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Comment. Math. Helvetici 52 (1977) 457-481 Birkhiuser Verlag, Basel

On Products in a Family of Cohomology Theories Associated
to the Invariant Prime Ideals of . (BP)

URrs WURGLER

1. Introduction

Let I, < m4(BP) be a BP*(BP)-invariant prime ideal. Using Baas-Sullivan
technique one may construct a BP-module spectrum P(n) with the property that
m%(P(n)) = BP4/I, ([5)). For different n, the P(n) are related by exact triangles in
the stable homotopy category and the whole tower of the homology theories
P(n)4(—) provides a good tool for describing the structure of BPg(—) (see [5]). If
one is willing to work with P(n)«(—), however, a source of pain arises in the lack
of usable information about multiplicative structures in these theories. The
purpose of this paper is to fill this gap, at least for p> 2.

Let p be an odd prime. Our main result (Theorem 5.1) implies in particular
that the spectra P(n) are perfectly good ring spectra and that there is a canonical
choice for the product map m,: P(n) A P(n)— P(n) (see 2.14). As a first applica-
tion of this we show that P(n)«(P(n)) is a Hopf algebra and determine its
structure (2.13). It turns out that P(n)x(P(n)) interpolates between BPyx(BP) and
HZ,«(HZ,). We then prove that the members of a family of exotic K-theories
K(n)*(—) studied by Morava and others are also multiplicative (in a canonical
way, see 2.14).

The method we use is entirely based on [9] and uses no geometry. We remark
that if k=max{m, n}, P(k)*(P(m)AP(n)) is a comodule over the coalgebra
P(k)*(BP A BP) (where everything is endowed with a profinite topology) and our
main result is proved by an analysis of primitive elements in P(k)*(P(m) A P(n)).

Section 2 contains some preliminaries and a collection of our results. In 3 we
adapt some methods and results from [9] to our present situation and use this in
Section 4 to give a description of the primitive elements in the P(k)*(BP A BP)-
comodule P(k)*(P(m)AP(n)). Using this we prove in 5 our main result. In
Section 6 we determine the structure of the Hopf algebra P(n)«(P(n)) and in 7 we
show that the theories K(n)*(—) are multiplicative. We close the paper with some
remarks.

After this paper has been written, the author became aware of a preprint of
Shimada and Yagita on ‘“Multiplications in the complex bordism theory with

457



458 U. WORGLER

singularities.” Whereas there seems to be some overlap with parts of the results
(concerning existence of products in the theories P(n)*(—)), the methods used are
completely different.

It is a pleasure for us to thank Peter Landweber for his careful reading of the
manuscript and his helpful comments.

Some of the results of this paper have been announced in [18].

2. Statement of the main results

Let BP denote the Brown-Peterson spectrum for the fixed prime p. Recall
that

2.1. BPx®Q=Q[my, m,,...]

where the m; are the coefficients of the logarithm of the formal group law
Fgp(X, Y) of BP*(—):

2.2. loger (T)= ), m- T%, me=1.

i=0

In particular, degree m; =2(p’'—1). From the construction of Fgp(X, Y) and
Miscenko’s calculation of logas (T) it follows that

23. m=p~'-[CP,_,].

Following Hazewinkel [4] we may (and we will) chose polynomial generators v; of
BPy which are related to the m; by the formula

n—1

24, v,=p-m,— Y M- (07

i=1

We agree to put vy =p. Note that BP*= BP_4 and that v, considered as an
element of BP*, has degree —2(p' —1). For all n>0 let I, < BP* be the prime
ideal I, = (vg, v1,..., V,—1) and set Ip=(0), I.= U r>o I.. A result of Landweber
(see also [5] for a simple proof) asserts that the I, are exactly the finitely
generated prime ideals of BP* which are invariant under the action of BP*(BP).
Following Johnson and Wilson [5] there is a tower of BP-module spectra (one
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for each invariant prime ideal I,) P(n) and k(n) and maps of BP-module spectra

BP = P(0)
iy
m| P(0) &> HQ
BPZ, = P(1) <
n P(1) b k(1)=GZ,
P(2)
3
2.5. :
Pgn)
"nj \op(n) A, k(n)
5
P(n+1)

HZ, = P() =lim P(m)

with the following properties:

2.6. P(n)*=P(n)*(S°)=BP*/I,= Z,[v,, Vns1,. - .]
2.7. 6, is induced by multiplication with v,, i.e.

0,:S"™ A P(n) 225 BP A P(n) —> P(n)

where ¢ represents v, and v, denotes the module map BP A P(n)— P(n)

2.8. 9, has degree 2p" —1, n, has degree 0.
2.9. The triangles in 2.5 are exact in the stable category S.
2.10. k(n)*(S9)=2Z,[v.]
2.11. The ring structure on P(n)* and k(n)* is induced by the respective
BP-module maps (see [5], appendix) and P(n)*(—) (resp. k(n)*(—)) takes
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values in the category of P(n)*-modules (resp. k(n)*-modules). Le.
P(n)*(—) and k(n)*(—) are cohomology modules in the sense of Section
3.

Remark. G denotes the (—1)-connected cover of the spectrum G correspond-
ing to the multiplicative summand in the Adams splitting of K*(—, Z,) [1]. 6.15
of [9] implies that there is a canonical equivalence of BP-module spectra
k(1)=G1Z,. See also [11].

Let w,:BP— P(n) be the map of BP-module spectra w, =1,-; ° -+ ° no and
denote by m: BP A BP— BP the product map of the ring spectrum BP. m induces
an exterior product

A : BP*(X)Q BP*(Y) — BP*(X A Y).

The following is an immediate consequence of the more general Theorem 5.1:
(for the case p =2, compare the Remark 5.7).

2.12. THEOREM. Let p be an odd prime. There is one and only one natural
bilinear pairing

A P(n)* (X))@ P(n)*(Y)— P(n)*(XAY)
over the category of CW-complexes (or spectra) such that

(1) A Z(x)®y)= 2(/\ (x® y)) =(-D"A (x®3y)

(2) pn:BP*(—)— P(n)*(—) is multiplicative
(3) For all ue BP*(X), ve BP*(Y), x€ P(n)*(X) and y € P(n)*(Y) one has

(u-x)Av-y)==D""(uav)- (xm,y)

Moreover, A, is associative, commutative and has a unit and the transformations
M 3 P(n)*(=)— P(n+1)*(—) are multiplicative.

As a first application of this theorem we show in §6 that P(n)«(P(n)) is a Hopf
algebra (in the sense of Adams), it then follows that the homology theory
P(n)x(—) takes values in the category of P(n)y«(P(n))-comodules. Recall that
BPy(BP)= BPy[t, t,, . ..] where |t;|=2(p' —1). There is a canonical map of ring



Products in a family of cohomology theories 461

spectra T,,:P(n)—> HZ, and w, and T, induce homomorphisms of Hopf algebras
(#n A pn)se: BPx(BP)— P(n)s(P(n)) resp. (T, A T,)x:P(n)«(P(n))—> HZ,(HZ,)=
Z,[&, &,...]QE(r, 71,...). Modulo our knowledge of the structure of
BP4«(BP)/1, which has been studied in [17], the following theorem describes
P(n)x(P(n)) (¢, resp. ¢, denote the diagonal resp. the canonical antiauto-
morphism):

2.13. THEOREM. Let p be an odd prime, n a positive integer. Then
(1) There is an isomorphism of (left) P(n)y-algebras

P(n)x(P(n))=P(n)x®Z,[s1, 52, . . . 1®E(a, . - ., n-1)
where the generators s; and a, may be chosen such that
(e A i )5e(t:) = si resp. (T A To)s(a) = — i

(2) C(n)x=P(n)x®Z,[s1,52,...] is a sub-Hopf-algebra of P(n)x«(P(n)) and
(fn A tn)x induces an isomorphism BPg(BP)/I, = C(n)s.
(3) On the exterior generators a, we have

i=k
V. (ax) = Z ai®s£i—i+ 1®ay

i=0

Cn(ax) = —ax.

(4) The right unit ng:P(n)x— P(n)x(P(n)) factors through the right unit of
BP,(BP)/L,

Let T,<k(n)*(S)=2,[v,] denote the multiplicatively closed set {1, v,
v2,...}. If we localize k(n)*(—) with respect to T, we get a periodic cohomology
theory K(n)*(—)= T, k(n)*(—) with coefficient object Z ,[v,, v, ']. These exotic
K-theories have been studied by Morava (see for example [8]) and Johnson and
Wilson [5] (see also [9]). At first glance, K(n)*(—) is only defined on the category
of finite complexes, but because K(n)*(S°) is finite in each dimension, it admits a
unique additive extension on the category of all complexes. There is a canonical
transformation A, : P(n)*(—)— K(n)*(—) which is simply the composite of A/, with
the localization map.

2.14. THEOREM. Let p be an odd prime. For all n>0, K(n)*(—) admits a
unique associative and commutative product with unit such that the transformation
A, is multiplicative.
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Let F(X, Y) be a commutative one-dimensional formal group law over a
graded ring R of positive characteristic p. The height of F(X, Y), ht(F), is the
greatest integer r such that [p]s(X) may be written as a power series of the form

2.15. [plr(X)=a, X" +a,.«(X")’+..., a&#0,

see [16] for details. If [p](X) =0, we set ht(F)=o0. As an application of 2.13 we
show (6.8) that the theories P(n)*(—) are universal for complex-oriented ring
theories with formal group of height n and coefficient ring h* satisfying h'2*" =0
for k=0,1,..., n—1.

3. BP-module theories with locally finite coefficients

Let W be the category of pointed spaces of the homotopy type of a CW-
complex, W/ the full subcategory of finitt CW-complexes. All cohomology
theories h*(—) we consider are supposed to be representable (if they are defined
on W), h*(—) may then be extended on the stable category S. The representing
spectrum of h*(—) is denoted by h.

Suppose the coefficient object h* = h*(S°) of the cohomology theory h*(—) is
a commutative (graded) ring with unit. Following the notation of [9] h*(—) is
called a cohomology module, if it takes values in the category of h*-modules. A
transformation of cohomology modules is a transformation of cohomology
theories 7:h*(—)— k*(—) which commutes with the respective module maps and
such that 7g:h*— k* is a ring homomorphism.

Let E be a ring spectrum, h*(—) a cohomology module. By an E-orientation
for h*(—) we mean a map of spectra of degree 0 v, : E A h— h which turns h into
a module spectrum over E and which has the property that the natural transfor-
mation uy, : E*(—)— h*(—) defined by w, (1) = v, (u® c¥(1)) is a transformation of
cohomology modules (cx:X—> S° denotes the trivial map). A transformation of
E-oriented cohomology modules is a transformation of cohomology modules
such that 7 ° v, =1 (idA7). An E-oriented cohomology module will also be
called an E-module theory. Obviously, the canonical map u,, is a transformation
of E-module theories. Moreover, if 6 is any transformation of E-module theories,
one has Ou;, = .

EXAMPLES. The theories MUQ*(—) considered in [9] are MU-module
theories, the P(n)*(—) and k (n)*(—) are for all primes p and for all n BP-module
theories. Using Baas-Sullivan technique one may construct a lot of further
examples (for different E’s).
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Let R be a locally finite graded ring (i.e. R? is a finite abelian group for all g).
Let Mod%*°" denote the category whose objects are inverse limits (over directed
sets) of finitely generated graded R-modules and whose morphisms are
homomorphisms of graded R-modules which are continuous in each dimension
(with respect to the limit topology). Med%® is abelian ([9], 3.4).

Remark. The definition of Mod%° given in [9] is slightly different from the
present one. Both categories have the same properties and the proofs are word
for word the same (in fact they are equivalent). However, the definition of
Mod%°" given in [9] may cause some difficulties with the tensor product X
introduced there, which are avoided if one restricts to finitely generated modules
(which is sufficient for the purposes of both [9] and the present paper).

If M= M_ is an object of ModR™, the system M, =ker{M—M.,} is a
basis of open neighborhoods of 0 and M= <= M/M,. If {a.}aca is a set of
indeterminates of degree |a,|, we denote by R[[a,]] the R-module whose
elements of degree q are the infinite sums ) A a, where A, € R and |A, +a,|=q.
R[[a,]] is an object of Mod%° and isomorphic (in Mod%*) to the product
IIR - a,.

Let M, N be objects of Mod%°'. We define their tensor product M ®x N (this
has been written M Xz N in [9]) by

31. M®N= ‘—:1% (M ®g NI[im(M, ®r N)+im(M ®x Np)]),

see [9], 3.6. Note that M@z N=M®z N if M, N are finitely generated R-
modules.

Remark. 3.1. is clearly an ad hoc construction. In a systematic treatment one
would first define a completion functor M (for all R-modules) by M = = M/L
where L runs over all submodules of M such that M/L is a locally finite R-module
and then define M ®g N=(M®z N)". In our present situation this reduces to
3.1.

If h*(—) is a cohomology module with locally finite coefficient ring, it takes
values in the category Mod{»* ([9], 3.9). If h*(—) is a BP-module theory, the

same argument as in [9], 2.8 shows that

3.2. h*(BP)=h*[[u.(r®)]]  (in Mod}%)

where the r® € BP*(BP) are the Quillen-operations. For any BP-module theory
h*(—) with locally finite coefficients, the module map v,:BPAh— h induces a
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natural isomorphism (in Mod}+>")
3.3. tx:h*(BP)®+ h*(X) —=— h*(BP A X)

over the category S(—1) of (—1)-connected CW-spectra. This is the BP-analog of
[9], 3.14 and is proved in the same manner (see also the proof of 3.8). Let
m:BP A BP— BP denote the product map of the ring spectrum BP. From 3.3 it
follows that m induces a map

3.4. m*:h*(BP)— h*(BP) ®,« h*(BP)

for any BP-module theory with locally finite coefficients and one sees that h*(BP)
is a coalgebra in Mod}>" with coaction map m* and counit induced by i:S°— BP.
Note that the category Comy«pp) of h*(BP)-comodules which are objects of
Mod}>" is abelian ([9], 4.3.).

The following BP-analog of [9], proposition 4.12, is proved exactly as there:

3.5. PROPOSITION. Let h*(—) be a BP-module theory with locally finite
coefficients and suppose u,(I,)=0. Then for all m <n there is an isomorphism of
h*(BP)-comodules

h*(P(m))E h*(BP) ®h" Eh"'(aOy RS ) am-—l)

where degree a,=2p'—1. Moreover, the morphisms (n,)* are split epic in
Com;+p) for 0=m=n.

We .will need the following variant of 3.3. By a BP-module theory with
product we mean a BP-module theory h*(—) together with a map of spectra
my,:hAh—h of degree 0 such that
3.6. the homomorphism p;,: BP*(S%)— h*(S°) is epic and
3.7. the diagram

BPAh 2> h
uh/\idl S
hnah

commutes.



Products in a family of cohomology theories 465

3.8. LEMMA. Let h*(—) be a BP-module theory with product and locally
finite coefficients. Suppose wy(I,)=0. Then my, induces for all m=n a natural
isomorphism

t s H*(P(m)) @ h*(X) = h*(P(m) A X)

over S(—1). Moreover, t,=1.

3.9. Remark. Observe that it follows from 3.6 and 3.7 that the product induced
by m, on h* agrees with the given one and that the module map », may be
described by the formula

v (u® x) = my, (pn ()@ x).
Proof of 3.8. The product m,, induces a natural transformation
t h*(P(m)) ®p+ h*(X)— h*(P(m) A X)

over the category W (note, however, that the left hand side is not an additive
cohomology theory over this category). From 3.5, 3.1 one sees that there is an
isomorphism of profinite h*-modules

* S5 RN tim ([ h*(X) E . C
h*(P(m)) @« h (X)—Clln < B’W(h*(XB) [w(rF), E€e W]) - a
where C, denotes the set of all exponent sequences C=(gg,..., £,-1) Where

g; =0 or 1 and {W} denotes the directed set of all finite subsets of the set of all
exponent sequences E. Because h*(X) =™ h*(X)/h*(Xs), one sees that

h*(P(m) @ k*(X)= [1 TI n*X) - (ua(r®)a®),

CeC, EcE

and this implies that h*(P(m)) &+ h*(—) is an additive cohomology theory over
the category W. From the universal property of the inverse limit one gets a
canonical map

c:h*(P(m)) ®pr h*(X)— h*(P(m)) ux h*(X)

and it is not difficult to verify that the image of c is dense (with respect to the
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profinite topology) in h*(P(m))®,.h*(X). Now ¢ is monic and the map t,°
¢ ':im(c)— h*(P(m) A X) is (uniformly) continuous (proof left to the reader), so
th, o ¢! extends uniquely to a transformation of (additive) cohomology theories

b - h*(P(m)) @y h*(X)— h*((m) A X)
which is an equivalence according to 3.5. That t, = ¢ follows from the remark 3.9.

4. Comodules over h*(BP A BP)

In this section, h*(—) is always understood to be a BP-module theory with
locally finite coefficients, even if we do not mention it explicitly.

Suppose X, Y are module spectra over the ring spectrum BP and consider the
map

4.1. Yxy:BPABPAXAY—->XAY

defined by ¢Yix y = (vx Avy) © (id ATAid) where T:BPA X — X ABP is the switch
map and vy, vy are the module maps. Set ¢ = Yipp gp. Observe that (BP A BP, ) is
a ring spectrum and that yix y makes X A Y a module spectrum over BPA BP. Let
h*(—) be a BP-module theory with locally finite coefficients. Repeated applica-
tion of 3.3 shows that

4.2. h*(BPABPABPABP)=h*(BP ABP)®,.h*(BP A BP)

and it is easily seen that ¢* is given as follows:
¥*: h*(BP A BP) —— h*(BP) ®,» h*(BP)
3 m'&m’, h*(BP A BP)®y+ h*(BP A BP)

8, h*(BP) @y h*(BP) ®y» h*(BP) &, h*(BP)

(BN TSid) h*(BP A BP) ®,» h*(BP A BP).

Using 4.3 one sees that (h*(BP A BP), ¢*) is a coalgebra in Mod}*" with counit
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induced by the unit of BP A BP. From 3.2 and 3.3 and the definition of the tensor
product ® it follows that

4.4. h*(BPABP)=h*[[n(rF), n(r")]]

as a profinite h*-module, so lemma 3.7 of [9] implies that h*(BP A BP) is an exact
coalgebra in Mod}>".

If X and Y are (—1)-connected BP-module spectra, a consideration analogous
to 4.3 shows that y% y may be written as

4.5. Y% yv=(Rid)(id® tx V) teprxar(id A T AId)*(vx A vy)*.

This and 4.3 show that (h*(XAY), ¢%y) is a h*(BP A BP)-comodule, provided
X, Y are (—1)-connected.

4.6. EXAMPLE. For any non-negative integers m, n the P(m), P(n) are
(—1)-connected BP-module spectra. So h*(P(m) A P(n)) becomes a h*(BP A BP)-

comodule for any BP-module theory with locally finite coefficients. In this case,
we denote the coaction map by ¥¥ . Notice that W&, =¥*,

Let 8:XAY—h be a map of spectra, i.e. 6€ h*(XAY), and consider the
diagram

BPABPAXAY 25 XAY
47 id/\:d/\al 10

BPABPAR 22200, p,
Suppose h is (—1)-connected. Then one sees from 3.3 that
4.8. v¥(idy) = pa®id, € h*(BP) ®,» h*(h).
Because u, is a map of BP-module spectra the diagram

BPABP 22", BPAh

ml lw‘

BP = h

commutes, SO

4.9. m*(un)= un ® un € h*(BP) ®,-h*(BP).
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4.10 LEMMA. Suppose h is (—1)-connected. Then the diagram 4.7 commutes
iff ¥%x(0) = (uam)&6.

Proof. This follows immediatly from 4.8 and 4.9.

An element a of the h*(BP A BP)-comodule h*(X A Y) is called primitive, if
vx(a)=(unm)®a. We denote by Pr{h*(X A Y)} the graded h*-module of all
primitive elements of h*(X A Y). The main purpose of this section is to calculate
Pr{h*(P(m)A P(n))} for a BP-module theory with the property that w,(L,UI,)=
0.

4.11. LEMMA. Suppose h is (—1)-connected and w,(IL.)=0 for some k=
max {m, n}. There is an isomorphism of h*(BP A BP)-comodules

h*(P(m)A P(n))= h*(BPABP)Q+ E,«(ao,. .., Gm-1,b0,...,b._1)
where degree a; =2p' — 1, degree b, =2p' — 1. Moreover,
(Mm-1ANu—1)*: h*(P(m) A P(n))— h*(P(m—1)AP(n—1))
is split epic in the category of h*(BP A BP)-comodules.
The proof of 4.11 is similar to the proof of [9], prop. 4.12 and will be omitted.

4.12. PROPOSITION. Suppose h*(—) is as in 4.11. Then there is an
isomorphism of graded h*-modules

a:Pr{h*(P(m)A P(n))}= Eu+(ao, . - -, @m-1, bo, . . ., bu_1).

Proof. From the structure of h*(P(m)AP(n)) as h*(BP A BP)-comodule
as given by Lemma 4.11 one sees immediately that there is an isomorphism of h*-

modules

Pr{h*(P(m) A P(n))}= Pr{h*(BP A BP)} ®,+ Ey*(ao, - - -, Gm-1, bo, - . . , bu_1).
So it rests to show that there is an isomorphism

B:Pr{h*(BPABP)}=h*.

Let a € h*(BP A BP) be primitive, i.e. ¢*(a)= p,;,m®a. Now a may be written in
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the form

a= F; A r(p(r®)® p(rF)

with uniquely determined coefficients Ag € h*. From 4.3 one sees that

@=L rerd T wrout Outou)
E.F E,+E;=E
F,+F>,=F

= Z )\E,F{u,m@ M’E® MFF},
E.F

where the last equality holds because a is supposed to be primitive. This implies
Aer=0 for E#0 or F#0, so a =A0,o(u®p.) for some element Ago€ h*. If we
define B by B(a) = Ao, the proposition follows, because any element of h* clearly
occurs in this way.

4.13. COROLLARY. Let p be an odd prime and suppose k =max {m, n}.
There is one and only one primitive element ac P(k)°(P(m)AP(n)) such that
(M A pn)*(a) = pem € P(k)°(BP A BP).

Proof. Observe first that w,m € P(k)°(BP A BP) is primitive according to 4.7
and 4.10. From 4.11 we know that the morphism (u,, A u,)* is split epic in the
category of P(k)*(BP A BP)-comodules, so there is at least one primitive element
a which restricts to w,m. One sees from 4.12 that

Pr{P(k)°(P(m)AP(n))}=(Epu, (g, - - - » Q15 boy + - - s bu_1))°.

Let & be 0 or 1 and denote by C, D exponent sequences of the form C=

(€0s ..+, Em-1), D=(g0,...,€n-1). A dimension counting shows that
k pu—
|aCbD|52{—2-(—E——D-— k} =r
p—1

for all exponent sequences C, D and that
A [=-2(p"-1)
for all A € P(k)*, |A|#0. Observe that for all k=1,

r<2(p*-1) iff [2/(p—1)-k/(p*-1)]<1
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and this is always the case if p>2. It follows that, for p odd, 0#Aa“b" e
PrP(k)°(P(m) A P(n)) iff [A\|=0, so

Pr{P(k)°(P(m) A P(n))}= Pr{P(k)*(BP A BP)}=Z,.
The corollary follows.

Remark. Notice that the proof of 4.13 shows that 4.13 holds also for p =2, if
one omits the uniqueness statement.
5. Construction of pairings P(a) A P(b)— P(c)

The purpose of this section is to furnish a proof of the following

5.1. THEOREM. Let p be an odd prime. For all triples (a, b, c) of non-
negative integers with the proparty that ¢ =max {a, b} there is one and only one
pairing

m(a, b, c): P(a) A P(b)— P(c)
such that

(1) m(a, b, c) © (pa Aps)=pc °om

and

(2) the diagram

(vnAvb)(idAT/\id)A

BPABPAP(a)AP(b) P(a)A P(b)
idnid Am(a, b, c)l 1m(a, b, c)
BPA BP A P(c) ve(m A id) > P(c)

is homotopy commutative.
These pairings have the following properties:
(3) Commutativity. Let T: P(a) A P(b) — P(b)A P(a) be the switch map. Then

m(a, b, c)=m(b, a,c) ° T.
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(4) Associativity. Suppose d =max {a, b}, e =max {b, c}, f=max{c,d} and f=
max {a, e}. Then

m(a, e, f) ° (idp@ayAm(b, c, e))=m(d, c, f) o (m(a, b, d) Aidp,)).

(5) Unit. Let i:S°— BP be the unit of BP. Then i, = p, © i:S°— P(a) is a unit
for the product m, = m(a, a, a): P(a) A P(a)— P(a).

(6) m(a+1,b+1, c+1) e (MaAmn) =n. o m(a, b, c).

(7) the diagram

BP A P(a) = P(a)

Ha /\idl
mg

P(a)A P(a)
is homotopy commutative for all a.

5.2. Remark. Notice that Theorem 2.12 is an immediate consequence of 5.1.

Proof. We first prove existence and uniqueness of pairings m(a, b, ¢): P(a)A
P(b)— P(c) which satisfy conditions (1) and (2) of Theorem 5.1.

Suppose ¢=max{a, b}. From 4.13 we know there is a unique element
m(a, b, ¢)€ Pr{P(c)°(P(a) AP(b))} such that (p.Ams)*(m(a,b,c))=p.°me
P(c)°(BP ABP), i.e. such that condition (1) of 5.1 holds. But from 4.10 we know
that any pairing m(a, b, ¢) which satisfies condition (2) must be a primitive
element of P(c)°(P(a)A P(b)), so the assertion follows.

Now we go on to verify properties (3)—(7) of 5.1, beginning with the last one.

Proof of (7): maAid:BPAP(a)— P(a)AP(a) is a morphism of BPA BP-
module spectra. Now mg € Pr{P(a)°(P(a)A P(a))} by construction, so an easy
calculation shows that (u.Aid)*(m,)e Pr{P(a)°(BPAP(a))}. Obviously, v, €
Pr{P(a)°(BP A P(a)}. Because

(id A pa)*(pa A id)*(Mg) = (1a A pa)*(ma) = pa(m)

according to property (1) of 5.1 and (id A p,)*(v,) = p i (m) because p, is a map of
BP-module spectra, it follows from 4.13 that v, = (u, A id)*(m,). This proves (7).
Before we proceed with the proof of properties (3)-(6) we remark that (7)
implies that, for all a=0, P(a)*(—) is a BP-module theory with a (canonical)
product in the sense of Section 3. So it follows from Lemma 3.8 that if
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¢ = max {a, b}, m. induces an isomorphism
5.3.  P(c)*(P(a)) ®p(cyr P(c)*(P(b))=P(c)*(P(a) A P(b)).

Using this isomorphism it is not difficult to see that the coaction map ¢, of
P(c)*(P(a)A P(b)) may be described by the following formula:

5.4. Wi (x®y)=(id® T*®id) » (vE(x)® v(y)).
Proof of (3): Observe that the rectangle in the following diagram commutes:

BPABPAP(a)AP(b) 22, P(a)AP(b)m(am

TATl Tl / P(C)
BPABPAP(b)AP(a) Vb, P(b)/\P(a)M( a,¢)

Recall that m(b, a, c)e Pr{P(c)’(P(b)AP(a))}. Using 5.4 one sees that
T*(m(b, a, c)) € Pr{P(c)°(P(a) A P(b))}. Because the product m is commutative,
the diagram

BP A BP

Y
T P(c)
1 /p.:*’m
BPABP

commutes. This fact and 4.13 imply that m(a, b, ¢) = T*(m(b, a, c)).

To prove the associativity statement we need some preparation. Lemma 3.3
implies that P(c)*(BP) is a coalgebra in the category of profinite P(c)*-modules
with counit induced by i:S°— BP. Moreover, if X is any (—1)-connected BP-
module spectrum with module map vx:BPAX—X, P(c)*(X) becomes a
P(c)*(BP)-comodule with coaction map v%. Denote by Pr{P(c)*(X)} the set of
primitive elements of P(c)*(X), i.e. the set of all elements a such that v¥a)=
pc®a. It is easily seen that the BP-versions of [9], Theorems 4.17 and 4.18 imply
the following

5.5. LEMMA. Suppose 0<b =c. There exists a unique primitive element x €
P(c)°(P(b)) such that uh(x)= p. € P(c)° BP).

Suppose again that ¢ = max {a, b}. Because m(a, b, c) satisfies condition (2) of
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5.1, the following diagram commutes:

P(c)*(P(a) A P(b)) =2 > P(c)*(BP A BP) ®p(c)* P(c)*(P(a) A P(b))

( * ) m(a,b,c)*J' [(:d Aid)*@m(a,b,c)*

P(c)*(P(c)) -9, P(c)*(BP A BP) ®poy P(c)*(P(c))

Now let x € P(c)*(P(c)) be a primitive element. Using (*) one sees that
Was(m(a, b, )*(x)) = (id®id® m(a, b, c)*) ° (m*Qid) » v¥(x)
= 1 u.R m(a, b, c)*(x)

because x is primitive. This proves the first part of the following lemma, whose
second part is an easy consequence of the description 5.4 of ¢, and the structure
of P(c)*(BPABP A P(a)A P(b)).

5.6. LEMMA. (1) Suppose xe€ Pr{P(c)*(P(c))} Then m(a, b, c)*(x)e
Pr{P(c)*(P(a) A P(b))}. (2) Suppose z=z,8z,€P(c)*(P(a)® p »P(c)*(P(b)).
Then z € Pr{P(c)*(P(a) A P(b))} iff z, € Pr{P(c)*(P(a))} and z, € Pr{P(c)*(P(b))}.
Proof of (4): Look at the diagram

m(a,b,d)nid_

P(a)AP(b) A P(c) -+ P(d)A P(c)
'\al\l"b/\#c l"ny‘
BPABPABP 224, BPABP

idqg Am(b,c,e) lid Am ml m(d,c,f)

BPA BP BP
1 %P’e R !
P(a) A P(e) —— + P(f)

Let id;:P(f)— P(f) be the identity. id; is obviously -a primitive element of
P(f)°(P(f)). Now using 4.11, 4.13, the isomorphism 5.3 and Lemma 5.6 one sees
that (id Am(b, c, e))* e m(a, ¢, f)*(id/) may be written in the form 2,Q z,® z.
where z, € Pr{P(f)°(P(a))}, z, € Pr{P(f)°(P(b))} and z € Pr{P(f)°(P(c))} and simi-
larly for (m(a, b, d) Aid)* ° m(d, e, f)*(ids). Because any proper subdiagram of the
above diagram commutes, the assertion follows from 5.5.
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Proof of (5). We have to show that the following diagram commutes:

S°AP(a) 424, BPAP(a) 224 P(a)AP(a)

) |

P(a) — & > P(a)

3 I

P(a)AS° 42, P(a)ABP 2t p(a) A P(a).

This results from the relation (see 3.15)
m¥(id,) = id, ® id,

and the fact that i is a unit for BP.
Proof of (6). This is proved by the same sort of arguments used in the proof of

(7).
5.7. Remark. For p=2, the map

Pr{P(c)°(P(a) A P(b))} —Pr{P(c)°(BP A BP)}=17,

is surjective but not injective. So in this case there are several different product
maps P(a)A P(b)— P(c) which satisfy conditions (1), (2) of Theorem 5.1. These
products are in general not commutative (look at the case P(1)= BPZ,). However,
the same proof as for p odd shows that all of these products are associative and
have a unit.

6. The structure of P(n)x(P(n))

In this section we give a proof of Theorem 2.13. Let p be odd. Let
T:BP— HZ, be the Z, Thom map and denote by T, :P(n)— HZ,(n>0) the map
of spectra induced by the edge-homomorphism of the Atiyah-Hirzebruch spectral
sequence of P(n)*(—). We get a diagram of ring spectra and maps of ring spectra

BP - P(n)

6.1. 1, /&
HZ,

which is easily seen to be commutative. Because T : BPy(BP)— (HZ,)4(BP) is
epic the same holds for (T,)s : P(n)«(BP)— (HZ,)+(BP), so one sees by standard



Products in a family of cohomology theories 475
arguments that
6.2. P(n)4(BP)=BPy(BP)/I, BP4(BP)=P(n)4®1Z[t, t,, ...]

as a P(n)x-algebra and that the product of P(n) induces an equivalence of
homology theories

6.3.  P(n)x(BP) ®p(n). P(n)x(X) = P(n)x(BP A X).

Now recall that there is an exact triangle

P(n) 2. P(n) 2> P(n+1)

I . |

where 8, is given by the composition S/ A P(n)—2%5 BP A P(n)—=> P(n) and ¢
represents the element v, € BP*. Because I, is an invariant ideal the same
argument as in the proof of [9], Lemma 3.15 shows that P(m)*(¢) =0 provided
n < m. From this and 6.3 it follows easily that P(m)4(6,) =0 and so we get for all
n<m a short and split exact sequence

0 ——> P(m)x(P(n)) —> P(m)x(P(n + 1)) —— P(m)s(P(n)) —> 0.
From this it follows by induction that one has an isomorphism of P(n)sx-modules

6.4. P(n)x(P(n))=P(n)x«®Z,[s1, 52, .. .]®E(ao, ..., tn1).

Here o; has degree 2p' —1 and s; = (u,)%(t). In particular, P(n)x(P(n)) is flat as a
left P(n)x-module and from [1] we know that this implies

6.5. PROPOSITION. Let p be an odd prime. Then P(n)x(P(n)) is for all n a
Hopf algebra (in the sense of [1]) and P(n)x(—) takes values in the category of
P(n)4(P(n))-comodules.

Because the maps 7,:P(n)— P(n+1) are (for all n) maps of ring spectra, we
get (compare 6.1) a commutative diagram of Hopf algebras and homomorphisms
of Hopf algebras
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BPy(BP) {=2%s, p(n)y(P(n))

(T/N ‘/M\Tn)*

(HZ,)+(HZ,)
Il

A(p)«

6.6.

As is well known, there is an isomorphism of algebras

67 'Sd(p)*":‘zp[gly §2’ . -]®E(70a T1y - - )
where degree & =2(p'—1) and degree 7, =2p’ —1. We are now ready to give a

Proof of Theorem 2.13: From Zahler [12], Lemma 3.7 one knows that
(T A T)x(t,) = x(&) where x denotes the canonical anti-automorphism of the Hopf
algebra s(p)x, and from work of Baas—-Madsen [13] it follows that
(Tn)s: He(P(n),Z,)— Hx(HZ,, Z,) is an injective homomorphism of algebras with
image isomorphic to

Zp[X(gl)’ X(éZ)a % & ]®E(X(1—'O)’ RS ] X(fn—l)),

where 7,=7, mod decomposable elements. Because the spectral sequence
Hy(P(n), P(n)x)= Hg(P(n), Z,)® P(n)x=> P(n)x(P(n)) collapses, these facts to-
gether with 6.4 and the commutativity of the product of P(n)y(P(n)) imply by
standard arguments part (1) of Theorem 2.13. Because (pn,Apn)x is a
homomorphism of Hopf algebras, P(n)x = BP/I, and the ideal I, is invariant,
part (2) follows from part (1). Let A denote the coaction map of d(p)x. We have

Ao (T, AT,)x(a)=A4 ° x(7)

i=0

k
k
=18x(n)+ L x(m)®x (&),
so it follows that

k
Unla) = 1Qar + ), a:®si_i+ R,
i=0
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where Ry eker (T, A T,)x. One easily sees that ker (T, A T, )x contains no non-
zero elements of dimension 2pk -1(k=0,1,...,n—1), so R, =0 and the first
half of 2.13, (3) is proved. The same sort of argument shows that c,(ax) = —ax.
The last statement of 2.13 follows from 2.13 (2) because mr factors obviously
through C(n)gx and nr=c¢, ' nr.

Let u®” € BP*(P.C) denote the usual BP*(—)-Euler class of the canonical
complex line bundle over P.C. We always consider P(n)*(—) as complex-oriented
by u"" = w,(u”?). The formal group law Fp,,(X, Y) associated to u*™ is clearly
p-typical and it is of height n because the ideal I, « BP* agrees with the ideal of
BP* generated by the coefficients of x, x?,..., x" " in the power series [p]g,.(X),
this may be seen for example by the methods of [3], §6. As a first application of
2.13 we state the following

6.8. PROPOSITION. Let h*(—) be a complex-oriented multiplicative
cohomology theory with coefficient ring of characteristic p>2 and p-typical formal
group law F,(X, Y) of finite height n. Then there exists a multiplicative transfor-
mation p,, : P(n)*(—)— h*(—) such that p,(u®™)=u" If h'">"(pt)=0 for k =0,
1,..., n—1, p, is unique.

Proof. Using the first part of Theorem 2.13 and the fact that BP*(—) is
universal for multiplicative cohomology theories with coefficients a Z,)-algebra
and p-typical formal group ([3], Theorem 7.2), this may be proved by arguments
similar to those used in the proof of [2], Lemma 4.6. We leave the details to the
reader.

One sees by standard arguments that there is an isomorphism

6.9. P(n)*P(n)=Homy,,, (P(n)x(P(n)), P(n)*).

In particular this means that the algebra of stable P(n)*(—)-operations is — at least
theoretically — determined by Theorem 2.13. For each exponent sequence E = (e,
e, ...) of non-negative integers we denote by ry, the stable operation dual to
5155 - - - € P(n)(P(n)). The rE have degree ||E||=Xi=12(p' —1)e;, they satisfy a
Cartan-formula and it is not difficult to show that they generate (topologically) a
P(n)*-subalgebra of P(n)*(P(n)) isomorphic to BP*(BP)/IL,.

The operations ri, give rise to homology operations rg:P(n)xX— P(n)xX of
degree —||E||. Using these we define for all X a map

6.10. @x:P(n)x(X)— BPx(BP)/I, ®pmy P(n)s(X)

by ¢x(x) =25 c,(tF)®rg(x). It is easy to see that ¢x makes P(n)x(X) a comodule



478 U. WURGLER

over BP4(BP)/I,. This remark is useful because it permits us to apply directly
Landweber’s filtration theorem and exact functor theorem [6], [14] on P(n)4(X)
(see [10], [15] for a different discussion of these topics). In particular one gets the
following lemma which will be useful in the next section:

6.11. LEMMA. Let G be a P(n)x-module. The functor —®p. G is exact on
the category of BPy(BP)/1,-comodules which are finitely presented P(n)s-modules
if and only if multiplication by vy is monic on G/(Vp, Un+1,. .., Un+k—1) for allk =n.

6.11 has been proved in [10] and [15] by different methods.
We close this section by a remark concerning the case p =2. For any prime p
and any positive integer n define A(p, n)< Z by

A(p,n)= {qu-—{0}|q= —ni g(2p'—1), &=0or 1}.

i=0
For any graded ring R set

JR,pn)= ]l Re

qeA(p,n)

The following proposition is an immediate consequence of the BP-analogs of
Theorems 4.17 and 4.18 of [9].

6.12. PROPOSITION. Let h*(—) be a BP-module theory with locally finite
coefficients, n>0 an integer and suppose u,(I,) =0. Then there exists a transfor-
mation of BP-module theories p,:P(n)*(—)—h*(—) over the category W.
Moreover, p, is unique iff J(h*, p, n)=0.

As the case n = indicates, for p=2 we cannot expect in general to find a
subalgebra of P(n)*(P(n)) isomorphic to BP*(BP)/I,, but 6.12 may be used
(following [9], §5) to construct stable operations 05 for all exponent sequences E
of the form (0,..., 0, es, €s+1,...) even in the case p=2, here d=1 if
n<2(p—1) and d = n otherwise. The structure of the subalgebra of P(n)*(P(n))
generated by the 6, may be determined, it turns out that-for n <2(p— 1) this
algebra is again isomorphic to BP*(BP)/I,.

6.13. Remark. 6.8 contains obviously a uniqueness statement for ring theories
h*(—) with formal group of finite height n such that h* satisfies the conditions of
6.11. In particular, K(n)*(—) is uniquely determined by K(n)* and its formal

group.
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7. Proof of Theorem 2.14

Again, let p be an odd prime. We first note that it follows from 6.11 that
P(n)*(—) ®py K(n)* is a cohomology theory over the category W/. Now any
cohomology theory h*(—) with locally finite coefficients defined over W/ admits a
unique additive extension Eh*(—) over the category W of all complexes, namely

lim

7.1. Eh*(X)=<— h*(finite subcomplexes of X).

From 6.12 we know that there is a unique transformation of BP-module theories
A, :P(n)*(—)— K(n)*(—). From this and the comparison theorem for cohomology
theories we now see that there is a unique equivalence of BP-module theories

7.2. A:E(P(n)*(—) ®@pmyx K(n)*) —— K(n)*(-).

Because P(n)*(—) is multiplicative the same holds for the left side of 7.2, hence
K(n)*(—) becomes a multiplicative theory via the isomorphism A,. Let
in: P(n)*(—=)—> E(P(n)*(—) ®pmy» K(n)*) be the natural map. We have A, =
A, © i, according to 6.12, so A, is multiplicative by the definition of the product of
K(n)*(—). This proves Theorem 2.14.

7.3. Remarks. (1) Our argument shows that-in the case p=2-whatever
product structure exists on P(n)*(—), the same kind of structure exists also on
K(n)*(—) (compare 5.7).

(2) Notice that k(n) is equivalent to the (—1)-connected cover of K(n). The
universal property of the (—1)-connected cover construction implies that the k(n)
are ring spectra, too (p>2).

8. Remarks

8.1. Because K(n)*=IF,[»,, v,'] is a ‘“graded field”, all graded K(n)*-
modules are free. The fact that K(n) is a ring spectrum then easily implies the
Kiinneth formulas

811 K(n)x(XAY)=K(n)x(X) @k K(n)x(Y)

K(n)*(X A Y)=K(n)*(X) ® xmy K(n)*(Y)
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for X, Y arbitrary CW-complexes. If p =2, the isomorphisms 8.1.1 hold for any
choice of the product map (compare 5.7). Another easy consequence is that the
Kronecker product induced by K(n)A K(n)— K(n) defines an isomorphism

8.1.2. K(n)*(X)=Hom¥,,), (K(n)4(X), K(n)y)

over the category W.
8.2. Because P(n) is a ring spectrum and from Theorem 2.13 it follows that
for p odd, one may set up an Adams spectral sequence based on P(n)g(—),

E?Z‘*(X) = EXtifn)*(P(n))(P(n)*y P(n)*(X)) $ 773‘ (X)®Z p

which interpolates between the Adams spectral sequence based on BP and the
classical one. We hope to come back to this somewhere else.

8.3. Notice that because P(n)x(P(n)) is a free P(n)gx-module it follows from
(2], Lemma 11.1 that the spectrum P(n)AP(n) is equivalent to a wedge of
suspensions of P(n). A similar statement holds for the spectrum K(n)A K(n).
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