Zeitschrift: Commentarii Mathematici Helvetici
Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 52 (1977)

Artikel: Flat manifolds with non-zero Euler characteristics.
Autor: Smillie, John

DOl: https://doi.org/10.5169/seals-40008

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 13.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-40008
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

Comment. Math. Helvetici 52 (1977) 453-455 Birkhduser Verlag, Basel

Flat manifolds with non-zero Euler characteristics

By JOHN SMILLIE

A flat structure on a smooth vector bundle ¢ can be given either by a
connection on § with zero curvature or by a reduction of the structure group of ¢
from GI(R") to GI(R") with the discrete topology. Using either definition we
see that if £ and £’ admit flat structures and f is a map then £+ ¢’ and f*¢ admit
flat structures. A flat structure on a manifold M is a flat structure on T(M). We
say a manifold is flat if it admits a flat structure.

Let M, denote the surface of genus g for g=1. Milnor (1) proves that an
oriented bundle § over M, admits a flat structure if and only if

le()[M,]| = —2x (M) (1)

where e(£) is the Euler class of £ and x(M) is the Euler characteristic of M. If M,
is a flat manifold this formula implies x(M,;)=0. According to Hirsch-Thurston
(2) it is an old conjecture that the Euler characteristic of any flat manifold is zero.
The question is raised by Milnor (1) and Kamber-Tondeur (3, p. 47). In this paper
we prove the following.

THEOREM. There are flat manifolds M>" with non-zero Euler characteristic
for all n>1.

Starting with surfaces we construct manifolds M>" by taking products and
connected sums. To prove the existence of a flat structure on T(M>") we establish
that T(M>") is isomorphic to a second bundle . { admits a flat structure because
it is the sum of pullbacks of 2-plane bundles which admit flat structures. A bundle
isomorphism allows us to transfer the flat structure from ¢ to T(M).

ALMOST TRIVIAL BUNDLES. We will call a bundle £" almost trivial if
" +e'=¢""" where " denotes the trivial bundle of dimension n.* Sums and
pullbacks of almost trivial bundles are almost trivial. If T(M) is almost trivial then
M is said to be almost parallelizable.

* If the base space of ¢" is n-dimensional then £" is almost trivial if and only if £" is stably trivial.
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PROPOSITION 2. An oriented 2-plane bundle ¢ over a surface M, is almost
trivial if e(¢€)[M,] is even.

Proof. £+¢' admits a two-frame over M, if a certain obstruction class
O0,(é+ ¢') vanishes. 0, can be identified with w,(&+¢') = w,(¢) which vanishes
when e(¢)[M,] is even. Assuming 0,=0, £+¢e'=n+¢> but wy(n)=w(£§)=0 so
n=¢'.

PROPOSITION 3. If n dimensional manifolds N and M are almost paralleliz-
able then N#M is almost parallelizable.

Proof. We can immerse N and M in R"*'. We can connect them by a tube.
Smoothing the corners we see that we have constructed an immersion of N#M in
R™"*! hence N#M is almost parallelizable.

—

LEMMA. If ¢ is an almost trivial bundle over M then there is a map g: M— S"
so that £ = g*T(S").

Proof. Choose a bundle map f:¢£+¢'— R""'. We have a non-zero section
s:M— £+¢' associated to €. Using a Gram-Schmidt procedure we may assume
that fs(x) is of unit length and perpendicular to f(&x).

fsp>fl& n n+1
§ = S"XR Set g=fs. £ is the pullback by g of the
‘[p 1# sub-bundle T(S")< " x R"*! consisting of
pairs (x, y) where y is perpendicular to x.

M—, g

PROPOSITION 4. Let m, and m; be almost trivial oriented 2n-plane bundles
over an oriented 2n-manifold. If e(n,) = e(n,) then m, and m, are isomorphic.

Proof. The lemma yields maps g such that n; = gTT(Sz"). e(m;) = 2g§"u where
ue H*>"(8*"; Z) is dual to the orientation class. The homotopy class of g : M*"—
S is determined by the cohomology class giu hence g, and g, are homotopic.
The isomorphism type of giT(S*") depends only on the homotopy type of g
hence 7m; and 7, are isomorphic.
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PROOF OF THEOREM. We construct a flat 4-manifold N with x(N)=4
and. a flat 6-manifold Q with x(Q)=28. Products of these two manifolds with
themselves give examples of flat manifolds with non-zero Euler characteristics of
any even dimension greater than 2.

Let P be a parallelizable 4-manifold such as S'xS°. Let N=
(M3 X M3)#P#- - -#P where M; is the surface of genus 3. Clearly M;X M is

6-copies
almost parallelizable. N is almost parallelizable by proposition 3. We have the
formulas

x(Mg)=2-2g
x(MP"#N*") = x(M*")+ x(N*") - 2.

We calculate that y(N)=4.

Let ¢ be the oriented bundle over M5 with e(¢)[Ms]= 2. Proposition 2 implies
that £ is almost trivial. ¢ X £ is a bundle over M; X Mj;. Let f: N— M; be a degree
one map that, for example, sends the six P summands to a point. f*£x ¢ is almost
trivial and e(f*¢ X §)[N]=4. T(N) is almost trivial and e(T(N))[N]= x(N)=4. It
follows from proposition 4 that T(N) and f*¢Xx ¢ are isomorphic. Milnor’s
formula implies that ¢ admits a flat structure hence f*¢x ¢ admits a flat structure.
Choosing an isomorphism we transfer the flat structure from f*¢x £ to T(N).

Let Q be the 6-manifold {(M;X M;)#P#---#P}xM,. We calculate that

9-copies
x(Q)=8. We have a flat bundle n={h*(¢x§)}x ¢ over Q where h is the
appropriate degree one map. e(n)[Q]=8. T(Q) and n are almost trivial and have
the same Euler class. By proposition 4 they are isomorphic hence T(Q) admits a
flat structure.
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