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Cohomological characterisations of saturated formations and
homomorphs of finite groups

Donald W. Barnes, Peter Schmid and Urs Stammbach

1. Introduction

Various cohomological characterisations of finite p-nilpotent groups can be

found in the literature (see for instance [HRZ], [Q], [T]). Recently cohomological
characterisations of finite p-soluble groups [St] and of finite p-supersoluble groups
[Ba], [St] hâve been given. In this paper we show that any saturated and hence
also any local formation of finite groups can be described by means of cohomol-

ogy. Furthermore we shall investigate homological properties of p-saturated
homomorphs of p-soluble groups.

We first state our main results. Throughout the paper we consider only finite

groups and finite modules. For the concept and the basic properties of formations
we refer to [Hu], Ch. VI 7. Note in particular that formations need not be soluble
hère. If M is a G-module, we dénote by CGM the centralizer of M in G. If 3£ is

any class of groups, then M is called de-central if the semi-direct product
M^G/CcjM) is in 3£, otherwise M is called dc-eccentric. This coincides with the
usual terminology in case of local formations, provided one deals with inclusive
local définitions.

THEOREM A. Suppose $ is a saturated formation and G is a group. The

following statements are équivalent:

(i) G e ^;
(ii) H1(G,M) 0 for any irreducible, %-eccentric G-module M;
(iii) Hn(G, M) 0 for any module M as in (ii) and ail n ^ 1.

Since any local formation is saturated it is easy to deduce from Theorem A the

following resuit.

THEOREM B. Let g be locally defined by the formation %(p) for a fixed prime

p, and ail finite groups otherwise. Then the following are équivalent:
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(i) G g g;
(ii) HX(G, M) 0 for any irreducible FPG—module M such that

(iii) Hn(G, M) 0 for any module M as in (ii) and for ail n ^ 1.

To illustrate Theorem B, we give some examples:
(a) If g(p) {1}, then g is the formation of p-nilpotent groups. We obtain that

G is p-nilpotent iff H1 (G, M) 0 for ail non-trivial irreducible FpG-modules M
(see[St]).

(b) If $(p) is the formation of abelian groups with exponent dividing p-1,
then g is the formation of p-supersoluble groups. We obtain that G is p-
supersoluble iff H1(G,M) 0 for ail irreducible FpG-modules M of
dimension 5*2 (see [Ba], [St]).

(c) If $(p) is the formation of ail p'-groups, then $ is the formation of ail
p-soluble groups of p-length ^ 1 (see [Hu], p. 698). We obtain that G is in g iff
H1(G,M) 0 for ail irreducible FpG-modules M such that p/|G/CgM|.

We now turn to the discussion of homomorphs, i.e. nonempty classes of
groups, closed under epimorphic images. A homomorph X is called p'-closed if
N^G, G/Nedc and |N| prime to p implies Gedc. A subgroup S of G is called an

£-projector of G if S e £ and, for ail K ^ H^ G such that S ^ H and H/K e X, we
hâve SK H. A homomorph 3E is called p-saturated if every p-soluble subgroup
has an 3>projector. (Compare [Se], see also Propositions 3 and 4 below.)

THEOREM C. Let & be a p'-closed p-saturated homomorph of p-soluble

groups, and let G be a finite group. Then GefQ if and only if H1(G,M)=zO for
every $-eccentric irreducible ¥pG-module M.

To illustrate Theorem C we give the following example:

(d) Let ip be the class of ail p-soluble groups with no proper p-factor group. It is

clear that $& is a p'-closed homomorph. It is also p-saturated, the ^-projector of a

p-soluble group G being the minimal normal subgroup N^G with GIN a

p-group. It is known that (q is not a formation (see [Se]). By Theorem C a group
G is in ip if and only if H1(G, M) 0 for every irreducible FpG-module M such

that G/CaM has a non-trivial p-factor group.

We observe that Theorem C does not extend to homomorphs containing
groups which are not p-soluble. For an example consider the class B of groups
consisting of the groups in & (example (d)) and of ail groups that are extensions of
a group in Q by a fixed non-abelian simple group S with p/\S\. It is clear that ® is

a p'-closed p-saturated homomorph. By Lemma 1 there exists an irreducible
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FpS-module M such that H\S, M) * 0, but of course M]Sé ®, so that M is

®-eccentric.
On might ask whether a statement analogous to (iii) in Theorems A and B

holds for homomorphs too. This is answered and explained by

THEOREM D. Let & be a p'-closed p-saturated homomorph of p-soluble
groups. Suppose that for ail Ge^ and ail fQ-eccentric irreducible ¥pG-modules M,
we hâve H^G, M) 0. Then & is a formation.

2. On the block structure of groups in a saturated formation

Our proofs of Theorem A and B use some information about the block
structure of FPG. In fact, the conclusion (i)=£>(iii) will be achieved by observing
that the eccentric modules in question do not belong to the principal block. For
the theory of blocks we refer to [CR], Chapters VIII, IX.

We need the following well-known lemma. It is an easy conséquence of
Shapiro's lemma. For convenience we include the simple argument.

LEMMA 1. Let G be a group whose order is divisible by the prime p. Then, for
every n^ 1, there exists an irreducible FpG-module M for which Hn(G, M) 7*0.

Proof It is obviously enough to find an FpG -module A such that

Hn(G, A) ï 0, for then A has a composition factor M with Hn(G, M) ï 0. Also, it
is enough to find A such that HX(G, A)^0, for then dimension shifting proves
the more gênerai statement. Now let P be a p-Sylow subgroup of G. Then
H1(P,Fp) Hom(P,Fp)^0. Thus if we set A =HomFpP(FpG,Fp) we hâve

H\G, A) Hl(P, Fp) * o. This proves Lemma 1.

PROPOSITION 1. Suppose g is a saturated formation and Ge$. Let p be a

prime and M an irreducible FpG-module belonging to some block B of FPG. // the

semi-direct product M]G is in g, then A]Ge$ for any FpG-module A ail of
whose composition factors belong to B.

Proof Let P be the indécomposable projective FpG-module having M in the
head (and in the socle); i.e. M=P/JP where J dénotes the Jacobson radical of
FPG. By embedding P in P]G we see that JP is contained in the Frattini subgroup
Fr(P]G) (see [Gr], p. 98). Since M]G is in g and g is saturated, it follows that

L
Let P be an indécomposable projective having a composition factor JV with P in

common. Choose a submodule L of P minimal with respect to having N as
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epimorphic image. Then N=L/JL. Now P]Ge$ implies N]Geg by [Hu],
Hilfssatz VI.7.21. This yields L]Ge% since g is saturated. As socle and head of P
are isomorphic, we may conclude P]Ge$ as well.

Proceeding inductively we see that the split extension by G of any indécomposable

projective FpG-module belonging to B is in §f. Nqw A is an epimorphic
image of a direct sum of some of thèse indécomposable projectives. Since $ is a

formation, we obtain A]Ge$, as desired.

PROPOSITION 2. Let g be a saturated formation, and let G be a group in g
whose order is divisible by the prime p. If A is an FpG-module such that every
composition factor belongs to the principal block of FPG, then A]Ge$.

Proof. By Lemma 1, there is an irreducible FpG -module M with
H2(G, M) ^ 0. Consequently there is a non-split group extension M >->E—»G of
M by G. It is immédiate that M^Fr(E) where Fr(E) dénotes the Frattini
subgroup of E and thus E e g since g is saturated. By [Hu], Hilfssatz VI.7.21, the
semi-direct product M]G is in $ too. It is well known that for any irreducible
FpG-module which does not belong to the principal block ail cohomology groups
vanish (see [Gr], p. 178). Hence M is in the principal block. Now apply
Proposition 1.

Form Proposition 2 it follows immediately that if the saturated formation $
contains a group G whose order is divisible by p, then $ contains ail p-groups.
Concerning local formations we hâve the following

COROLLARY. Let % be a formation which is locally defined by §f(p), and let

Ge§. // %{p)^ 0 and if M is an irreducible FPG-module in the principal block,
then GICGMe%(p).

We note that together with the fact that p-chief factors of a group G belong to
the principal block of FPG the above Corollary immediately yields the following
well-known results:

(i) A group G is p-nilpotent if and only if the principal block of FPG consists of
Fp only;

(ii) A group G is p-supersoluble if and only if the irreducible modules in the
principal block of FPG hâve dimension 1.

Remark. Let $ be a locally defined formation with $(p)s* 0. Then Geg if
and only if G/Op>p(G)e<$(p) where OP>P(G) dénotes the greatest p-nilpotent
normal subgroup of G (see [Hu], Hilfssatz VI.7.4). By a theorem of Brauer
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OPp(G) centralizes every irreducible module belonging to the principal block of
FPG (see [Br], Theorem 1). This gives an alternative proof of the above Corollary.

3. Proof of Theorems A and B

We begin by stating three lemmas. Lemma 2 has been used implicitly in [St],
Lemmas 3 and 4 are due to Gaschùtz (see also [Ba]).

LEMMA 2. Suppose N is a normal subgroup of G and A is an irreducible

FpN-module with Hn(N,A)?£0 for some n^l. Then there exists an irreducible

FpG-module M such that Hn(G, M)#0 and such that the centralizer CNM is the

intersection of some conjugates of CNA in G.

Proof There is a G-composition factor M of the coinduced module M'=
HomFpN(FpG, A) for which Hn(G, M) * 0. By Clifford's theory M', and hence M,
are completely reducible as FpN-modules, the direct summands being ¥PN-
modules conjugate to A. This proves the lemma.

LEMMA 3. If M is an abelian, complemented chief factor of G, then

H\G, M) * 0.

Proof Because of the injectivity of the inflation map in 1-cohomology, it
sufficies to consider the case where M is a minimal normal subgroup of G. We
then hâve an exact séquence

M)->Hl(G, M)-^HomG (M, M)^H2(G/M, M),

where r is the transgression homomorphism. It is known (see [HSt], p. 207) that
t(1m) is just the cohomology class of the group extension M >-> G—» G/M. Since
this extension splits by hypothesis, we may conclude that H^G, M) ^ 0.

LEMMA 4. Let G be p-soluble and let M be an irreducible FPG-module. If
H1(G, M) 5e 0, then M is isomorphic to a complemented p-chief-factor of G.

Proof. Let C CGM. Then we consider the exact séquence

Since Hn(G/Q M) 0 for ail n ^ 1 (see for example [St]), we may conclude that
there exists D<G such that C/D M. But then H2(GIQM) 0 yields that

M^C/D is a complemented chief-factor of G.
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Proof of Theorem A.

Suppose G€$. Let M be an irreducible, ^-eccentric FpG-module
for some prime p. If G is a p'-group, we clearly hâve Hn(G, M) 0 for ail n ^ 1.

Thus assume that p divides |G|. But then, by Proposition 2, M does not belong to
the principal block of FPG and so again ail cohomology groups vanish.

is trivial.
Assume G is a group of minimal order satisfying (ii) without being in

g. As $ 5* 0, G 5e 1. Let N be a minimal normal subgroup of G, and let Q G/N.
Suppose M is an irreducible g-eccentric Q-module. Then M is, in the obvious

way, an irreducible $-eccentric G-module. Hence HX(G, M) 0, and this implies
HX(Q, M) 0 in view of the inflation map. Therefore condition (ii) is inherited by
factor groups. By the minimality of G we hâve that Q is in $ and that N is the

unique minimal normal subgroup of G.

Let p be a prime divisor of |N|. Assume first that N is non-abelian. Since N
does not hâve any proper p-factor group, H^N, Fp) Hom (N, Fp) 0. From
Lemma 1 it follows that there is a non-trivial, irreducible FpN-module A for
which H1(N, A) ^ 0. Application of Lemma 2 yields the existence of an irreducible

FpG-module M such that H\G, M) * 0 and CnMq CnAx for some x e G. It
follows that M is not ^-excentric; moreover, as A is a non-trivial N-module and
N is the unique minimal normal subgroup of G, we hâve CGM= 1. However, this
latter leads to the contradiction that M is ^-eccentric.

Hence N is an irreducible FpG-module. Since $ is saturated and Q G/Ne^
but Gjég, G splits over N. It follows CGN N, because N is the unique minimal
normal subgroup in G. Consequently N is an gf-eccentric G-module and so
H1(G,N) 0 by hypothesis (ii). However, this contradicts the statement in
Lemma 3.

Proof of Theorem B.

In view of Theorem A we only hâve to prove that an irreducible FpG-module
is g-eccentric if and only if G/CaM^dip)- But this is clear since Af](G/CoAf)Gg
if and only if

Remark. Let M be an irreducible FpG-module not contained in the principal
block. In our proof we hâve made use of the fact that Hn(G, M) 0. If M does

belong to the principal block of FPG, then one might ask whether there is an n ^ 1

such that /^(G, Af)^0. This question is answered affirmatively if M Fp by a
theorem of Swan [Sw]. However no gênerai answer seems to be known.
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4. Proof of Theorems C and D

In order to justify our définition of p-saturated homomorphs, we first prove
the following results.

PROPOSITION 3. Let & be a p'-closed p-saturated homomorph of p-soluble
groups. Suppose GIFrGefe. Then Gefè.

Proof. Suppose Gjé&. Let N be a minimal normal subgroup of G contained in
FrG. By induction, G/Nefe. Since Gé$Q, N is a p-group and G is p-soluble. Let
S be an ip-projector of G. Then S^G, SN= G and it follows that S is a maximal
subgroup of G not containing N. This contradicts N^FrG.

PROPOSITION 4. Let g be a p'-closed formation of p-soluble groups, and

suppose that Ge$ whenever G/FrGe^. Then $ is p-saturated.

Proof Let G be a p-soluble group. We hâve to prove that there exists an

^-projector of G. This is certainly true if G e $, so we suppose Gé $. Let N be a

minimal normal subgroup of G. By induction there exists an $-projector T/N of
GIN. If 7V G, then there exists an ^-projector S of T. It is then easy to see that 5
is also an g-projector of G (see [Hu], Hilfssatz VI.7.9(c)). Suppose T=G. Then
GINe$. Since G^S, N^FrG and N is a p-group. Thus N is complemented in
G. But since $ is a formation, a complément to N in G is easily seen to be an

g-projector of G.

Proof of Theorem C.

(ii): Suppose Ge$Q and M is an fë-eccentric irreducible FpG-module.
Since G is p-soluble we may conclude from Lemmas 3 and 4 that H1 (G, M) 0 if
and only if M is not a complemented chief-factor of G (see also [Ba], Theorem
1). Suppose it is. Then there exist normal subgroups H, K<\ G, such that K/H M
and G/H M](G/K). Since CgM^K, it would follow that MjGICGM)e&-
contradicting the hypothesis that M is &-eccentric.

(ii)=>(i): Let G be a counterexample of minimal order and let N be a minimal
normal subgroup of G. As in the proof of Theorem A we may infer that Q G/N
satisfies (ii). Hence Q s!q by the choice of G. Since £> is p'-closed it follows that p
divides the order of N. Assume first that N is non-abelian. We hâve H\N9 Fp)
0, because N does not possess a proper p-factor group. By Lemmas 1 and 2 there
exists an irreducible FpG-module M such that H\G,hf)*0 and CNM=l. In
particular we see that G/CgM is not p-soluble and thus M is ip-eccentric. This is
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a contradiction. Hence N is an irreducible Fp G-module and G is p-soluble. Now
let S be an £>-projector of G. Then we hâve SN= G. Since NC\ S 1 this implies
that G N]Q. We may thus conclude from Lemma 3 that HX(G, N) ^ 0. We next
claim that CGN N. Suppose CgN^N. Then there exists a minimal normal
subgroup Nt<G with lcJV^S. But then 8^ 8^0, contradicting the fact
that S is an £>-projector. Since N](G/CGN) N]Q GjéQ we conclude that N is

ip-eccentric. This is the desired contradiction.

Proof of Theorem D.

Suppose & is not a formation. Let G be a group of minimal order having
normal subgroups Nl9N2 such that GltyeQ, i l, 2, but G/N^N^Q. Then
N1C\N2 1 and Nl9 N2 are minimal normal p-subgroups of G. In particular G is

p-soluble.
Let S be an £-projector of G. Then clearly G SNt SN2 and SflN^

S H N2 1. Set D NtN2 H S. We get DNX NtN2 DN2. Hence

Nt s NtN2IN2 DN2/N2 D N2

as G-modules. But Nx is an ip-eccentric G/N1N2—module, so that
H2(G/N1N2,N1) 0 by hypothesis. Since N^JD^^ we conclude that G/D
and G/Ni are both split extensions of Nt by G/N^. Thus G/D G/^eQ. But
this contradicts the fact that S is an £>-projector.
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