generator group with a single defining relation whose
abelianization G, is the direct product of an infinite cyclic group C and a finite
cyclic group C, of order e=1. Then G has a presentation of the form

G ={x;, X5; w(xy, X2)x9), (5.1)

where w=w(x,, x,) is a word with zero exponent sum on x, and x, (cf. [14],
Theorem 3.5). Clearly G/G" is finitely related if and only if its subgroup of finite
index gp(x,, G')/G" is. As C= gp(x,, G')/G' is infinite cyclic generated by t=
x,G' this in turn is equivalent, by Theorem C, with G'/G" being in the class
£, UZ£,

Our aim is to deduce necessary and sufficient conditions, in terms of the
relator r = wx{, for G'/G” to be in £,.

5.2 We begin by recalling some facts about the free differential calculus [9].
Let F be the free group freely generated by x, and x,. A (free) derivation of F is
a map D: F — ZF satisfying D(uv) = Du + u(Dv). A derivation is uniquely deter-
mined by its values on the generators x;, x,; and because x;, x, generate F freely
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they may be assigned arbitrary values. The partial derivations D;:F— ZF,
i=1,2, are defined by D;(x;)=1 and D;(x;)=0 if i#j. They are related by the
“fundamental formula”

1-u=Dyu-(1—x,)+Du-(1-x,), uekF. (5.2)
We shall write £ for the coset x;[F, Fle F,, and D, for the partial derivation

D, followed by the canonical ring homomorphism ZF — ZF,,. The derivations
D :F— ZF,, have a special feature: For i# j one has

D;(uxu™")=Dju— ux;u 'Dju = (1-uxu™"') - Du, ueF.

From this it follows readily that Djw e ZF,, is divisible by 1 - ¢ when we F is a
word with zero exponent sum on x; and i# j.

5.3 Let F=(x;,x,), G and r= wx§ be as above and let w:ZF — ZG be the
canonical ring homomorphism. The partial derivatives of r can be used to express
the second differential in a free resolution of the trivial G-module Z: one has an
exact sequence of (left) G-modules

727G -2572GD2G2>2G—>Z—>0, (5.3)

where ¢ is the augmentation, 9, is given by
3:(1,0)=1-m(x,), 3:(0, 1) =1-m(x,),
and 9, is given by

8,(1) = (w(Dyr), w(D,r)).
The Shapiro Lemma gives an isomorphism H,(G;ZG,)=H,(G';Z)=G'|G".
Under this isomorphism the G-action on H,(G, ZG,,) induced by left multiplication

on ZG,, corresponds to the G-action on G'/G" induced by (left) conjugation.
Using (5.3) to compute H,(G;ZG,,) yields

G'/G" = ker (ZGab ®G 31)/im (ZGab ®G 62).

To find a presentation of G'/G" we first need one for ker (ZG,, ® 9,). This
can be done by taking the tensor product over Z of the C-free resolution

0—ZC ¥l 7Cc =57 —
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with the standard C,-free resolution

N

—>ZC, 70, —5 ZC, L, —> Z—> 0,

where my:F,,— G, is induced by , and
N=me(1+&+ - +&7.

This yields the (C X C,)-free resolution

...—17G,,®2G,, ~>>2G, ®2G,, —=2>1G, LG, —>1G,, —~Z.
(5.4)

where 8, coincides with ZG,, ®; 9d;, and 8,, 85 are given by the matrices

77*(1 - §1) 0 N 0
4;= ) 4= .
mx(1-&) N —me(1-&) mx(1-§)
Exactness of (5.4) yields a presentation of ker 8, = ker (ZG,;, ®¢ 9,), name

ZG,, ®ZG,/im 6, —2»ker (ZG,, Qg 3,).

The image of ZG,,®;9, in ker(ZG,, ®;9,) is generated by b=
(mx(Dyr), mx(D,r)). We claim that (1, mg(D,r/(1—&,))) is a preimage of b under
0,. To see this notice first that r = wx{ has zero exponent sum on x,, whence D,r
is divisible by 1—¢; in ZF,,. Applying (5.2) to r=wx{ and taking images under
LF— ZF,, gives

1"&‘;:51"(1"51)‘*'152”(1_52),

and upon dividing by (1—¢£,;) one obtains

1+§1+§%+~--+§§"1=I51r+132r-1:§2. (5.5)
1
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Using (5.5) one has then

o) mit- e 22) )

8,(b) = (N~1r*(152r -

=(7T*(Dlr)a 77*(132’)),

as asserted. This shows that G'/G" is isomorphic to the quotient of ZG,, D ZG,,
modulo the submodule generated by (me(1—&),0), (wx(1-§&,), N) and
(1, mg(D,r/(1—£,))). The third relator can be used to eliminate the generator
(1, 0), so that we finally obtain

PROPOSITION 5.1. Let G be the group (5.1). Then the_Gab-module (_}’/ G" is
isomorphic to ZG,,/I where I is the ideal generated by mwy(Dr) and my(D,r).

5.4 Remark. The arguments used to establish Proposition 5.1 have little to do
with G being a one relator group. In fact a slight modification yields the following
more general result which we record without proof

PROPOSITION 5.2. Let
G =(xq, X3; WX, Wy, Wy, .. .),

where w, w{, w,, ..., are words with zero exponent sum on x, and x,, and where
e=1. Then- the G,,-module G'/G" is isom_orphic to ZG,, modulo the ideal
generated by mwy(D(wx1)), mx(D,(wx})), me(Dowi/(1-§y) (i=1,2,...).

5.5 Now we use the G,,-module presentation of G'/G" obtained in Proposi-
tion 5.1 in order to decide whether G'/G"€£,. If e=1 then mw(&)=1 and
C=G,, is infinite cyclic generated by t=x,G’. It then follows from (5.2) that
mx(D,r) =0, so that G'/G"=ZC/(w4(D;r)) and Lemma 5.4 below applies. In the
general case, G'/G" requires two defining relations, and it seems difficult to
extract the information needed to decide whether G’/G” € £, by a direct approach.
This is so even for the simple examples to be discussed in Section 6.2.

For our indirect approach we consider in ZG,, the two ideals

Il:ZGab : w*(1~§1)+ZGab : W*(D—lr)

- D
I'=ZG,  my(1 441+ -+ +£17)+2Gap ° w(1—2¢r )
1
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Let A denote the ring A =Z[£,J/(1+&+ -+ - +&57Y). One has the obvious ring
homomorphisms p:ZG,, —> Z[&,, &'] and 0:ZG,, — A [, £5']. These induce
isomorphisms

s LG/l —=> Z[ &, &' )/(pms(D,1)),

o LG/ I'—> Al&, &' (w(fﬁf ))

which show that both ZG,/I' and ZG,/I" have 1-relator presentations over
suitable rings.

LEMMA 5.3. Let C be the infinite cyclic group generated by t=x,G'e G,
Then the C-module G'/|G" is in the class £, if and only if both ZG,,/I' and ZG,,/I"
are in £,.

Proof. By Proposition 5.1, G'/G" is isomorphic to ZG,,/I, where I is the ideal
generated by mg(D;r) and mg(D,r). As D,r is a multiple of 1— ¢, we have Ic T’
and because of formula (5.5) I < I". Thus, if the C-module ZG,,/I is in #,, so are
its homomorphic images ZG,,/I' and ZG,,/I" by Lemma 3.2. For the converse let
w:ZG,, — Z.G,, denote multiplication by me(D,r/(1—-¢,)). Then w(I')c1 and
one has the exact sequence

ZG,/I' = 2G, /I > 2G,/I"— 0,

where w4 is induced by p and the second arrow stands for the canonical
projection. Now, if ZG,,/I' and ZG,,/I" are in £, so is ZG,,/I, being an extension
of a homomorphic image of ZG,,/I' by ZG,,/I" (Lemma 3.2).

5.6 The next two Lemmata, finally, allow to decide when ZG,,/I' and ZG,,/I"
belong to 4.

LEMMA 5.4. Let R be a commutative ring with unit whose underlying additive
group is finitely generated, C an infinite cyclic group, and f(t)e RC. Then the
RC-module M = RC/(f(t)) is in £, if and only if there is a g(t)e RC such that
f(t)g(t) is a polynomial in R[t] with leading coefficient 1.

Proof. Let M € £, and let B be a finitely generated base group of M containing
m =1+ (f(t)). Then the Abelian group generated by m, tm, t*m, . . ., is contained in
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B and hence is finitely generated. Therefore there is a natural number d such that
te+1me gp(m, tm, t2m, . . ., t¢m). In other words, there is a polynomial

h(t)=r +rt+r 2+ - +rtd+td+1e R[r] (5.6)

with h(t)m =0, i.e., h(t)=f(t)g(t). Conversely if h(t)=f(t)g(t) with h(t) as in
(5.6) then, as R is a finitely generated Z-module, gp,(m, tm, t?m, .. ., tdm) is a
finitely generated base group of M.

It follows from Lemma 5.4 that RC/(f(1)) € £, if the leading coefficient of p(t)
is a unit of R; and in the absence of zero divisors, in particular for R =12Z, this
condition is both necessary and sufficient for RC/(f(t))€ £. The same is true for
the ring R= A =Z[x])/(1+x+ - - - +xe-1). For, although A is not a domain (when
e is not prime), one has

LEMMA 5.5. Let
A=Z[x)/(1+x+x2+ -+ +xe-1)

and let f(t) and g(t) be two polynomials in A[t]. If the product f(t)g(t) has leading
coefficient 1 then the leading coefficients of f(t) and g(t) are units in A.

5.7 In order to prove Lemma 5.5 we need a special result about roots of unity
and cyclotomic polynomials. The cyclotomic polynomials @ (x)eZ[x], m=1, can
be defined inductively by & (x)=x—1 and

[[ 2a(x)=x"-1, m=2, (5.7)

dim

where d | m stands for “d is a divisor of m.” Moreover, there is an explicit
description of @,,(x) given by the formula

P, (x)=[[ =™ -1»@,  m=1, (5.8)

dim

where, as is the custom, p:N— Z denotes the Mdbius function

0 if there is a prime p with p?|d
p(d)=4(=1)" if d is a product of r different primes
1 ifd=1

(cf. [13], p. 181).
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LEMMA 5.6. Let p be a prime, r>1 an integer prime to p, and {,€C a
complex primitive r-th root of unity. Then ®,({,) € C is a unit in the ring of algebraic
integers.

Proof. Since r is prime to p, {? is again a primitive r-th root of unity.
Therefore there is an integer g, such that {?*=¢(. As ¢, (x)=1+x+ --- +xP71,
one has

D (L)A+LP+L2P+ -+ L =1+ L+ G+ !
=(1-2¢M/(1-¢,)=1,

whence @,({,) is a unit in the ring of algebraic integers.

LEMMA 5.7. Let p be a prime, m a natural number and {,, € C a complex
primitive m-th root of unity. Then ®,,,(L,,) € C is not a unit in the ring of algebraic
integers.

Proof. Let m = np* with n prime to p. Using (5.7) or (5.8) one can show that
D, (x) = D,,(x7);

but ¥’ is a primitive n-th root of unity and so we are reduced to the case where m
is prime to p. In that case we have u(d)+ u(dp)=0 for every natural number d
dividing m, and (5.8) yields

xM/DP _ 1\ #(d)
o,.(x)=[] (2o
mp(X) };[n ( LD ] )

- I‘I (x D@D 4 (D= L i) g ]y
d|m

- H B, (x DY@,

djm

Evaluating at x = {,, yields a product decomposition of ®,,,({,,). By Lemma 5.6
all factors @,(¢'*)*" with d > 1 are units in the ring of algebraic integers, whereas
the factor corresponding to d=1 is &,(1)=p. Therefore the inverse of
®,,,({.)cannot be an algebraic integer.

5.8 We are now in a position to prove Lemma 5.4. Let

A=Z[x)/(1+x+x%+ -+ +x°7D).
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As the statement of Lemma 5.4 is trivial for A =0 assume e=2. Consider two
polynomials in Z[x, t],

f(x, 1) = fo(x)+ fa(x)t + fo(x)+ - - - +fi(x)t¥,
g(x, 1) = go(x)+ g1 (x)t + gx(x)1* + « - - +g(x)t',

with f;(x), g;(x)eZ[x], and assume that

fi(x)#0# g(x) mod 1+x+---+x°"!. Assume furthermore that the product
f(x, t)g(x, t) represents a polynomial in A[t] with leading coefficient 1. We have to
show that both f(x, t) and g(x, t) represent polynomials whose leading coefficients
are units in A, and clearly this amounts to prove that

filx) - g(x)Z0mod 1+x+ -« -+ x° ",

By hypothesis there exists an integer j =0 such that the following congruences
mod1+x+ ---+x°* hold:

fi(x) - g(x)
fu(x) * g1—1(x) + fr—1(x) * gi(x)

Il
S o

.fk(x) : 81—,'+1(x)+ e +fk_j+1(X) . gl(X)EO
fi(x) - gfx)+ - +fi_(x)- glx) =1

As
fk(x)iom()d 1+x+ --- +xe—-1’
not every e-th root of unity {#1 is a zero of f,(x). Let {,, be an m-th primitive

root of unity, where m is an integer # 1 dividing e, such that f,({,)#0. If we
evaluate the above congruences at x = ¢{,, we obtain successively that

0= gl(gm) = gl—l({m) == gl—j+l(£m)’

and hence

fill&m) - 81-(Em) = 1.
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This shows that f,(,.) € C is a unit in the ring Z if all algebraic integers. It follows
by Lemma 5.7 that, in Z, f,(¢,,) cannot be a multiple of &,,,({,,) for any prime p.
Hence the cyclotomic polynomial @,,,(x), which is irreducible over Q, does not
occur in the prime factorization of f, (x). Therefore we have f, (¢,,,) # 0 for every
prime p and all primitive mp-th roots of unity {,,. Iterating this argument
eventually yields that f, ({,) # 0 for every primitive e-th root of unity ¢,. Now the
situation is symmetric in f and g, hence the same holds for g. This shows that

fix)g(x)#0mod 1+x+ - --+x°', as asserted.

6. Two generator one relator groups in %*: the decision procedure

6.1 By the results of the preceding Section 5 we are now in a position to
decide whether a given two generator one relator group in the variety %? is
finitely presented (in £). We summarize this decision procedure.

Let G be a one relator group of the form

G =(x;, X35 w(x;, X2)X7), (6.1)
where w = w(x,, x,) is a commutator word and e an integer = 1. Let F be the free
group on {x,, x,}, & =x,][F,FleF,,, i=1,2, and let D,:F— ZF,, denote the

abelianized Fox-derivation with respect to x,. As we F’, D,w € ZF,, is a multiple
Of 1—' §2' Let

L(gla 62) € Z[§17 §I1a §29 51]

be the Laurent polynomial

D,
1~

w
’

L(&,, &)= ¢
2

and determine coefficients Z.i,, Zmaxs Amin» Amax @S foOllows: Firstly, take the
Laurent polynomial

+-00

(1-&)L(1, &) +e= ) zgheZlé, &',

i=—00

and write z;, and z.,,, respectively, for the first and last non-vanishing coeffi-
cient z;€Z (note that the coefficients of this L-polynomial sum up to e).
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Secondly, consider the ring
A=Z[E)QA+E+E+ - +ET
(notice that A =0 when e =1) and the obvious map

ﬂ : ZFab —~» A[§29 g;l]’

and take the Laurent polynomial

(L, &)= L M&reAlé, &'

i =-—00

Write A, and A,,,, respectively, for the first and last non-vanishing coefficient
MeA;f A, =0 for all i set A,;,,=0=A_,,. Then one has

THEOREM D. The metabelian group G/G" is (almost) finitely presented if
and only if either of the following conditions holds:

(1) z,n==*1 and A, is a unit in A,
(i) zp.x==1 and A,,, is a unit in A.

Proof. Using the notation of Section 5.5 one has

(1-&)L(1, &) +e= P”T*(Dl")

and
FL(&1, &) = —ame(D,r/(1 - £)).

Hence, by Lemmata 5.4 and 5.5, condition (i) is equivalent with requiring that
both C-modules ZG,,/I' and ZG,,/1" be in £, (if e=1, then A is trivial and O is a
unit), and this in turn is equivalent with G'/G" € £, by Lemma 5.3. Similarly, (ii) is
equivalent with G'/G"€ £,-.. The claim thus follows from Theorem C. O

Remarks. 1) The assertion of Theorem D holds more generally for every
quotient G/B(G), where B is a variety with X>cBc RN A (see Corollary C1).

2) Recall that any two-generator one-relator group G whose Abelianization
G,, is of torsion-free rank 1 has a presentation of the form (6.1) (cf. [14],
Theorem 3.5). »

3) The question whether a given element A € A is a unit can be decided, e.g.,
by regarding A as an endomorphism of the (finitely generated free-Abelian)
additive group of A and computing its determinant.
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6.2 Illustration. The one relator groups
G =(xy, X35 X3X7'%5 "= X1) =(xy, Xp; [x5, xV'IxT"™  mnr#0,

have been studied in [5]. If e=m—n=0 then either |r|]=|m|=1 and G is
free-Abelian of rank two, or G/G" maps onto a wreath product of the form Z ~Z
and hence cannot be finitely related (e.g. by Theorem A).

Assume now ¢ =m—n>0 (the case e <0 can easily be reduced to this). The
Fox-derivative of w = x,x7"x;"x]™ with respect to x, is

Dyw=x3(1—xTx3"x7™)D(x7),
hence

_ 1-¢m
Diw=-(1-£) =g

and we obtain the L-polynomial

o8 ()

Next we have to compute

(1—§2) : L(la §2)+e=_m(1-§£)+e=m§£+na

from which we deduce, by Theorem D, that a necessary condition for G/G" to be
finitely presented is [m|=1 or |n|=1.
On the other hand one has

L, &) =u(l+&+ - +f‘1m|‘1)(1+§2+ T +§|£|—1),

with u = +£5£5, hence the second condition in Theorem D requires that 1+ &, +
c o+ +£m-1 be a unit in

A=ZIE)A+E+ - +€77).

But as e = m — n, this is equivalent with 1+ &, + - - - + £7'/"! being a unit in A, and
hence the second condition of Theorem D is automatically satisfied if |m|=1 or
In|=1.

We summarize: if

r

G=(x,y;x"y"x"=y"), mnr#0, m# n,
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then G/G" is almost finitely presented (over some ring K) if and only if |m|=1 or
In|=1. (cf. [S]; in particular, this establishes the addendum to the theorem on
p. 48, though not with the method sketched on p. 51.)
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