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Atoms of Group Valued Measures

CoRNELIU CONSTANTINESCU, ZURICH

Any real valued measure may be written (uniquely) as a sum of an atomic and
of an atomless measure. This result was extended first time by J. Hoffmann-
Jorgensen ([1] Theorem 6) to absolutely continuous measures with values in
locally convex spaces and then by K. Musia} ([2] Theorem 1) to the more general
case of group valued measures satisfying ccc. The aim of this paper is to extend
this result once more for group valued measures satisfying asc (Proposition 3.2
and Theorem 3.6). Any measure satisfying ccc (even locally) satisfies asc (Proposi-
tion 3.4). If the group G is complete any G-valued measure satisfies asc (Proposi-
tions 3.5 and 2.1). The nature of atoms for measures not satisfying ccc becomes
by far more complicated and so a great part of this paper is dedicated to their
study.

Throughout this paper we shall denote by R a §-ring (i.e. R# I and for any
sequence (A,)nen in R we have N,en AneR and Ao AA; €R) by ® a subset of R
such that the union of any finite family in ® belongs to &, and by G a Hausdorff
topological commutative group. We consider R ordered by the inclusion relation and
denote by A the set of lower directed nonempty subsets of R\{J}. For any A A we
denote by ) the filter on R generated by the filter base

{BeY|Bc A}| A,

A system of null sets of R is a nonempty subset N of R such that: (a) any set of
R belongs to N if it is contained in a set of N; (b) the union of any countable
family in  belongs to N if it belongs to R.

1. Atoms

Throughout this section we shall denote by N a system of null sets of R. We
denote by A(R) the set of subsets A # & of R\N such that the intersection of any
countable family in % belongs to . It is obvious that A(3)<= A. The maximal
elements of A(R) (for the inclusion relation) will be called atoms (with respect to
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N). A set-atom (with respect to N) is a set A € R\N such that for any subset B of
A belonging to R we have either Be ! or A\ B e N. We say that N satisfies the
countable chain condition (abreviated ccc) if any disjoint family (A,).c; in R\N
(ie. AALNA, = for different elements ¢, ¢ of I) is countable. We say that R
satisfies locally ccc if any disjoint family (A.).c; in R\ is countable if U,c; A, is
contained in a set of R.

PROPOSITION 1.1. Assume N satisfies locally ccc and let A € A. Then there
exists a decreasing sequence (An)nen in A such that we have for any A e

N A.\Aeh.

neN

Assume that for any decreasing sequence (Ax)nen in U there exists A €2 such
that

N A.\AgN.

neN

Let w; be the first uncountable ordinal number. We shall construct inductively a
family (B¢)e<w, in U such that

ﬂ B&\Buém

£E<n

for any w<w;. Let u<w: and assume the family (B¢)¢<, with the required
property is constructed. Since this family is countable and since U is lower
directed there exists a decreasing sequence (A,)nen in ¥ such that

N A.< ) Be

neN E<pm
By the hypothesis there exists B, € ¥ with

N A.\B.e%.

neN
Hence

() B:\B.g .

f<p

The existence of the family ([) g<u Be\ Bu)u<w, contradicts the hypothesis that 9
satisfies locally ccc.
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PROPOSITION 1.2. For any A e R\ we set
Ar:={BeRh| A\Be ¥}

Then:

(a) Aae AN);

(b) A4 is an atom & A is a set-atom;

(c) if N satisfies locally ccc then for any atom 2 there exists a set-atom A € R\ N
with Aa =U; in particular for any BeR the set of atoms A such that BeNA is
countable.

(a) The intersection of any sequence in 24 belongs to U a.

(b) Let A be a set-atom. Let Ae A(N) with A, <A and let BeA. Then
ANBe and therefore ANBgN. We get A\BeN and therefore Be .
Hence A4 =9. Thus Y4 is an atom.

Assume now U4 is an atom. If A is not a set-atom then there exists B e R\ N
such that Bc A and A\BgN. We get Agec AN), A, WA, and BeNAp\UAa.
Hence 2 4 is not a maximal element of A(N) and this is a contradiction.

(c) Assume N satisfies locally ccc and let ¥ be an atom. By Proposition 1.1
there exists A € ¥ such that A < 2 4. Since U is maximal in A(N) we deduce by (a)
A=, By (b) A is a set-atom.

Let Be R and assume that the set of atoms 2 such that B € ¥ is uncountable.
Let w; be the first uncountable ordinal number. There exists a family (U¢)¢<., of
atoms such that Be %, for any £ <w; and such that A, # U, for any £ <n < w.
For any £ <w; let A; be a set-atom such that A =4, Let E<n. If A,NA &N
then A,\ A:eN and we get for any Ce?;

AN\CeN, A,\Ce, Ce¥,.

Hence U, <%, and this leads to the contradiction U, =%,. Hence AN A, eN.
We get for any n < w;

An(1B\ U A¢e¥,

£€<m

Hence (A, N B\ U ¢<n A¢)n<a, is an uncountable disjoint family of subsets of B in
R\N and this contradicts the hypothesis that I satisfies locally ccc. W

Remark. From (c) it follows that if 2 satisfies locally ccc the atoms and the
set-atoms may be identified.
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PROPOSITION 1.3. Let ¥ be an atom. Then

(a) If BeR and if there exists A €U such that A\Be then Be¥.

(b) If BeER and if ANBgN for any AeYU then Bel.

(c) If (A)).cr is a countable family in R whose union belongs to ¥ then there
exists eI with A, e¥.

(d) ¥ is a maximal element of A.

(a) The set {CeNR|FA €U, A\ Ce N} belongs to A(N) and contains A. Since A
is a maximal element of A(RN) this set coincides with A. Hence B e¥l.

(b) The set {CeR|FA €U, C> AN B} belongs to A(N) and contains A. Since
A is a maximal element of A(N) this set coincides with . Hence B e¥.

(c) Assume A.g¥ for any «€ L. By (b) there exists for any 1€ I a B, € such
that A, N B, e N. From

(Ua)n(na)eu@ns

el te] el

it follows (J.c1 A)N(N.c:B)eNNA and this is a contradiction.

(d) Let Be A with A<B. Let BeB\YU. By (b) there exists A€ with
ANBeN. By (a) we get A\Be¥ and therefore

J=(A\B)NBeB

which is a contradiction. Hence B=% and % is a maximal element of A. B

COROLLARY 1.4. Let ', N" be two systems of null sets on R and let A be
an atom with respect to N'. Then either A is an atom with respect to N" or
ANN # .

If ANN"= then Ae AN”). By the Proposition 1.3(d) ¥ is a maximal
element of A and therefore a fortiori it is a maximal element of A(M"). W

PROPOSITION 1.5. Let & be a countable set of atoms. Then there exists a
disjoint family (Ax)uce in R such that Aae¥ for any Ue P.

Let U, B be two different atoms of & and let AuseA\B. By Proposition
1.3(b) there exists By se B such that

AusNBaseN.
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By Proposition 1.3(a)

Aup\Base¥, Bo s\ Aus€‘B.

We set for any A @

Ag: = %ﬂ ((Aw.m\ Bu.s) N (Boa\ Az ).
ed
B=9

It is obvious that (% a)uce possesses the required properties. W

PROPOSITION 1.6. Let & be a set of atoms such that for any AeR the set

{Ae d| AeU} is countable. Then there exists a family (Aa)uco in N such that
A\)]E?I\"X' fOI’ any 2[, A'e @, A=A,

Let (Bu)u be a family in R such that By e for any W e ®. Let A e & and let
WA):={A'e | Bye ).

By the hypothesis ¥(2) is countable. By Proposition 1.5 there exists a disjoint
family (Ca)erew such that Co e’ for any U’ e ¥(A). We set

A= BaN Cy.

Let A, A’ be two different atoms of @. Then Auec . If A' & ¥(A) then Ba& A’ and
therefore Ay €A’ (Proposition 1.3(a)). If A' € ¥(A) then

AaNAgc CyNCou =

and this shows that Aug’. B

2. Measures

A measure on R is a map w of R into a Hausdorff topological commutative
group such that for any countable disjoint family (A.).er in ® whose union
belongs to R the family (w(A,).e; is summable and its sum is w(U.er A.). A
measure w on R is called K-regular if for any A € R and for any neighbourhood V
of uw(A) there exists K € ® contained in A such that

{w(B)|BeR, K< B< A} V.
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For any measure p on R we set
N(w):={AecR|VBeR, Bc A= u(B)=0}

N(w) is a system of null sets of R. We say that u satisfies ccc (resp. that u satisfies
locally ccc) if RN(w) satisfies ccc (resp. satisfies locally ccc). It is obvious that the
set of G-valued measures on 3R, the set of ®-regular G-valued measures on R,
and the set of G-valued measures on R satisfying ccc or satisfying locally ccc are
subgroups of G”. For any measure . on R and for any Ae A we denote by
p(F(A)) the image of the filter F(A) through w (i.e. the filter generated by the
filter base {u(B) | Be F@A)}); if this filter converges we denote by e its limit. By
Proposition 1.1 w(F(A)) converges for any measure u satisfying locally ccc and
for any A e A. We call atom of u any atom with respect to R(u). An atom % of u
is called improper if u(F(A)) converges to 0; otherwise we call it proper. Let U be
an improper atom of w. If for any A € there exists a proper atom U’ of w such
that A € ¥’ we say that U is of the first kind. An improper atom which is not of the
first kind will be called of the second kind. We call set-atom of u any set-atom
with respect to (w).
A preorder relation on a set I is a binary relation < on I such that:

(@) tel> <y
b)) o, Vel v, s es.

An upper directed preordered set is a set I endowed with a preorder relation <
such that for any ¢/, «" € I there exists ¢ € I with ' <, «" <. The section filter of an
upper directed nonempty set (I, <) is the filter on I generated by the filter base

f{feel|v=A}|Ael}.

A net in a set X is a pair (I, f) such that I is an upper directed preordered set and
f is a map of I into X

Let X be a topological space. An w-net in X is a net (I, f) in X such that for
any increasing sequence (tn)nen in X the sequence (f(tn))nen is convergent. An
w-filter on X is a filter & on X such that there exists an w-net (I, f) in X such that
f(&) <&, where & denotes the section filter of I. An w space is a topological
space for which any w-filter converges.

PROPOSITION 2.1. Any w-filter on a uniform space is a Cauchy filter. Hence
any complete uniform space is an w-space.
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Let X be a uniform space, let (I, f) be an w-net in X, and let & be the section
filter of I. Let further U be an arbitrary entourage (= vicinity) of X and let V be
an entourage of X such that Ve V™'< U. Assume that for any €I there exists
A €I such that A= and (f(¢), f(A))€ V. Then we may construct inductively an
increasing sequence (tn)nen in I such that (f(uw:), f(wm+1))€ V for any ne N. The
sequence (f(tn))nen being convergent this is a contradiction. Hence there exists
vel with (f(v),f(A))eV for any Ael, A= We get (f(.'),f(:"))e U for any
J,"el with =1, "= Hence f(F) is a Cauchy filter. W

PROPOSITION 2.2. For any measure u. on R and for any Ae A, u(FX)) is
an w-filter and therefore a Cauchy filter.

Let us order ¥ by the converse inclusion relation, let & be the section filter of
%, and let w | Y be the restriction of w to A. Then (A, w |¥Y) is an w-net and

n(@FA) = | AS).

Hence w(F)) is an w-filter. By Proposition 2.1 it is a Cauchy filter. W

PROPOSITION 2.3. Let u be a measure on R and let A be a maximal element
of A. Then either A is an atom of u or w(FA)) converges to 0.

Assume that w(F)) does not converge to 0. By Proposition 2.2 there exist a
0-neighbourhood V and an A € such that

{w(B)| BEA, B A}NV=0.

Let (An)nen be a sequence in U. If (nen An = then there exists a decreasing
sequence (Bn)nen in U with empty intersection and such that Bo< A. It follows
that (w(B,))nen converges to 0 and this contradicts the above relation. Hence
MNnen An# . The set

{Be?RlBCe%I,(ﬂ A,.)HCCB}

neN

belongs to A and contains . Since ¥ is maximal it coincides with A. We deduce
Nnen An €. Since ANN(w) =S we deduce Ae A(w)). It is obvious that U is
a maximal element of A(R(w)). Hence A is an atom of . W
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COROLLARY 2.4. Let u, v be measures on R and let A be an atom of w.
Then either A is an atom of v or v(FA)) converges to 0.

By Proposition 1.3(d) ¥ is a maximal element of A and the assertion follows
from the proposition.

PROPOSITION 2.5. Let u be a 8-regular measure on R and let A be a proper
atom of w. Then for any A €U there exists Ke RNA with K< A.

By Proposition 2.3 p(F)) is a Cauchy filter. Since U is a proper atom of u, 0
is not an adherent point of this filter. Hence there exist a neighbourhood V of 0
and a set Be¥ such that

{u(C)| CeA,CcBINV=0.
Since w is ®-regular there exists K € ® such that K< AN B and

{u(C)|CeR, Cc ANB\K}c V.
Let Ce¥. If CNKeN(w) then by Proposition 1.3(a) C\K € and therefore

ANBN(C\K)e¥, w(ANBN(C\K))eV

which is a contradiction. Hence CN K¢ M(w) for any C € U. By Proposition 1.3(b)
we get Ke2. W

3. Atomic Measures

A measure possessing no proper atom is called atomless. If it possesses no
atoms at all it is called strictly atomless. Any improper atom of an atomless
measure is of the second kind.

PROPOSITION 3.1. The set of atomless (resp. strictly atomless) G-valued
measures on R is a subgroup of G*.

Let u, v be two G-valued measures on R and let % be an atom of u — v. Since

R(uw) NR(v) = R(p—v)
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it follows that
AN ()= or ANNRv)=J

By Corollary 1.4 we deduce that U is an atom of either w or v. This shows that
the set of strictly non-atomic G-valued measures is a subgroup of G”.

Assume now that U is a proper atom of w —v. By Proposition 1.3(d) ¥ is a
maximal element of A. By Proposition 2.3, U is a proper atom of either w or v.
Hence the set of G-valued atomless measures on  is a subgroupof G . W

We say that a measure u on R satisfies the atom condition (abbreviated ac) if
for any atom A of u, w(F(A)) is convergent; according to the general convention
made above we denote by ue the limit of w(F(?[)) which may be interpreted as
the value of w at . By Proposition 1.1 any measure satisfying locally ccc satisfies
ac. By Proposition 2.2 any measures with values in an w-topological group and a
fortiori in a complete topological group (Proposition 2.1) satisfies ac. The set of
G-valued measures on R satisfying ac is a subgroup of G”" (Corollary 2.4).

A measure u on R satisfying ac is called atomic if for any A € R, u(A) is the
sum of the family (uo)acs, Wwhere @ denotes the set of atoms 2 of w such that
A € . By Propositions 1.3(d) and 2.3 we may replace @ in the above definition by
the set of maximal elements A of A such that A €. From this remark it follows
immediately that the set of G-valued atomic measures on R is a subgroup of G™.
Any improper atom of an atomic measure is of the first kind. A measure which is
at the same time atomic and atomless vanishes identically.

PROPOSITION 3.2. Let u, u' be two atomless G-valued measures on R and
let v, v’ be two atomic G-valued measures on R. If

ptv=u' +v
then w=pu' and v="1'.

By Proposition 3.1, w— ' is an atomless measure on R. Since it is at the same
time an atomic measure it vanishes identically. W

We say that a measure w on N satisfying ac satisfies the atomical summability
condition (abbreviated asc) if for any A€ the family (uw)uco is summable,
where @ denotes the set of atome U of w such that A € 2. By Propositions 1.3(d)
and 2.3 we may replace @ in the above definition by the set of maximal elements
A for A for which A € . From this remark it follows immediately that the set of
G-valued measures on R satisfying asc is a subgroup of G™. Any atomic measure
satisfies asc.
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PROPOSITION 3.3. Let u be a G-valued measure on R satisfying ac and let
® be a countable set of atoms of w such that (acoA# T and such that
w(F(NacaA)) converges. Then the family (un)uea is summable and its sum is the

limit of wW(F(NuecaoN)).

Let M be a subset of N~{(J} and let (¥,),enm be a family of atoms of w such
A, #U, for any different m,ne M and @ ={U, | ne M}. We set A:=[)nemUn.
Let V be an arbitrary 0-neighbourhood in G and let (V,).e~n be a sequence of
0-neighbourhoods in G such that Vo+ Vo— Vo< V and such that V,,,1+ V.1 V,
for any neN. For any ne M there exists A, €, such that

{w(B)| Be¥,, Bc A} < par, + V.
There exists A€ [ Jnem U, such that
{w(B) | Be¥Y, Bc A}< pu+ Vo.

By Proposition 1.5 there exists a disjoint family (Bn)nesm in R such that B, e ¥,
for any ne M. Then (AnNB,N A)nem is a disjoint family in R whose union
belongs to R and therefore

y,( U (A,,nB,.nA)>= Y w(AsNB.,NA)

neM neM

Since Jnem(AnNB,.NA)e (Proposition 1.3(a)) we have

p( U (An ﬂBnﬂA))emy-I- Vo

neM
For any ne M we get
w(AnN BN A)E pa, + Vi
Let M, be a finite subset of M such that

Y w(ANB.NA)— ) w(A.NB.NA)eV,

neM’ neM
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for any finite subset M’ of M containing M,. We deduce for any finite subset M’
of M containing M,.

Z per, — o € Vo+Vo— Voo V.

neM’
Since V is arbitrary it follows that (e, )nenm is summable and its sum is wa,. W
PROPOSITION 3.4. Any measure satisfying locally ccc satisfies asc.

Let u be a measure on R satisfying locally ccc. By Proposition 1.1 w(F))
converges for any A € A; in particular w satisfies ac. Let A €3 and let ¢ be the
set of atoms U of u such that A € U. By Proposition 1.2(c) @ is countable. By the
preceding proposition (ue)ucs is summable. Hence u satisfies asc. W

PROPOSITION 3.5. If G is an w-space then any G-valued measure satisfies
asc.

Let u be a G-valued measure on R. By Proposition 2.2 for any A € A the filter
n(FA)) converges; in particular w satisfies ac. Let A€ 3, let & be the set of
atoms ¥ of w such that A €, and let L.(P) be the set of countable subsets of ¢
ordered by the inclusion relation. By Proposition 3.3 for any ¥e®.(®P) the
family (ue)ucw is summable; let us denote by f the map

Vs ) paRe(P) > G

AeW

Then (B.(P), f) is an w-net in G. Hence if & denotes the section filter of L (P)
then f(¥) converges. We deduce that the family (ua)acs is summable. Hence u
satisfies asc. W

THEOREM 3.6. Let u be a R-regular G-valued measure on R satisfying asc.
We denote for any A € R by ®@(A) the set of atoms U of u such that A€ and by
n' the map

A Z pa:R— G.

NAed(A)

Then u' (resp. w—p') is an atomic (resp. atomless) R-regular measure on M
absolutely continuous with respect to w (i.e. () = N(w)NR(w— ). The proper
atoms and the improper atoms of the first kind of u and u' coincide and we have
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pa = b for any atom A of w. Any improper atom of w of the second kind is an
improper atom of w— ' of the second kind.

Let (A.).c1 be a countable disjoint family in i whose union belongs to .
Then (®(A.)).er is a disjoint family and by Proposition 1.3(c) its union is
D(J.e1 A). We get

u'(UA)-‘- Y oma=), ) pu= p(A).

el Aed(|JA) el Ned(A,) vel
E1

Hence u' is a measure.
Let A€ and let U be a closéd 0-neighbourhood in G. Then there exists a
finite subset ¥, of ®(A) such that

p(A)— ) pueU

Aew

for any finite subset ¥ of @(A) containing ¥o. By Proposition 2.5 there exists for
any A e P(A) a set Kne®NY with Kanc A. We set

K:= |J Kae®

Ae Yo

Let B be a set of R such that K< B< A. Then ®(B) is a subset of ®(A)
containing ¥, (Proposition 1.3(a)) and therefore

p(A)-p'(B)=p'(A)= ), puel.

Ac B(B)
This shows that u' is 8-regular. We deduce that p — u' is a ®-regular measure on
R. It is obvious that u’ and w—pu' are absolutely continuous with respect to w.

Let ¥ be an atom of . Let U be a closed 0-neighbourhood in G and let V be
a 0-neighbourhood in G such that V—V— V< U. There exists A € ¥ such that

{u(B)| BEA, B A} o+ V.
Let ¥ be a finite nonempty subset of @(A) {U}. Then there exists

Be [ A'\Y

ey
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such that B< A and

{M(C)ICE N 9[’,CCB}C Z po+ V.

NIRRT ey
Then A\ B e (Proposition 1.3(c)) and therefore

I‘L(A\B)E FL?I-‘— v’

Y. muwep(B)—V=u(A)—u(A\B)-V< V-V-Vc L.

ey
Since ¥ is arbitrary we get

pere U, wp'(A)e pa+ U
Wed(A)\ {2}

Since U is arbitrary we deduce wé = ua. Hence the proper atoms of w and '
coincide (Corollary 2.4). We deduce further that the improper atoms of w and w'
of the first kind coincide (Corollary 1.4). Moreover for any A € R we get

wW(A)= ) pa= > wh
Aed Ned
where & denotes the set of maximal elements U of A such that A € 2 (Propositions
1.3(d) and 2.3). Hence u' is an atomic measure.

Let U be an atom of w— w'. Then U is an atom of u (Corollary 1.4) and by the
above considerations it follows that 2 is an improper atom of w—pu'. Hence
p— ' is atomless.

Let % be an improper atom of w of the second kind. Then there exists A €Y
such that A eN(u') and therefore A is an atom of uw—wu' (Corollary 1.7)).
Since w — ' is atomless it is an improper atom of u—pu' of the second kind.

Example. We want to give an example of a locally convex space E and of an

E-valued measure on a o-algebra of sets, possessing an improper atom of the
second kind. Let X be a set. For any A < Xx[0, 1] and for any x € X we set

A(x):={ye[0,1]]|(x,y)e A}.

We denote by R the set of A = X %[0, 1] such that: (a) A(x) is a Borel set for any
x € X; (b) the set {xe X | A(x)# & and A(x)#[0, 1]} is countable. It is obvious
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that R is a o-algebra of subsets of X x[0, 1]. For any A € R we denote by w(A)
the map

x—>A(A(x)): X— R,

where A denotes the Lebesque measure on [0, 1]. It is easy to see that w is an
atomless R*-valued measure on R. Let § be a.non-trivial ultrafilter on X such
that the intersection of any countable family in & belongs to & (we assume that
such an ultrafilter exists). We set

A:={AeR|{xe X|Ax)=[0,1]}e &F}.
Then Y e A(w). Let '€ A(p) with A<W', let AW, and let
Xo:={xe X| A(x) # J}

If Xog@® then X\ Xoe @ and therefore (X\ Xo) %[0, 1]e¥ and this leads to the
contradictory relation

J=ANIX\Xo)X[0,1])e".
Hence Xoe &. Since A € the set
{xe X|Ax)# and A(x)#[0,1]}
is countable and therefore it does not belong to §. Hence
{xe X|A(x)=[0,1}e&F

and we deduce successively A€, A =" and ¥ is an atom of w. The measure
being atomless U is an improper atom of the second kind.

Example. Let X be an uncountable set, let J3(X) be the set of subsets of X,
and for any A € T(X) let [a be the characteristic function of A. Then

A s B(X)—> R*

is an example of a measure satisfying asc and not satisfying ccc.
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