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Homological Criteria for Finiteness

Kenneth S. Brown1)

Let jR be a ring. Bien and Eckmann give in [2] a homological criterion (involving
the functors TorR( —, — for deciding whether an /^-module admits a resolution by
finitely generated projectives, and they use this criterion to prove that "duality groups"
(see §2 for the définition) hâve a number of finiteness properties. The purpose of this
note is to extend thèse results in two directions.

On the one hand, we show that the criterion of Bieri and Eckmann has an analogue
involving Ext instead of Tor (see the corollary of Theorem 1 in § 1 and we use this
resuit in §2 to show that duality groups satisfy a stronger finiteness condition than
those given in [2], namely, duality groups are of type (FP).

Secondly, we give criteria (of which those above are spécial cases) for deciding
whether a chain complex is équivalent to a complex of finitely generated projectives
(see Theorem 1). This leads to criteria (given in §3) for deciding whether a CW-
complex with finitely presented fundamental group has the homotopy type of a

complex with finitely many cells in each dimension. In particular, we recover from
thèse criteria some finiteness results due to Browder [3] for spaces which satisfy
Poincaré duality with local coefficients.

§1. Finiteness Criteria for Chain Complexes

Let R be a ring with identity and let C=(CI)l>0 be a chain complex of projective
left ^-modules. If M is a left iÊ-module and N is a right i*-module, we set

Hn(C9M)=Hn(HomR(C.,M)) and HH(C,N) Hn(N®C).
R

If {Mi} is a direct System of left jR-modules (indexed by a directed set) and

« is a fixed integer, then the natural maps AT,-> limM, induce a compatible family of

maps Hn(C, Mt)^Hn{C, limM,), and hence a map

lim Hn (C, M,) -> Hn (C, lim M,).
1* "7*"
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We will say that the functor Hn(C9 — préserves direct limits if this map is an iso-

morphism for every direct System {Mt}.
Similarly, if {Nj} is a family of right i£-modules (indexed by an arbitrary set), then

we hâve for each n a natural map

and we say that the functor Hn(C, — préserves products if this map is an isomorphism
for every family {Nj}.

We can now state the main resuit of this section:

THEOREM 1. Thefollowing conditions on C are équivalent:

(i) C is homotopy équivalent to a complex offinitely générâted projectives.
(ii) The functors Hn(C, — préserve direct limits for ail n.

(iii) The functors Hn(C9 — préserve products for ail n.

In particular, specializing to the case where C is a projective resolution of an
jR-module M, we obtain:

COROLLARY. Thefollowing conditions on an R-module M are équivalent:

(i) M admits a resolution by finitely gênerated projectives.
(ii) The functors ExtnR(M, — préserve direct limits for ail n.

(iii) The functors Tor*( —, M) préserve products for ail n.

Theorem 1 will be deduced from the following more précise resuit:

THEOREM 2. Let Cbea chain complex ofprojective left R-modules and let kbea
non-negative integer. The following conditions are équivalent:

(i) There exists a complex C offinitely gêneratedprojectives with C( 0for i>k,
together with a mapf:C'-> C inducing homology isomorphisms in dimensions less then

k and a homology epimorphism in dimension k.

(ii) For any direct System {Mt} ofleft R-modules, the natural map

lim Hn (C, Mt) -> Hn (C, lim Mt)

is an isomorphism for n<k and a monomorphism for n=k.
(iii) For any direct System {Mt} with limMf=0, we have limHn(C, Mf)=0 for

alln^k.
~* ""*

(iv) For any family {Nj} of right R~modules, the natural map

is an isomorphism for n<k and an epimorphism for n=k.
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(v) For any index set J, the natural map

J J

is an isomorphism for n<k and an epimorphism for n—k.

Remark. In case C is a projective resolution of an /^-module Af, the équivalence of
(i) and (v) is due to Bieri and Eckmann [2].

The proof of Theorem 2 will use the following three lemmas :

LEMMA 1. A ïeft R-module M which satisfies either of the following two conditions

is finitely gênerated:

(a) limHom^M, Aff) 0/or any direct System {Mt} with limM^O.

(b) The natural map Ç[\j R)®RM~* f\j M is surjective for any index set J.

The fact that (b) implies that M is finitely generated is proved in [2]. Assuming now
that (a) holds, consider the direct System {M/M'} where M'ranges over the finitely
generated submodules of M. Then limM/M' 0, so we hâve limHom(M, M/M')=0. In

particular, the identity map idMeHom(M, M must vanish in some Hom(Af, M/M').
But this implies that M/M' 0, so M is finitely generated, as required.

LEMMA 2. Let C be a chain complex of projectives and assume that jRri(C)=0
for i<k. Then for arbitrary coefficient modules M and N, H\C, M) and Ht(C, N)
vanish for i<k9 and there are natural isomorphisms

Hk(C9M)^RomR(Hk(C),M) and N®Hk(C)?>Hk(C, N).
R

This follows from the universal coefficient spectral séquences (cf. [4], Chapter I,
Theorems 5.4.1 and 5.5.1),

ExtpR(Hq(C),M)=>Hp+q(C,M) and TorRp(N, Hq(C))=>Hp+q(C, N).

Alternatively, one can give a direct argument, based on the fact that for i^k the

module of /-cycles of C is a direct summand of Ct.

The next lemma formalizes a standard "cell-attaching" procédure for killing
homology classes.

LEMMA 3. Letf:C->D be a map of chain complexes, let C(f) be the mapping

cône, and let (p:P-+Hk(C(f)) be a homomorphism, where P is a projective module and

k is an arbitrary integer. Define a graded module C by
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Then one can extend the differential ofCtoa differential on C in such a way thatf ex-
tends to a chain map f\C-+D satisfying thefollowing two conditions:

(a) H^Cif^H^Cif^for
(b) There is an exact séquence

Lift cp to a map y:P-+Zk(C(f)), where Zfc(— dénotes ^-cycles. Examining the
définition of the mapping cône, we see that Zk(C(f)) is isomorphic to the fibred
product i)fe x Dk_1Zfc_1(C), so we obtain from q> a commutative diagram

We now use the unlabelled maps in this diagram to extend the differential from C to C
and to extend / from C to C, and the assertions (a) and (b) follow from the exact

séquence of the pair (C(/), C(/)).

Proof of Theorem 2

We will only prove the équivalence of (i), (ii), and (iii); the équivalence of (i), (iv),
and (v) is proved similarly.

(i)=>(ii): Let C" be the mapping cône of/. Then Hn(C") 0 for n^k, hence

by Lemma 2 we hâve H\C\ M)=0 for ail M and ail n^L Therefore the map
Hn(C,M)->Hn(C\ M) induced by / is an isomorphism for n<k and a mono-
morphism for n=k, and (ii) now follows from the elementary fact that Hn(C, —)

préserves directlimits for ail «. (It suffices to check that Hom(P, — préserves direct
limits if P is finitely generated and projective; one reduces easily to the case where

P is free, in which case the assertion is obvious.)
(ii)=>(iii): Trivial.
(iii)=> (i): We argue by induction on k. If (iii) holds then (iii) also holds with k

replaced by k— 1, so by the induction hypothesis we can find a (&—l)-dimensional
complex C(&_ t) of finitely generated projectives, together with a mapf(tc^1) : C{k-1} -> C
whose mapping cône C" has vanishing homology in dimensions less than k. (We
include hère the possibility that k=0, in which case we take C('fc^1)=0.)

I claim that Hk(C") is finitely generated. In view of Lemmas 1 and 2, it suffices

to show that \\mHk{Cn, Mf)=0 whenever {Mt} is a direct System such that lim Mt=0.

But this follows at once (via the cohomology exact séquence associated tof^.^) fiom
condition (iii) on C together with the fact that i/^C^-x), — préserves direct limits
for ail /ï.
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We now apply Lemma 3 to the m&p fik_i)9 taking (p:P->Hk(C") to be any
surjection with P finitely generated and projective. We obtain in this way an embedding
of C[k-1} as the (k- l)-skeleton of a fc-dimensional complex C{k) of finitely generated
projectives, together with an extension of/(Jt_1} to a map f(k): C[k)-*C such that
Hn(C(f(k)))=0 for n^k. This establishes (i) and complètes the proof of the équivalence

of (i), (ii), and (iii).

Proof of Theorem 1

Theorem 1 follows from Theorem 2 together with the observation that if the
conditions of Theorem 2 hold for ail k, then C is homotopy équivalent to a complex
C" of finitely generated projectives. This can be seen, for example, by examining the
above proof that (iii) implies (i) in Theorem 2. In fact, using the notation of that
proof, we can take Cf — \Jk^Q C('fc), and we can combine the maps/(fc):C('Jlc)->C
to obtain a homotopy équivalence/: C -» C.

§2. GroupsofType(FP)

Let F be a group and let Z [f] be its intégral group ring. We say that F is of type
(FP) (resp. of type (FP)) if the Z[r]-module Z, with trivial T-action, admits a

resolution (resp. a resolution of finite length) by finitely generated projective Z[r]-
modules.

According to the corollary of Theorem 1, applied with R Z\F~] and Af=Z,
we hâve :

THEOREM 3. The following conditions on F are équivalent:

(i) F is of type (FP).
(ii) The cohomology functors H1(F, -), regarded as functors on the category of

F-modules, préserve direct limits.

(iii) The homology functors Ht(F, -), regarded as functors on the category of
F-modules, préserve products.

Recall from [1] that F is called a duality group ofdimension n if there is a T-module
C (called the dualizing module) and an élément eeHn(F, C) such that cap product with
e yields isomorphisms

en - C®M)

for ail integers i and ail T-modules M. Since the functor HH-t(r9 C®-) clearly

préserves direct limits, a duality group automatically satisfies condition (ii) of
Theorem 3. Since it is also clear that a duality group has finite cohomological dimension,

we obtain the following corollary of Theorem 3 :
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COROLLARY 1. IfFisa duality group then F is oftype (FP).

The six finiteness properties given on p. 74 of [2] follow easily from Corollary 1,

and we can sharpen property (3), as follows:

COROLLARY 2. IfF is a duality group of dimension n then the dualizing module

C admits a resolution oflength n by finitely generated projective X[F~\-modules.

In fact, since C&Hn(F, Z[r]) and H%F, Z[r]) 0 for i#«, any finite projective
resolution of Z of length n,

0-»Pn-»---»Po->Z->0,

gives rise to a finite projective resolution of C of length n:

(Hère P* Homzin(P, Z[r]).)

§3. Spacesof Finite Type

We will say that a CW-complex X is offinite type if X has only finitely many cells

in each dimension.

THEOREM 4. LetXbe a CW-complex such that n^X, x) is finitely presentedfor
ail xeX. The following conditions are équivalent:

(i) X is homotopy équivalent to a complex offinite type.

(ii) The cohomology functors H((X, — regarded as functors on the category of
local coefficient Systems on X, préserve direct limits.

(iii) The homology functors Ht(X, — regarded as functors on the category oflocal
coefficient Systems on X, préserve products.

Note first that (ii) and (iii) each imply that n0Xis finite; this follows, for example,
from Lemma 1 of §1, applied with R Z and M=H0(X). Using this observation, we
ieduce easily to the case where X is connected. In this case it is known from the work
of Wall (cf. [6], Theorem 2) that Zis équivalent to a complex of finite type ifand only
if the chain complex of the universal cover of X, regarded as a chain complex of
Z [TtiZj-modules, is homotopy équivalent to a complex of finitely generated projec-
tives. The theorem now follows at once from Theorem 1.

Remark. I do not know whether one can drop the assumption on ntX, i.e., whether
conditions (ii) and (iii) imply that ntX is finitely presented. They do imply, however,
that ntX is "almost finitely presented", in the sensé that there is an exact séquence
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ofZ [rc^-modules, with eachPf finitely generated and projective. (TakeP2 -* JPi -*^o
to be the 2-skeleton of a complex of finitely generated projectives équivalent to C{%

We will call a CW-complex X a duality space of formai dimension n if there is a
local coefficient System C on X and an élément eeHn(X, C) such that cap product
with e yields isomorphisms

en - : H%X9 M)-^Hn_i{X, C®M)

for every integer i and every local coefficient System M.

COROLLARY. IfX is a duality space then nl (X, x) is almost finitely présentéefor
each x. Ifeach n^X, x) isfinitely présented} then X is dominatedby afinite complex.

In fact, it is clear that a duality space satisfies condition (ii) of Theorem 4, so the
first assertion follows from the above remark. If %Y{X, x) is finitely presented for each

jc, then Theorem 4 implies that X is équivalent to a complex of finite type. But clearly
X has finite cohomological dimension (with respect to arbitrary local coefficient
Systems), so we conclude that X is finitely dominated (cf. [5], first assertion of
Theorem F).

In case C=Z, the corollary yields the finiteness results of Browder ([3], Corollaries
1 and 2 of Theorem A) referred to in the introduction.

Note added in proof: R. Strebel (unpublished) has independently proved the

corollary of Theorem 1 and the results of §2.
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