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Comment. Math. Helvetici 52 (1977) 111-127 Birkhàuser Verlag, Basel

Homotopy dimension and simple cohomological dimension of
spaces

Kenneth S. Brôwn* and Peter J. Kahn*|

Introduction

Throughout this paper ail spaces will be assumed to be connected CW-
complexes. We define the homotopy dimension of a space X, denoted ho dim X,
by

ho dim X min {dimension Y},

where Y ranges over ail complexes homotopy équivalent to X. We define the
simple cohomological dimension of X, denoted cds X, by

cds X sup {i : Hl(X; A) 5e 0 for some abelian group A}.

In both cases we allow oo as a possible value.

Clearly cdsX<hodimX, and it is well known that equality holds if X is

1-connected. The purpose of this paper is to prove that equality also holds for
certain classes of non-1-connected spaces. In particular, our main resuit (Theorem
5.1) is that cds X ho dim X if X is nilpotent and tt ttiX is finitely generated.
This was conjectured (without the finite-generation hypothesis on tt) by Mislin
[12].

Our proof makes use of a resuit of Wall ([17,18]) which relates ho dim X to the
cohomological dimension of X with respect to local coefficient Systems. More
precisely, if we set

cd X sup {i : H1 (X; M) # 0 for some TiiX-module M},

then Wall proves that hodimX cdX, provided cdX>2. (If cdX<2, Wall

* Partially supported by a grant from the National Science Foundation.

t Part of this research was done while the second author was the récipient of an Alexander von
Humboldt Award.
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112 KENNETH S BROWN AND PETER J KAHN

proves only that ho dim X< 3.) This reduces us, essentially, to the algebraic
problem of proving that cd X cds X under suitable hypothèses on X. For this

purpose we study the behavior of cd X and cds X under passage to covering
spaces; we then deduce the desired equality from the (trivial) fact that cd cds for
1-connected spaces.

The paper is organized as follows. §1 is primarily concerned with a finite regular
covering X —» X of finite-dimensional spaces. After a preliminary proposition, we

prove a technical resuît about the transfer map (Prop. 1.2), which may be of
independent interest, and we use it to study the relationship between cds X and

cdsX. In §2 we study nilpotent spaces X with cdX<2. In particular, we show
that ho dim X cd X, so that the low-dimensional ambiguity mentioned above in
connection with Wall's Theorem does not occur in the nilpotent case.

In §3 we use the results of §§1 and 2 to prove that hodimX cdsX for
certain classes of spaces (including the nilpotent spaces) with finite fundamental

group. In order to handle the infinite-dimensional case, we need two technical
results, Propositions A and B, whose proofs are postponed to §4. We also give in
§3 some examples of spaces such that ho dim X^ cds X.

In §5 we extend the results of §3 to nilpotent spaces with finitely-generated
fundamental group. As a bi-product of the proof, we obtain (Cor. 5.4) a lower
bound on the dimension of a nilpotent space with given fundamental group.

In §6 we use the results of §5 to study the effect of localization on homotopy
dimension. If X is a countable nilpotent complex and P is a set of primes, we

prove that hodimXP<hodimX+l. This improves a resuit previously obtained
by the second-named author (Notices Amer. Math. Soc, August 1975, p. A-529).
For the proof, we need to work with homological dimension rather than

cohomological dimension. The necessary results relating the two are given in
Appendix A.

Finally, we include a second appendix, in which we indicate how some of the
results of §1 can be extended to certain infinité covering spaces.

At this point, the second author would like to express his appréciation to the
Mathematics Institute, University of Heidelberg, for its hospitality. Also, he

would like to thank R. Strebel, Heidelberg, and G. Mislin, Zurich, for a number
of helpful conversations and comments.

1. Cohomological dimension and simple cohomological dimension of
finite covering spaces

We begin by recording some well-known facts concerning cohomological
dimension:
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PROPOSITION 1.1. (i) Let C be the chain complex of the universal cover of X.
Then C, regarded as a complex of free Z[ttiX]-modules, is homotopy équivalent to

a complex C of projective modules with C[ 0 for i > cd X.
(ii) // X is an arbitrary covering space of X, then cd X < cd X.
(iii) If cd X<oo and X-+X is a finite covering, then cd X cd X.

Proof We may assume that cd X n < a>. For (i) we can take C" to be the
complex

> 0 -* CJBn -+ Cn- x -» > Co,

where Bn is the module of n-dimensional boundaries of C, cf. [4], §1, proof of
lemma. (ii) is an immédiate conséquence of (i). For (iii) one proves, exactly as in
[15], 1.3, proof of Lemma 2, that the transfer map tr:Hn(X; M)^>Hn(X; M) is

surjective for ail 7r-modules M. Hence cdX>cdX, whence (iii).
Now assume that X-»X is a regular finite covering, with cdX<<». In this

case we will make more précise the resuit on the transfer map which we cited in
the proof of (iii), and we shall use this to obtain results about cds X.

Let 7T ttiX, and let G tt/tt, the group of deck transformations. For any
7r-module M there is an action of G on H*(X; M), defined as follows. Let C be

as in l.l(i) and let tt act on Homz (C, M) in the usual way: (y/)(c) y-fiy^c)
for y g 77, /g Homz (C, M), ceC. Then the submodule Hom* (C, M) C*(X; M)
inherits an action of G tt/tt, and hence so does H*(X; M). The transfer map has

the property that tr (g • u) tr (m) for g g G and u g H*(X; M), and so it induces

by passage to the quotient a map t:H*(X; M)G—» H*(X; M). (Hère, as usual,

PROPOSITION 1.2. Let X-> X be a regular finite covering with group G, and

assume cd X<o°. Let M be a tt-module and n an integer such that Hl(X; M) 0

for i>n. Then Hl(X;M) 0 for i>n, and r:Hn(X; M)G -> Hn(X; M) is an
isomorphism.

Specializing to the case where tt acts trivially on M, and taking n cds X, we
obtain:

THEOREM 1.3. LetX-*X be as in 1.2. Then cds X>cds X, with equality if
and only if the G-module Hn(X; A) is not perfectfor some abelian group A, where

n cdsX.

(Recall that a G-module L is perfect if LG 0.)



114 KENNETH S BROWN AND PETER J KAHN

An important spécial case is that where G acts nilpotently on H#X, i.e., each

HtX has a finite filtration by G-submodules such that G acts trivially on the
successive quotients. In this case we will say that X->X is homologically
nilpotent. It foliows easily from the universal coefficient theorem that Hl(X; A) is

a nilpotent G-module for any abelian group A if X—>X is homologically
nilpotent. Since it is clear that only the zéro module can be both perfect and

nilpotent, we obtain from 1.3:

COROLLARY 1.4. Assume, in addition to the hypothèses of 1.2, thatX^Xis
homologically nilpotent. Then cdsX cdsX.

The proof of Proposition 1.2 will use two lemmas, valid for any regular finite
cover X—» X with group G and any tr-module M. Recall first that a G-module is

said to be induced if it is isomorphic to ZG® A, for some abelian group A, and

that induced modules are trivial for Tate cohomology: H*(G,ZG® A) 0 (cf.
[5], chap. XII, or [14], chap. VIII).

LEMMA 1.5. The cochain module Cq Cq(X;M), q>0, is an induced
G-module. In particular, H*(G, Cq) 0.

Proof. We must show that Hom# (F, M) is an induced G-module, where F is a

free Zir-module and M is an arbitrary 7r-module. It suffices to do this for F Ztt.
Let A be the underlying abelian group of M. Then there is G-isomorphism

^ :Hom* (Ztt, M) -» Homz (Z G, A),

defined by ip(f)(g) (g • /XI).1 This is valid whether or not G is finite, and it shows

that Hom# (Ztt, M) is "co-induced." When G is finite, we clearly hâve

Homz (Z G, A) « Z G ® A, whence the lemma.

LEMMA 1.6. Let Zq be the module of cocycles Zq(X; M). If H1 (G, Zq) 0 for
i -1,0, then r:Hq(X; M)G -> Hq(X; M) is an isomorphism.

Proof. Clearly C*(X; M) (C*)G, where C* C*(X; M). Hence Zq(X; M)
(Zq)G, and we hâve an exact séquence

(Cq~x)G -+ (Zq)G -> Hq(X; M)-» 0.

On the other hand, from Cq'x-> Zq -> Hq(X; M)^0we obtain

(Cq~l)G -> (Zq)G -» Hq(X; M)G -» 0. (* *)

1 Hère, as usual, G acts on Homz (ZG, A) by (g • fi)(g') h(g'g), for g,g'eG,he Homz (ZG, A).
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Now for any G-module L the norm operator N Y*geGg induces a map
LG —> LG, whose kernel and cokernel are H~1(G, L) and H°(G, L). In view of 1.5

and the hypothesis on Zq, it follows that N induces an isomorphism of (* *) with
(*), and the lemma follows at once.

Proof of Prop. 1.2. We may assume that X is a CW-complex of finite
dimension d. For n < q < d we hâve an exact séquence of G-modules

0 -+ Zq -* Cq -> Cq+l -> > Cd -* 0,

where C* and Zq are as above. Using 1.5 we conclude that H*(G, Zq) 0. By 1.6

r:Hq(X: M)G -» Hq(X; M) is an isomorphism, whence the proposition.

Remark. There is a convergent fourth-quadrant spectral séquence which can
be used to give an alternative proof of 1.2 and which yields further results relating
H*(X; M) and H*(X; M):

E2pq Hp(G, H~q(X; M))=> JT(p+q)(X; M).

2. Spaces of cohomological dimension <2

We will say that a space X is homologically nilpotent if its universal covering is

homologically nilpotent, as defined in §1. If, in addition, tt\X is nilpotent, then X
is called nilpotent. (This is équivalent to the standard définition, cf. [11], Prop.
2.1.) The purpose of this section is to prove:

THEOREM 2.1. If X is nilpotent, or if X is homologically nilpotent and ttxX
has torsion, then cd X ho dim X.

This is well known if cdX>2 (cf. WalPs theorem cited in the introduction).
Hence the theorem follows from:

PROPOSITION 2.2. Let X be a homologically nilpotent space with cdX<2.
Then ttiX is torsion-free, and either X is a wedge of two-spheres {up to homotopy
type), or X=K(ttiX,1). If, in addition, ttxX is nilpotent (i.e., X is a nilpotent
space), then (a) ttiX is isomorphic to Z©Z or to a subgroup of Q, and (b)

cdX hodimX.

The proof uses the following three lemmas, which will be used again in later
sections.
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LEMMA 2.3. Let X-+X be a homologically nilpotent cover with deck-
transformation group Z. // cd X cds X, then cd X cds X - cd X +1.

Proof. Because cdZ l, the Cartan-Leray spectral séquence yields a short-
exact séquence

0 -* H'(Z, Hn-\X; M)) -^ JT(X; M) -* H°(Z, Hn(X; M)) -> 0, (*)

where M is an arbitrary iriX-module. It foliows that

(a) cdX<cdX+l and (b) cdsX<cdsX+l.

We claim that equality holds in (b). For if A is an abelian group and n an

integer such that Hn"1(X;A)#0, then H*(Z, Hn~\X\ A)) Hn"1(X; A)z*0.
Hence Hn(X; A)#0 by (*), whence the claim. We now hâve

cdsX<cdX<cdX+l

and the lemma follows at once.

LEMMA 2.4. Let X—» X be a finite, homologically nilpotent cover with group
G, and let k be a field whose characteristic is zéro or is prime to \G\. Then G acts

trivially on H*(X; k) and H*(X; fc)«H*(X; fc).

Proof. The first assertion is immédiate from the semi-simplicity of kG (Mas-
chke's Theorem). The second assertion follows from the first and the well-known
isomorphism H*(X; fc)«H*(X; k)G.

If tt is a group then we set, as usual, cd tt cd K(tt, 1) and hd tt hd K(tt, 1).

(Hère hd dénotes homological dimension, cf. Appendix A). Recall that the rank
(or Hirsch number) of a nilpotent group tt is defined to be the sum of the ranks of
the abelian groups riTriri+1Tr, where (F,^) is the lower central séries of tt.

LEMMA 2.5. Let tt be a torsion-free nilpotent group.

(i) // tt is finitely generated, then hd tt cd tt rank tt.
(ii) If tt is not finitely generated, then hd tt rank tt and cd tt rank tt +1.

Proof. (i) is a well-known conséquence of a theorem of Malcev [10], according
to which K(tt, 1) has the homotopy type of a closed r-manifold, r rank tt. (See
also [7], §8.8.) The first équation of (ii) follows easily from (i) by a direct limit
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argument. The second équation is also immédiate from (i) if rank 77 00. if
rank tt<oo> the second équation is proved in Gruenberg [7], §8.8. (Alternatively,
one can again use a direct limit argument.)

Proof of 2.2. When tt ttiX is trivial, it is easy to see that X is contractible or
a wedge of two-spheres, so that in this case the resuit is immédiate. Henceforth,
we assume that tt is non-trivial.

Let X be the universal cover of X. Then, cdX<cdX<2, so that H2X is

free-abelian.
Suppose it has torsion, and let G be a non-trivial, finite cyclic subgroup. By

2.4 applied to the cover X-»X/G, G acts trivially on H2(X;Q), hence also on
H2X. The Cartan-Leray spectral séquence of X—»X/G, therefore, has E2pq~

HpG®HqX Since cd (X/G)<cdX<2, the (only non-zero) diflferential d3 gives

isomorphisms HPG « HP-3G ® H2X for p>4. But this is impossible because,
when p is odd, HPG^O and Hp_3G 0. Thus, tt is torsion-free.

Since ir is non-trivial, it must contain an infinite-cyclic subgroup G By 2.3

applied to X->X/C, we hâve cdX cd(X/C)-l< 1. Hence, X is contractible
and X K(tt, 1).

Finally, suppose that tt is nilpotent. Then, by 2.5, either tt is finitely generated
and of rank 2, or rank tt^I; (a) follows easily. To obtain (b), we proceed by
cases. If 77 is finitely-generated (non-trivial), then tt Z or Z©Z, and X
K(tt, 1) — S1 or S1xS1, respectively, and the resuit is immédiate. Otherwise, tt
may be obtained as the direct limit of a séquence of self-maps of Z, and so X may
be obtained as the infinité mapping télescope of the corresponding séquence of
self-maps of S1. Thus, hodimX<2. But cd7r 2 by 2.5, and so cdX 2

ho dim X.

3. Homotopy dimension o! spaces with finite fondamental group

Throughout this section X will be a space whose fundamental group tt is

finite, and X will be the universal cover of X.
Our main resuit is:

THEOREM 3.1. If X is nilpotent then hodimX cdsX.

Our proof of Theorem 3.1 will also show that hodimX cdsX for certain
classes of non-nilpotent spaces. (See 3.2, 3.3, and 3.4.)

We consider first the case cd X<oo (equivalently, ho dim X<oo), in which case
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the theorem follows from the following:

PROPOSITION 3.2. Let câX=d<oo. Then cdX cdsX if and only if the

7r-module Hd(X;A) is not perfect for some abelian group A. In particular,
cdX cdsX if X is homologically nilpotent, in which case we also hâve
ho dim X cds X.

Proof We hâve cdX cdX by l.l(iii), and cdX cdsX trivially; hence

cdX cdsX if and only if cdsX cdsX The proposition now follows from 1.3,
1.4, and 2.1.

Remark. If H%X is countable, then cds X can be computed from H*(X; Z),
and the conclusion of the proposition can be replaced by the simpler statement,
cdX cdsX if and only if Hd(X;Z) is not perfect.

In order to treat the case cd X », we will need two results about spaces with
a (finite) nilpotent fundamental group:

PROPOSITION A. Suppose that tt is nilpotent. For any abelian group A,
Hl(X; A) is a perfect ir-module for i >cds X.

PROPOSITION B. Suppose that ir is a p-group for some prime p and that

cdX<». Then cdX<oo if and only if d(X;Z/p)<», where d(X;-)

The proofs will be given in the next section.

It follows from Proposition A that if X is nilpotent and cdX », then

cdsX », so that the conclusion of 3.1 holds in this case. Hence the only
remaining case of 3.1 is that where cdX » and cdX<oo. The theorem in this

case follows from:

PROPOSITION 3.3. Suppose cd X <*> and cd X< ». IfXis nilpotent, or ifH*X
is finitely generated, then cds X ».

Proof. For each prime p dividing |tt|, let tt(p) be a p-Sylow subgroup of tt, and
let X(p) be the corresponding covering space of X. A standard transfer argument
(cf. [14], chap IX, §2, or [5], chap XII, §10) shows that there is an injection

0 H*(X(p);M)
pIH

for any tt-module M. Since cd X », it follows that cd X(p) » for some p, and

hence, by Prop. B, that d(X(p);Z/p) ». We claim that this implies that

d(X;Z/p) », whence the proposition.
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In case X is nilpotent, the claim follows from the fact that the map X(p) -» X
becomes a homotopy équivalence when localized at p. Alternatively, one can use
2.4 and 5.3 to prove that H*(X(p);Z/p)«H*(X;Z/p).

In case H*X is finitely generated, we apply the finiteness theorem of
equivariant cohomology theory ([13], Cor. 2.3) to the inclusion (tt(p), X)c-^
(tt, X). We conclude that H*(X(p);Z/p) is finitely generated as a module over
the ring H*(X; Z/p), and the claim follows at once.

COROLLARY 3.4. If X is homologically nilpotent and ©tH,X is finitely
generated, then ho dim X cds X.

Proof. This follows from 3.2 if cdX<oo and 3.3 if cdX oo.

We close this section by briefly discussing some examples of spaces X such
that ho dim X# cds X

EXAMPLES 3.5. (a) Let tt be a non-trivial group with Hi(ir) H20r) 0.

According to Dror [6] there exists an acyclic space X with fundamental group tt,
such that tt acts trivially on the higher homotopy groups of X. Then X is

homologically nilpotent (cf. [8], II, proof of 2.18), but cds X 0 and ho dim X* 0.

This shows that the word "nilpotent" cannot be replaced by "homologically
nilpotent" in 3.1. (Of course, 3.2 and 3.3 show that this replacement can be

made, provided one adds suitable finiteness assumptions.)
(b) For any non-trivial group tt, one can construct a finite-dimensional space

X with fundamental group tt, such that there is an arbitrarily large gap between
ho dim X and cds X. If tt is finite, X can be taken to be finite. (In this case, by 3.2,
the top-dimensional cohomology group of X will necessarily be a perfect tt-
module. If tt is nilpotent, the same applies to HlX for i>cdsX, by Prop. A.)

To construct X we start with an arbitrary finite-dimensional complex Y with
fundamental group tt. Choose n > dim Y. Using a construction of Bousfield and

Dror ([3], Lemma 6.2) one can attach to Y cells of dimension n, n +1, and n -f 2,
with the n-cells attached trivially, to obtain a space X such that H*(X, Y) 0 but
tt*(X, Y) 7e 0. Applying the relative Hurewicz Theorem to (X, Y), it follows that

0 for some i > n, hence ho dim X> n. But cds X cds Y< n.

4. Proofs of Propositions A and B

See §3 for the statements of Propositions A and B.

LEMMA 4.1. Let X—>X be a regular covering whose group G is a finite
p-group for some prime p. Assume that d(X;Z/p)<°°.



120 KENNETH S BROWN AND PETER J KAHN

(a) If M is a G-module such that pM 0, then d(X; M) d(X; Z/p).
(b) d(X;Z/p) d(X;Z/p).
(In (a) M is regarded as Tr{X-module via the canonical surjection ttiX-» G.)

Proof. Since the augmentation idéal of FPG is nilpotent (cf. [14], chap. IX,
§1), any FpG-module M has a finite filtration 0 Mo<= Mt c • • • c Mn M such
that G acts trivïally on MJMt-i. One now proves (a) by induction on n, using the
fact that d(X; MJM^) d(X; Z/p). For (b), apply (a) with M FPG.

LEMMA 4.2. Let tt be a finite nilpotent group and L a tt-module such that

pL 0 for some prime p. Then L is perfect if and only if V — 0. Consequently, if L
is perfect, then any submodule of L is perfect.

Proof. The second statement follows from the first, since the condition 17 0

is inherited by any submodule. To prove the first statement, let tt' be the (normal)
subgroup of tt consisting of éléments of order prime to p. Then Lw {L^)^^» and
17 (I7'r/ir'. Since it/tt' is a p-group, it follows that L^ 0<^>Ln=0 and that

r 0^r' 0, cf. [14], chap. IX, §4, Lemme 4. Since \tt'\ is prime to p, the

norm operator induces Ln^L", whence the lemma.

LEMMA 4.3. Let f:X-* X be a finite regular covering map with group G and
let M be a TTiX-module.

(a) I/H'(X;M)G 0 then Hl(X;M) is annihilated by \G\.
(b) I/H'(X;M) 0 then Hl(X;M)G is annihilated by \G\.

Proof. Let t:H1(X;M)g-^> Hl(X;M) be the map induced by the transfer

map, as in §1. Let p:Hl(X;M)-+Hl(X;M)G be /* followed by the canonical
surjection Hl(X; M)-> Hl(X; M)G. It is well-known that tr°/* |G|-id on
Hl(X;M) and that /*°tr is the norm operator on Hl(X;M). It follows that
Tp |G|-id on Hl(X;M) and that pT |G|-id on H'(X;M)G, whence the
lemma. D

Proof of Proposition A. We may assume that cds X n < o°. Assume first that

pA 0 for some prime p. Let tt' be as in the proof of 4.2 and let X' be the

corresponding covering space of X. Using 4.1(b) (applied to X'—»X), we find

d(Xf; A) d(X'; Z/p) d(X; Z/p) < n. Since H*(X'; A) - H*(X; A),*, it follows
that Hl(X;A) is perfect as Tr'-module, hence also as 7r-module, for i>n.

Now let A be arbitrary. For any prime p, let PA (resp. Ap) be the kernel (resp.
the cokernel) of multiplication by p in A. By the previous paragraph the

tt-modules Hl(X; PA) and Hl(X; Ap) are perfect for i > n, hence the same is true
of any submodule by 4.2. Using the long exact cohomology séquences associated
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to the coefficient séquences

-^pA^O and 0-> pA^ A -» Ap -? 0,

we conclude that the maps Hl(X; A)-> Hl(X;pA) and Hl(X;pA)-+Hl(X; A)
hâve perfect cokernels, hence they induce surjections Hl(X; A)^—> H\X\pA)^.
and Hl{X\pA)v-*H\X\A)r Thus H'OXjA),, is p-divisible for ail primes p.
On the other hand, Hl(X; A)^ is annihilated by \ir\ for i > n, by 4.3(b). Hence it
is zéro.

Proof of Proposition B. It suffices to prove that if d{X\ Z/p)<<» then cd X<o°.
Let M be an arbitrary ir-module. Then d(X;pM) d(X; Mp) d(X;Z/p) by
4.1(a). Using cohomology exact séquences as in the proof of Proposition A, we
conclude that H'(X; M) is p-divisible for i > d(X; Z/p). On the other hand, if also

i>cdX, then 4.3(a) shows that Hl(X;M) is annihilated by a power of p, and
hence it is zéro. Thus cd X<<».

5. Homotopy dimension oi nilpotent spaces

The following theorem, which generalizes Theorem 3.1, is the main resuit of
this paper:

THEOREM 5.1. If X is a nilpotent space with finitely-generated fundamental
group, then ho dim X cds X.

Out proof of 5.1 will also show:

THEOREM 5.2. If X is as in 5.1 and 7r 7r1X, then hodimX
rank7r+hodimXtor, where X*01 is the covering space of X corresponding to the

torsion subgroup 7rtor of tt.

(See §2 for the définition of rank.)
We shall need one lemma. We call a regular covering map X —» X nilpotent if it

is homologically nilpotent and the group of deck transformations is nilpotent.

LEMMA 5.3. Let X-+Xbe a nilpotent cover with group G. If N is a normal
subgroup of G, then the cover X/N —> X is nilpotent.

Proof. If N is central in G, then one proves the lemma by considering the
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action of G/N on the spectral séquence

In the gênerai case we can find a central séries {1} 2V0 c Nx c • • • c Nk G, one
of whose terms is N. Using the spécial case treated above, it follows inductively
that X/N, -* X is nilpotent, whence the lemma.

Proof of 5.1 and 5.2. By 2.1, we may replace ho dim by cd in the statements
of the theorems. We now argue by induction on rank tt. If rank tt 0 then 5.1

follows from 3.1 and 5.2 is vacuous. If rank tt>0, let tt' be a normal subgroup
such that tt/tt'^Z, and let X' be the corresponding covering space of X. Then
rank tt' rank tt-1, so we hâve, by the inductive hypothesis, cdX' cdsX'
cd Xtor+rank 7T-1. The covering X'-> X is nilpotent by 5.3, so that Lemma 2.3

yields cd X cds X cd Xtor + rank tt.

As a corollary of 5.2, we obtain the following lower bound on the dimension
of a nilpotent space with a given fundamental group:

COROLLARY 5.4. Let X be a nilpotent space and let tt ttiX.
(a) ho dim X > rank tt.
(b) If X* K(rr, 1), then ho dim X>rank tt + 2.

(c) If tt has torsion, then hodimX^rank tt + 3.

Proof. If 7T is finitely-generated, this follows from 5.2, together with the
observation that ho dim Xtor > 2 if X* K(ir, 1) and ho dim Xtor > 3 if 7rtor ï 1 (see

2.2). In the gênerai case, we apply what we hâve just proved to the covering
spaces X' of X with tt'= ttiX' finitely generated. Since ho dim X^ho dim X' and

rank tt sup {rank it'}, the resuit follows.

This corollary suggests the following problem: Given a nilpotent group tt, find
the minimum dimension of a nilpotent complex with fundamental group tt.

6. Homotopy dimension and localization

Let X be a nilpotent space, F a set of primes, and XP the localization of X at
P (cf. [16]). If X is a sphère, then XP may be constructed as the infinité mapping
télescope of a séquence of self-maps of X; if X is 1-connected, then XP may be

constructed inductively by localizing the attaching maps for the cells of X. (See



Homotopy dimension 123

[16], §2.) From thèse two constructions, we can deduce that the relation

ho dim XP <ho dim X+1 (*)

is valid for ail 1-connected X. In fact, easy examples show that (*) is essentially
the only relation between thèse quantities for 1-connected X.

For non-1-connected nilpotent spaces, the second construction described
above breaks down, since cell-attaching destroys nilpotence. Moreover, the
standard method of localizing non-1-connected nilpotent spaces - namely, induc-
tively, by means of principal homotopy décompositions - destroys ail dimension
information. Thus, (*) cannot be obtained in gênerai via known constructions. By
applying the results of §§3 and 5, however, together with Appendix A, we shall
show that (*) does hold for a large class of nilpotent spaces.

THEOREM 6.1. Suppose that X is nilpotent and that either H*X is countable

or ttiX is finite. Then,

ho dim XP < ho dim X +1.

Remark. If we assume only that X is nilpotent and ttiX is countable, then we
can prove the weaker inequality hodimXP<hodimX + 2. The methods are
similar to those of the following proof, but they involve cohomology instead of
homology.

Proof of 6.1. If ttiX is finite, then so is tti(Xp) (ttiX)p. Now, because of the
Universal Coefficient Theorem and the effect of localization on ordinary homology,

it is clear that

cdsXP<cdsX+l,

and so the resuit in this case follows from Theorem 3.1.

If H#X is countable, then H#XP is countable, and hence tt#Xp is countable
(cf. [8], II, 2.16). Thus XP has the homotopy type of a countable complex, and we

may apply Al(iii) to conclude that cdXP<hdXP + l, where hd is homological
dimension, as described in Appendix A. Since cd XP ho dim XP (Theorem 2.1),
the desired inequality will follow if we prove

hdXP<hodimX. (1)

We first prove (1) when ttiX is finite. Let X be the universal cover of X Then,
its localization XP has the homotopy type of the universal cover of XP. We may
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assume that hodimX<<». By the first paragraph, it follows that hodimXP<°°.
Thus, we may apply the homology analogue of Proposition 1.1 (iii) to the universal

covers, obtaining hd X hd X and hd XP hd XP. But, clearly hd XP ^ hd X, by
the main property of localization, and so we hâve hdXP<hdX<hodimX, as

required.
Next, suppose that tt tt{X is finitely-generated. Consider the covering

<Xp)tor-»XP. Since hd (ttp/ttT) rank (ttp/ttpt) rank tt by Lemma 2.5, the

homology spectral séquence of the cover yields

hd XP < hd (XP)tor+rank tt. (2)

Now, it is easy to see that (XP)tor — (Xtor)P, and so we hâve

hd(XF)tor<hodimXtor, (3)

by the previous paragraph. Combining (2) and (3) with the equality ho dim X
hodimXtor + rank tt from 5.2, we obtain (1) as desired.

In gênerai, write ttiX as a union of an increasing séquence of finitely-
generated subgroups, and let

be the corresponding séquence of covering spaces of X. Clearly X —ho-lim X,, the

homotopy direct limit (or mapping télescope) of {X,}. Hence, XP-ho-lim (X,)P
and hd XF < sup {hd(X,)P}. But, by the previous paragraph, hd (X,)P <
ho dim X, < ho dim X, from which (1) follows immediately.

Appendix A. Homological dimension

We define the homological dimension of a space X by

hd X sup {i : Ht(X; M) # 0 for some TTiX-module M}.

The following theorem relates hd X to cd X.

THEOREM Al. (cf. [1], Prop. 2.4). (i) hdX<cdX
(ii) If X has only finitely many cells in each dimension, then hd X cd X.
(iii) If X has only countably many cells, then cdX<hdX+l.
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Proof. (i) foliows immediately from Prop. l.l(i). For (ii) and (iii) we may
assume that hdX=n<oo. Then, in particular, HtX H1(X;Ztt) 0 for i>n,
where X is the universai cover of X and tt ttxX. Hence the complex C C#(X)
gives us a free resolution

> Cn+1 -* Cn -+ CJBn -> 0,

where Bn is the module of n-boundaries of C If M is a 7r-module and k>0, it
follows that Torr (CJBn, M) Hn+k(C^M) Hn+k(X; M) 0, hence CJBn is

a flat Z77-module.
Under the hypothesis of (ii), each C, is a finitely-generated ZTr-module; thus

Cn/Bn is finitely-presented and hence is projective ([9], Cor. 1.4). It follows that C
has the homotopy type of the n-dimensional complex

> 0 -* CJBn -> Cn- x -> > Co,

hence cd X< n. Under the hypothesis of (iii), CJBn is countably presented, hence
has projective dimension at most 1 ([9], Theorem 3.2). Thus Bn is projective and

C has the homotopy type of the (n + l)-dimensional complex

> 0 -» Bn -» Cn -+ Cn_! -* > Co,

hence cdX<n-hl. D

Appendix B. Dimension of infinité covering spaces

In this appendix we show how to extend some of the results of §§1 and 3 to a

certain class of infinité covering spaces. In particular, we shall consider a regular
coversing X-»X with group G, and we shall make the foliowing assumptions:

(a) X is a finite-dimensional complex.
(b) G is of type (VFP), i.e., G has a subgroup G' of finite index such that Z

admits a finite projective resolution over ZG'. (Such a subgroup G' is said to be

of type (FP).)
We will dénote by n the virtual cohomological dimension of G (i.e., n

cdG'), and we dénote by D the right ZG-module JT(G,ZG). In order to

compare the results of this appendix with those of §§1 and 3, the reader should

keep in mind that if G is finite then n 0 and D Z (with trivial G-action).
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THEOREM Bl. (a) cdX-n<cdX<cdX
(b) Assume that X is dominated by a finite complex and that Do, the underlying

abelian group of D, has the property that Do® A 7*0 for every non-zero abelian

group A. Then cd X - n cd X.

Remark. The hypothesis on Do holds, for example, if G is finitely generated
and nilpotent (or, more generally, if G is polycyclic). In this case n rank G and

ProofofBl. In view of l.l(iii) and the fact that Hn(G,ZG)«Hn(G\ZG') if
(G:G')<°°, we may replace X by a finite covering space and thereby reduce to
the case where G is of type (FP). In this case we hâve Hn(G, L) ~ D <8> GL for any
G-module L (cf. [2], Thm. 4.2).

Consider now the Cartan-Leray spectral séquence,

HP(G, Hq(X; M))^Hp+q(X; M),

where M is an arbitrary 7r-module. Then E^ 0 unless p<n and q< d cd X, so

cdX<d + n. This proves the first inequality of (a), and the second is given by

l.l(ii).
By a "corner argument" in the spectral séquence, we deduce further that

Hd+n(X;M)«Jfn(G,Hd(X;M))-D®GHd(X;M). In particular, let M
Zir®^.N, where N is a tf-module. Then one can verify (using the finiteness

assumption on X) that Hd(X; M)~ZG<8> Hd(X; N); hence Hd+n(X;M)«
Do® Hd(X; N), and (b) follows easily.

In order to study cdsX, we will need the following generalization of 1.2:

PROPOSITION B2. Let M be a tt-module and k an integer such that

H'(X;M) 0 for i>k. Then H'(X;M) 0 for i>k + n and Hk+n(X;M)«
D®GHk(X;M).

Proof. If G is of type (FP), this is essentially proved in the proof of Bl. The

gênerai case can easily be deduced by passing to a finite cover and using 1.2. The
détails are left to the reader.

Specializing to the case where rr acts trivially on M, we obtain:

THEOREM B3. One has cdsX^cdsX-n, with equality if and only if
D<g>GHk(X; A) # 0 for some abelian group A, where k=cdsX.
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From this we deduce the following generahzation of the "if" part of Proposition

3.2:

COROLLARY B4. Suppose that X-+X is a universal covenng and that
D<8>GHk(X; A) 5* 0 for some A, where k cds X cd X. Then cd X cds X.

Proof. We hâve cd X<cd X + n by Bl(a) and cd X+ n cds X+ n cds X by
B3. Thus cdX<cdsX, whence the corollary. D
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