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A Definition of Exotic Characteristic Classes of Spherical Fibrations?)

By DouGLas C. RAVENEL

1. Introduction

The object of this paper is to define certain characteristic cohomology classes for
spherical fibrations which are zero on vector bundles and to show that the classes
defined are not always zero. For an introductory survey of characteristic classes and
spherical fibrations the reader is referred to [12] and the references therein.

Briefly there is a ‘structure group’ G and a classifying space BG for spherical
fibrations and similar spaces (SG and BSG) for oriented spherical fibrations. SG has
the homotopy type of lim,_, ., (2"S"),, where (Q"S"), is the space of degree 1 base-
point preserving maps of S” to itself. The cohomology of all four spaces has recently
been computed by Milgram ([10]), May ([8]) and Tsuchiya ([18]). My object is to
define certain classes e, H™ ! (BSG; Z,) for p an odd prime (where r=2p—2) and
ex€ H**"'"1(BG; Z,) which I will refer to as exotic classes. In order to simplify
notation I will only deal with the case of p odd, but all of the theorems herein can be
proved for p=2 with the obvious changes in notation. All cohomology groups will
have Z, coefficients unless otherwise indicated. The definition given here is similar
to one given by Peterson in [13] and to a definition of e, given by Gitler-Stasheff in
[4].

In each case the exotic classes are defined in terms of twisted secondary cohomology
operations (TSCO’s) acting on the Thom class ue H*MSG, where MSG is the
Thom space of the universal bundle over BSG. TSCO’s were introduced by Thomas
([16]) and axiomatized by McClendon ([9]). They are a generalization of ordinary
secondary operations to the category of topological pairs (X, V') over a fixed space Y.
The analogue of the Steenrod algebra in this category is 4 (Y) where A is the Steenrod
algebra and 4(Y)=H*Y®A as a vector space with the multiplication appropriate
to defining an 4 (Y') module structure on H* (X, V). TSCO’s are derived from relations
in A(Y) just as ordinary secondary operations are derived from relations in A.
Indeed, ordinary secondary operations can be regarded as TSCO’s for the special
case Y=pt.

Now the Thom space of any oriented spherical fibration can be regarded as a
pair over BSG, so relations in 4 (BSG) could be used to define characteristics classes
on suitable spherical fibrations. In [13] Peterson defined an algebra injection
6:4— A(BSG) with the property that 6(¢) annihilates the Thom class u of MSG

1) This work partially supported by an NSF Graduate Fellowship.
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(and hence all Thom classes), and if ae 4 dima>0. Hence any relation in 4 can be
used to define a characteristic class in H*BSG modulo a certain indeterminacy.
He also showed that in the case of the Adem relation for P®?~VP**'pP*™" (which will
be denoted by R;) the indeterminacy is zero in H*MSG, so one could use this con-
struction to define exotic classes in H*BSG. However, as in the case of ordinary
secondary operations, one must make a choice in deriving an operation from a
relation in 4 (BSG) and two such choices can differ by any primary operation, e.g. by
multiplication by any class in H*BSG. Practically speaking this choice is another
form of indeterminacy which in the above case is undesirably large. TSCO’s and
Peterson’s use of them are dealt with in more detail in Chapter 2.

The object of Chapter 3 is to give a definition of exotic classes for which there is
less indeterminacy in the choice involved. Let Z=]];. (K(Z,, ir) and let g:BSG > Z
be the map corresponding to the total Wu class in H*BSG (gu=P'u in H*MSG).
The main result of Chapter 3 is:

THEOREM 3.1.1. There are relations R, in A(Z) such that q* (R,)=0(R,)+ o
where o, is a sum of terms of the form 0-P*. []

This is proved by a direct computation involving the natural Hopf algebra
structures of A (BSG) and 4 (Z). It can also be shown by homological methods that
the R, along with the relation 44=0(4e A4 being the Bochstein operation) are the
only indecomposable relations in 0 (4)= AsBSG) which can be lifted to A4 (Z). This
will not be done here since it is irrelevant to the problem at hand.

Then we can define the exoctic class e,e H?"~! BSG by eu=¢Zuec H*MSG,
where ¢7 is the TSCO associated with the relation R, in 4(Z). Two possible choices
of ¢Zu differ only by multiplication by an element in Img* = H*BSG, and we have

PROPOSITION 3.1.2. Img*=2Z,[q;:i>0]®E[A4q,:i>0] where E[ -] denotes as
usual the exterior algebra on the indicated generators. []

Hence two possible choices of ¢, differ by an ordinary characteristic class. Further-
more ¢Z as an operation has indeterminacy zero on Thom classes. This definition
also has the advantage of enabling one to relate the exotic classes to the action of the
ordinary secondary operation ¢ associated with R,. We have

COROLLARY 3.1.4. ¢*u=¢*uif uis any Thom class on which ¢ is defined. [
The proof uses the diagram

; (L.1)
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where ( is the path fibration and p is the induced fibration. Now TSCO’s are natural
with respect to test spaces and {*(¢?)=¢*. The result follows from the fact that

]SEG is the classifying space for bundles for which ¢4u is defined.
The object of Chapter 4 is to show that the classes defined herein are nonzero.
We have

THEOREM 4.1.1. There exists a spherical fibration & over a space X such that
e, (§)#0Vk and q;(¢)=0Vi. O

COROLLARY. The exotic characteristic classes e,e H”"~! BSG of Definition
3.1.3 are nonzero modulo Img* for all k. []

The space X'is X Q];S_G and ¢ is induced by the obvious map to BSG. The proof of
Theorem 4.1.1 consists of relating the operation ¢# to Dyer-Lashof homology opera-
tions in H*G which are known to be nonzero.

The exotic classes for p =2 appear to be related to the Kervaire invariant. Using
the techniques of Section 3 it should be possible to relate the exotic classes to the
classes i*(k,;_,) in Theorem 4.3 of [1]. For p odd it follows from the work of
Tsuchiya [17] that the exotic classes are nonzero in H*BSPL, so they may be regarded
as some sort of smoothing obstructions. A formula for the first exotic class of a
( pr—1) dimensional manifold was given by David Frank in [3].

For their advice and encouragement I wish to thank Pete Bousfield, David Frank,
Samuel Gitler, Frank Peterson, Bill Singer, Dennis Sullivan, and most of all Edgar
Brown, my thesis adviser.

2. Preliminaries

2.1. Hopf Algebra Notation and the Algebra A(Y)

First I must establish some notation. Throughout this paper all cohomology and
homology groups will have coefficients in the field Z, (p a prime) unless otherwise
indicated, and all Hopf algebras considered will be graded, connected, associative
and coassociative with ground ring Z,. To simplify notation I will assume p is odd,
although all of the theorems in this paper can be proved analogously for p=2 modulo
the obvious changes in notation. If R is a Hopf algebra, ug: R® R— R will denote the
product, u%: R®" - R the iterated product, y/x: R —» R® R the coproduct, /s : R — R®"
the iterated product, ez: R—Z, the augmentation, J(R)=Xker e the augmentation
ideal, ng:Z,— R the unit, and xg: R— R the canonical antiautomorphism. Subscripts
will be omitted whenever possible. If re R, Y (r) will be denoted by Zr'®r", y"(r)
by Zr'®@r"®@r”®---r™, and x(r) by 7. If M is a left R-module, let oz ,:ROM - M
denote the module structure map and if N is a right R-comodule let 7y z: N> N®R
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denote the comodule structure map: For right modules and left comodules the sub-
scripts will be reversed. If S is an algebra over R (i.e. if S is an R module with a
multiplication such that for s, s,€S, r(s15,)=2r"{(s;) 7" (s,)), the semitensor product
R(S) is S® R with the following multiplication:

(5:®71) (52 ®@712) =} (— 1rdlels rl (s;) @ rir,

where r;, r,eR. If R and S are cocommutative Hopf algebras, so is R(S) and the
coproduct is given by

Y(s@r)=2("@r)e (" ®r").

The conjugation is given by s@r=2(—1)""1bl7" (5)®7". If Y is a space then H*Y
is an algebra over the Steenrod algebra 4 and the semitensor product 4 (H*Y) will
be denoted simply by 4 (Y). If f: X —» Y is a continuous map and V< X then H* (X, V')
has an A(Y)-module structure defined by (y®a)x=f*(y)ua(x) for aeA,
xeH*(X, V) and ye H*Y. This module structure is the motivation for considering
A(Y).

Now A4(Y) can be regarded as the algebra of stable primary operations for the
category of pairs of spaces over Y. An object in this category is a map f: X — Y and a
subspace V< X, all denoted by (X, V, f ). A morphism g in the category is a commu-
tative diagram

Vexhy

elvl el /
VICXI f'

The map f induces an 4 (Y )-module structure on H*(X, V') as described above.
This structure will be used in what follows but f will be suppressed in the notation.
For precise definitions and properties of this category, see McClendon [9]
references therein. The elements in A(Y) will be referred to as twisted primary
operations over Y.

2.2. Twisted Second Cohomology Operations

McClendon has given axioms for higher order cohomology operations (called
twisted operations) which generalize those given by Maunder [6] for the case Y=pt.,
i.e. for the ordinary category of pairs of spaces. I will give McClendon’s axioms (in
a slightly modified form) for secondary operations. Let

da dy
C:C,»Cy—>C,
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be a chain complex of free 4 (Y )-modules. Let

o: HomYy,(Cy, H* (X, V)) » Hom! , (C,, H* (X, V))
B: Homjy,(Co, H*(X, V)) > Homly,(Cy, H*(X, V))

be defined by a=Hom(d,, 1), f=Hom(d,, 1) for all k.

DEFINITION. If M and N are modules, an additive relation r: M— N is a sub-
module R of M®N and

Defr={me M:3ne N such that {m, n> e R} =the domain of definition of r

Indr={neN:<0, n)eR}.=the indeterminacy of r

DEFINITION. A twisted secondary cohomology operation (TSCO) ¢ associated
with C is an additive relation

¢:Homlyy,(Co, H* (X, V))—~Homl\(C,, H* (X, V))

defined for all k£ and for all pairs (X, V, f ) over Y and satisfying the following axioms:

1) Def¢p=kerf and Ind¢p=ima.

2) Naturality. Let g(X, V,f)—-> (X', V',f') be a map of pairs over Y i.e.
g:(X,V)-> (X', V') and f'g~f, and let eeH* (X', V'). Then ¢eDef$p=g*eeDef¢
and g*¢ (e) = ¢ (g%e).

3) Suspension: Zy¢= — @2y where Xy is the suspension map in the category of
pairs over Y (see McClendon [9] p. 188). .

4) Peterson-Stein relation. Let V'eVcX—Y, neH*(X,V’) and let

H*(V, V’)ej:H*(X, V’)f—H* (X, V') be the exact sequence of the triple (X, V, V).
I s 1

Then i*nekerf=oj* ! fyc —dpi*n.
McClendon has proved the following:

THEOREM 2.2.1. (Existence) For any chain complex C: Cz—ﬂi C111+C0 there
exists an associated TSCO ¢. [

THEOREM 2.2.2. (Quasi-uniqueness) If ¢, and ¢, are two TSCO’s associated
with C, then 3d:C,— C, such that Hom,y,(d, 1) (e)edo(e)— ¢, () for each
eceDef¢po=Def¢p,, i.e. ¢, and ¢, differ by a twisted primary operation. []

THEOREM 2.2.1. (Naturality with respect to Y) Let w:Y—> Y’ be a map, C’
a chain complex of free A(Y')-modules, and C=A(Y)® 4yC'. There is a natural



426 DOUGLAS C.RAVENEL

isomorphism
y:Hom,y, (C', H*(X, V))» Hom,y,(C, H* (X, V))
and the TSCO ¢ =y¢'y~ ! is associated with C. Moreover
Ind ¢ o Ind ¢’ and Def p = Def¢’. [

In particular of Y =pt. then ¢ is an untwisted Adams-Maunder operation. This fact
is of crucial importance in this paper. In section 3 I use the fact that an appropriate
two stage Postnikov system is a universal example for Adams-Mauder operations.
Similar universal examples exist for TSCO’s (see McClendon [9] and Thomas [16])
but will not be used here.

2.3. Peterson’s operation

Now I will recall a TSCO defined by Peterson in [13]. Let the ;e H*BSG denote
the ith Wu class of the universal bundle, which is defined by qu=Puc H*MSG,
where P'e A is the ith Steenrod reduced power, and let §;e H*BSG be the ith Wu
class of the Whitney inverse of the universal bundle. Let 8:4— A(BSG) be defined by
6(4) =1®4, where 4€4 is the Bochstein, and 0(P*)=2Zq,® P'~*. Peterson showed
that this definition makes sense and that 0 is an injection of Hopf algebras. Now we
can make 4(BSG) into a right 4-module with structure map 6 4sG)> 4 = Hacssc) (1®0),
so if C4 is any chain complex of free 4-modules, C®°=A(BSG)® ,C4 is a chain
complex of free A(BSG)-modules. The C4 I want to consider has the form

0-ci5ciS can0

where C§' = A4; C{ has as 4-basis the set {p;:i>0, dimp;=ir}; an A-basis of C3 is the
set {e,:k>0, dime,=p*r}; d, p;=P'; and d,e,=p%,._ ., ;P? " 'P’, where g, ;eZ_ and
@, pe-1=1 such that Za,, ;P*7'P'=0 is the Adem relation for P®~17""'P7*™* which
will be denoted by R,.

McClendon’s theory then gives a family of TSCO’s of the form

¢™C: Hom}gsc,) (CSSG, H*(X,V))—~ Hom;ZBISG) (CPC, H* (X, V))
where (X, V) is a pair over BSG. We can regard MSG as the pair (BSG, ESG)
where ESG is the total space of the universal spherical fibration over BSG. Hence

¢B5C is defined on a subset of H*BSG. Peterson proved

PROPOSITION 2.3.1. ¢®Cu is defined and has zero indeterminacy.
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Proof.
Def¢BSG = .q kerG(Pi) and O(Pi) u= Z q-tPi_tu = Z Ge4i-t =0
so ueDef ¢.
Ind¢™%u= J O6(P"')(H" 'BSG)u=) Y ¢P" "*(H" 'BSG)u
o<’f:3k-x k,i s
=UY ¢, (P" T H" T BSG) P'u = | (PP "' T'H" T 'BSG) 6 (P") u
kK',is,t k,i

=J (PP H" 'BSG)u =0 since i<p*!. O
k,i

Hence we could use ¢®59 to define the total exotic class, but this would be too
imprecise since two choices of ¢®5° may differ by any twisted primary operation over
BSG, e.g. by multiplication by any element in H*BSG. I will avoid this difficulty in
section 3.1 by replacing ¢®5¢ by ¢Z, a TSCO associated with a certain chain complex
over A(Z) (see p. 1.3 for the definition of Z). Two choices of ¢%u will differ only by
multiplication by an ordinary characteristic class.

3. The Definition of Exotic Characteristic Classes

3.1. Statement of Results

The object of this section is to give a definition of exotic characteristic classes
modulo ordinary characteristic classes which will enable one to construct (in chapter
4) a spherical fibration for which the exotic characteristic classes can be shown to be
nonzero. The main tool is

THEOREM 3.1.1. There exists a chain complex C? of free A(Z)-modules such
that CBSG =A (BSG)@A(Z)CZ.
Proof. See section 3.3.

PROPOSITION 3.1.2. Img*=Z,[q;:i>0]®E[4q;:i>0] where E[-] as usual
denotes the exterior algebra on the indicated generators.
Proof. See section 3.2.

DEFINITION 3.1.3. Let ¢% be a TSCO associated with C%. Define the total
exotic class ee H*BSG/Imq* by eu=¢* u where uc H*MSG is the Thom class. Let
e, denote the (p*r— 1)-dimensional component of e.

Remarks. This definition makes sense since by Theorem 3.1.1. ¢%u= B
for a suitable choice of ¢B5¢ and therefore ¢Zu is defined with indeterminacy zero by
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Theorem 2.2.3. Two possible choices of ¢Z differ by a twisted primary operation over
Z. Such an operation applied to u gives an element in (Img¢*) u and hence e is indepen-
dent of the choice of ¢Z, i.e. the exotic characteristic classes are defined modulo
ordinary characteristic classes.

COROLLARY 3.1.4. Let ¢* be an ordinary secondary operation associated wzth

C4, then ¢p*ii= ¢pZii=eil, where ii is the Thom class of MSG the Thom space of BSG
(defined on p.1.4).
Proof. CA=A® A(Z)Cz where the A (Z)-module structure on A4 is derived from

diagram 0.1 and MSG can be regarded as a pair over PZ~pt., so the result follows
from Theorem 2.2.3. [

Remarks. ¢*ii does not depend on the choice of ¢Z since all twisted primary
operations over Z vanish on # Corollary 3.1.4. will be used in the next section to
show ¢Zu+0.

3.2. A(Z) as a Hopf Algebra

The object of this section is to prove that 4(Z) is a Hopf algebra which is an
extension of a certain Hopf algebra 4(B)=A4(BSG) by a bicommutative Hopf
algebra D. (See Gugenheim [5] and Singer [14] for the definition and basic properties
of Hopf algebra extensions.)

Let B=Img* < H*BSG. The structure of B is given by Proposition 3.1.2. which
I will now prove

Proof of 3.1.2. Clearly Z,[q,]® E[4q;] < B so it suffices to show that

a(g,)€Z,[q;]® E[4q;] Vae4

so it suffices in turn to show this for ae A indecomposable. It is obvious for a=4.
Now I will show P*g,eZ,[g;] by induction on k+n. To start the induction we have
P°go=1€Z,[q;]. Now qu=Pu so the Cartan formula gives

Pau)= 3 (Plg) (P) = 3, (Pa) (ge-s). 3211

If k>pn, P*q,=0 so I will assume k <pn. Then there is an Adem relation

k+u
[{p+1}] L
P*(q,u) = P*P"u = Z c;P* 7P (CieZ,)
=2 P ‘(qlu) Z (P gy) (Plu) = % (P71 g,) (g,u).
i, j
3.2.12

Equating 3.2.11 with 3.2.12 gives a recursive formula for P*q,eZ [¢;]. O
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Moreover B is an A-algebra and Im6< 4 (B)= 4 (BSG).

In order to proceed further, I must recall the definition of the cotensor product
R

M® N, where M and N areright and left comodules over the coalgebra R respectively,

R
M®N=ker(TM’R®1“‘1®TR,N):M®N—)M®R®N.

Next observe that Band H*Z are bicommutative A-Hopf algebras with coproducts
Y5(9)=9®q and Y., (1)=1®1 where 1=1+) ;.4 1, and 1,€ H" K(Z,, ir) is the

fundamental class. Moreover g*: H*Z — B is an A-Hopf algebra map.
B

Now let D=H*Z®Z, and observe that Dg H*Z is a sub-Hopf algebra
(Gugenheim [5], Theorem 4.21*). H*Z is a free (in the graded sense) commutative
algebra on generators ai; where 1,,e H" Z is a fundamental class and aeA4 with
excess a<(p—1)i. Hence the sub-Hopf algebra Z,[1,|®E[41,,], is a factor of
H*Z (over Z,) which ¢* maps isomorphically onto B. The inverse y of this iso-
morphism is a Z, Hopf algebra map and a splitting of the Hopf algebra extension

EgeyD > H*Z 2 B
Y

so the extension is trivial over Z, and H*Z~D®B as Z,-Hopf algebras. However
the splitting is not an A-map and H*Z does not split over A.

(4B)
PROPOSITION 3.2.3. 4(Z)®Z,~D. 5
Proof: An element z®aeA(Z) (ac A4, zeZ) is in A(Z)QZ, iff

0 =142, 40 (2®0)®1 -2zRa®1®1
=Y 7®d®q¢*"(Z)®A"®1-z20aR01Q1x1
=0 if a=1 and q*(z")=0 Vq"#1.

But this is precisely the definition of an element in D. []

COROLLARY 3.4. D—A(Z)—> A(B) is an extension of Hopf algebras and
A(Z)=D®A(B) as coalgebras. []

3.3. The Proof of Theorem 3.1.1

The object of this section is to prove theorem 3.1.1 by constructing a relation in
A(Z) which maps to the relation in 4 (BSG) used to define C®©. The construction
will involve the Hopf algebra structure of 4 (Z) given by Corollary 3.4.

Identifying A (Z) with D® A (B), its product is given by (Singer [14], Prop. 3.4)

(d1® by) (d, ® by) =} d1b} (d2) (b ® b3) @ b
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where d,, d,eD; by, b,e A(B); b (d,) is defined by a certain 4 (B) module structure
on D (derived from the 4-module structure which D inherits from H*Z) which will
not be needed here; and 7:4(B)®A(B)— D (the twist) is a certain coalgebra map
which plays an essential role in what follows. To define 7 let §=#,®1:4(B)—

- DQA(B)=A(Z). Then t(b;®b,)=025(b7) 7 (b3) 7 (b7 b}) where 6=1®¢,(p): D®
®A(B)=A(Z)- D.
The following calculation is the crucial part of this entire section.

LEMMA 3.3.1. Let 0,,=0(P™)eA(B). Then (0,80,)=0if m>(p—1)n.
Proof. Let £:A— B be the composition A—0+A (B)=B®A &B ¢ is a coalgebra
map and we have 0 (a)=2¢(a’)®a” and (identifying 4 (Z) with H*Z ® A))
2(6(a) ® 0(5)) = 52 (¢ (a") ® a”) (42 (b') ® ") (72 (a"5") ® a5
=82 (y¢(a') a” (yE(B)) ® a”b") (b"aWyE (a®b™) @ 5a'®)
= 6xye(a’) a" (vE (6)) ¥E(a"b") @ 1 = 5(a (3 () @ 1)
The last step above follows from the fact that y&(2”6”)eImy and 65=0 in positive

dimensions.
Hence

1(0,80,)=5(P"(»((P"))=0 if m>(p—1)n
=o6(y¢(P)Y =0 if m=(p—-1)n.

Proof of 3.1.1. Let r:1(A(B))®1(A(B))—~1(A(Z))®1(A(Z)) be defined by
r(a®b)= . ; 0(1(a'®b')®a)®(1 ® b")

+ Y ((@®bh)e1)®(1®a")

dima”>0

for a, be A (B). It is straightforward (bearing in mind that 7 is a coalgebra map) that
By’ (@®b)=1®ab—1(a®b)®1. Hence by the above lemma r(0,,®6,)=1®40,0,
for m>(p—1) n. To define C,: C§—d—2> Cfi; Co=A(Z) let {t;:i>0, dim¢;=ir} be an
A(Z)-basis for C§, {ex:k>0 dimeg=p*r} a basis for C3, d,t;=75(0;) and

dZek — u[j_:o ak,i(T (PPk—-i—u® Pi-—u) ® Pu) t, + i uz)() ak,i(T (Ppk-—i—u®Pi) ® 1) 1,
i,0>0 ’

Then it is straightforward that d;d, =0 and C*=4® 4 C% O

Remark. Note that d,e,cC; has terms involving ¢; for 0<i<p* where as
d,exeCy only involves p; for 0<i<p*~!, so there are some extra terms of the form
0-p, p* "1 <i<p*, in the relation one would use to define the ordinary operation
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for e;, but these terms will not change the value of the operation on any cohomology
class on which it is defined.

The Nontriviality of Exotic Characteristic Classes

4.1. The Main Theorem and Dyer-Lashoff Operations
In this section I will prove that the exotic classes are nontrivial, i.e.

THEOREM 4.1.1. There exists a spherical fibration & over a space X such that
the operation ¢ is defined on the Thom class of ¢ and is nontrivial in every possible
dimension, i.e. ex (£)#0Vk. O

The proof will involve certain information about H,0S° where 9S°=1lim,_, , Q"S",
so I will begin by recalling some basic properties of the Dyer-Lashoff homology
operations as axiomatized by May [7]. In the following theorem of May the modifica-
tions necessary for p=2 will be indicated in square brackets:

THEOREM 4.1.2. Let B be an infinite loop space. There exist natural homo-
morphisms Q':H,B— H,B of degree ir [of degree i]. They are axiomatized by the
properties:

1) Q°(¢)=¢ and Q'(¢)=0 for i>0, where peHyB is the identity element for
the loop product in B.

2) Q'(x)=0 if 2i<dimx [if i<dimx]

3) Q'(x)=x? if 2i=dimx[if i=dimx]

4) 6,0°'=Q'0y, where o,1(H,QB)— H,B is the homology suspension.

The operations also satisfy the properties:

5) Cartan formula: Q% (xy) = Y- Q'(x) 0° () and

V() = 3 20(x) @0 ()

6) Nishida relations. Let P4H B — H,B of degree (—sr) be the dual of P°e A and
if p>2 let B be the Bochstein in homology. Then

-3 -y (@700 o
PO’ =3 (- 1)‘“((" 1)(’1”“’) )ﬁQ"’“Pi
i LT

These operations generate a Hopf algebra R with the property
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THEOREM 4.1.3. (May [8]) Let [d]e HyQS?° be the generator for the component
corresponding to maps of degree d. Then R acts freely on [1]. [

Remark. 1If xe H,QS° is in the component of degree d, then Q'x is in the compo-
nent of degree pd, and SG=QS° is the component of degree 1. The product in
H,0QS° will be the loop product; the composition product will not be used here.

4.2. Proof of the Main Theorem
Now I am ready to define &£. Consider the following diagram

/ W, ¢A — K, = [[K(Zy,n + 1" — 1) 4.2.01
Pl k>0

S" K(Z n)——+K1 I1 K(Z,, n + ri)

i>0

where x,e H"(S", Z) is a generator, p; and p, are the principal fibrations induced by
the indicated maps, x, and x, are the unique liftings of x,, i, is the inclusion of the
fibre and M is the fibre production of x/, and i,, and # is sufficiently large. Hence QF,
is the fibre of ¢ and we have fibre squares.

a) M‘——)PEI b) Q"M‘_‘—')QnPEl
e ! el 4.2.02
s" X, E, " B, ~ 7 x QMK

where PE, is the path space of E, and the equivalence on the right is a homotopy
equivalence but not an H-homotopy equivalence. M is n-connected so Q"M is
connected and its image under Q" will lie in the degree zero component of Q"S™",
which is canonically homotopy equivalent to SG, so I have a map g: Q"M — SG
which induces an orientable spherical fibration & on X=XQ"M. Now I need two
lemmas which will be proved in 4.3:

LEMMA 4.2.1. The class [ —p*] BO@~ V7' BQ* (1) H,Q"S" is in the image of
(Q"t),. O

LEMMA 4.2.2. Let EieH,piH__z Q"E, be the fundamental class. Then
bi=[~p*]1 52" VpQ" ([1]). O

Now we have a map Q"M — Q"S", which defines the bundle & over 2Q"M. This
map has an adjoint 2"Q"M %, S" and it is straightforward that the Thom space 7¢ is
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homotopy equivalent to X C~‘, where C' is the mapping one of 7. Now consider the
following diagram:

iz p2 ¢4

QKZ > E2 > El > K2
nt X'n) . ” ) 1zh
M ——S"SE — IM
aT ” 5 Ta' TZa

orM —s ST, ¢, s 5 M

where o is the adjoint of the identity, the rows are fiber sequences in the stable range,
and o', X,, v, and ¥ are the obvious maps. I must show that every fundamental class in
H. K, lies in

Im (¢"o)y = Im (2 (ha) D)y = 2 Im (ha), = 2" 1 (Q"A), .
This leads us to the square

R, R orp, ~ PYIR, x QUMK X Z
o n] 1oy
ont
Q"M — Q"S"
where I must show that the fundamental classes in H,Q"*'K, are in the image of
(Q"h),, i.e. in the notation of Lemma 4.2.2, I must show b,eIm (Q"i,h), < H,Q"E,,

but

b;=[—p*1 BQ"*"VBQ"[1] by422
e Im (Q"x, 1), by 4.2.1

and theorem 4.1.1 is proved. []

4.3. The Proof of Lemmas 4.2.1. and 4.2.2

Proof of Lemma 4.2.1. 1 will use the Eilenberg-Moore spectral sequence for
H-spaces as described by Moore-Smith in [11]. In their terminology the degree zero
component of 4.2.02 b) is a Hopf fibre square and there is a spectral sequence con-
verging to H, Q"M with

E* = Cotor 7" %1 (H,, (Q"S™), Z,)
Im(2"x’,)*

~ (Hy (2'S")y ® Z,)® Cotor ™" X1(7 7))

where (Q2"S"), is the component of degree zero. The indicated isomorphism is
proved in [11]. Hence H,(2"S"), @™ "*"*Z  lives to E® so it suffices to show that
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it contains
[-p*1BQ*™VFBQ"[1], ie.that (1® (2x'),) ¥ ([— p*] BQP~VPBQ[1])
=[-p*18Q"~ V7" [1] ® [0].

By the Cartan formula, the Adem relations, and the fact that Y [d]=[d]®[d] we
have

l//(Q(”_l)piﬁQ”i[l]) — Zk QjﬁQk [1] ® Q(p—l)p‘~1‘Qp‘-k[1]
+ QJ'Qk [1] ® Q(D—I)Pi-jﬁQp‘-k[l]

= Z Q(P—l)jﬂQi [1] ® Q(P“l) (P‘—J')Qp"—j [1]

+ Q(P—l)jQJ' [1] ® Q(p—l)(P’—j)ﬁQp‘—j [1]

SO
v ([-p"1 pQ*™ "7 Q" [1])
=X [- 1807 VB 11 ® [~ p*1 QP20 1]

+ [_ p2] Q(p—l)jQJ' [1] ® [_ p2] ﬂQ(P*l)(p‘—j)ﬁQp‘—j [1] )
To complete the proof I will show that
(@x)Q'Q [1] = (2x,)«Q'BQ'[1] =0 Vi, .

Consider the inclusion of the fibre Q%;:Q""'K, » Q"E,. Clearly Q’[l]eH,,Q"E,
is in Im (Q",), so for the iterated operation to be nontrivial on [1]e HyE,;, we must
have a Q' acting nontrivially in H,Q"*!K,, but Dyer-Lashoff operations are always
trivial in a product of Eilenberg-MacLane spaces with the product infinite loop
space structure, as follows from the following

PROPOSITION 4.3.01. Dyer-Lashoff operations are all trivial in H,K(n, m),
where n=2Z or Z,.

Proof. The Dyer-Lashoff operations on K (=, n) are defined in terms of a certain
2 -equivariant map (see [2])

0,: Wy, x (K (m, n))’ - K (n, n)

where X, is the symmetric group on p letters, W is a free acyclic Z,-complex on
which X, is acting, X, acts on (K (=, n))? by permutation of factors and the composition

(K (m, n))? > Wy, x (K (n, n))? ZK (=, n)
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is p-fold multiplication in K (7, n). Since K (7, n) is an abelian group the map 6, can be
chosen to factor through the projection onto (K (x, #))? and it follows that the Dyer-
Lashoff operations are trivial on H,K(n, n). [

Now in order to prove lemma 4.2.2 I will need

LEMMA 4.3.1. Let h;eH,,_,, (Q"E,) be the fundamental class. Then h,=
i
=por[1].
Proof of 4.3.1. For any simply-connected space X the Eilenberg-Moore spectral
sequence gives

Torgex (Z,, Z,) = H*QX

and this is functorial on X. Let E; ; be the fibre of K(Z, n)—}’:—t'» K(Z,, n+r p*). For the

fiber inclusion Q"~2'~1(E, ,)—K(Z, n)) we get
TOI‘H:K (Z, 2pi+1) (Zp, Zp) = H*K (Z, 2p‘)

! !
Tor H*Q" *"'"'E,(Z,,Z,) = H*Q""*"'E,.

The upper spectral sequence has been studied by Larry Smith in [15] where it was
shown that Toryexz, 2pi+1y (Zy Z,) =T (x,i), Where x, e Torgag '3 4 1y (Z,, Z,) and
I'(-) denotes the divided polynominal algebra; and that d,_;y,(x,)=C; 4PP'x,,
C;#0eZ,, where y,(-) is the divided pth power. Hence

dp—l ((Qn_zpi_lpu)* (xpi)) = CiAPpi (Qn_zpi_lpu)* (xp*)
=0

so 7,((@"72P"1p, )*(x,)) lives to E, and the fundamental class X,€H,,
Q""2P'E, ; has #5,= Q"% ,#0. Now Q"E, ;=Zx K(Z,, rp'—1) and Q?[1]is the only
nonzero class in dimrp’ so BQP[1]=gq, ;(2"2p;)«h; where g, ;:E; - E, ; is some
lifting of p:E;—>K(Z, n). Hence BOP'[1]#0cH*Q"E,. Now H,Q"E,~
~ H,(Q""'K, xZ) is a divided polynomial algebra on certain primitive generators
related to each other by the action of the Steenrod algebra. Q¥ [1] is such a generator
so it is equal to k; if it is annihilated by every nontrivial Steenrod operation, and this
is a direct consequence of the Nishida relations. [J

Proof of Lemma 4.2.2. Let E; be the fibre of p,p,:E, > K(Z, n). I will prove the
lemma by analyzing the Dyer-Lashoff operations on Q"E;. E; is also the fiber of
Za;, jin-rpj -
j];[1 K(Z,n+rj—1)=QK, — 2

where a; ;€A, dima; j=r(p'*'~j)and a; n=P® V¥, Let E, ; be the fibre of
K(Z,n+rp'—1)

K, = 'IJ) K(Z,n+rp*t—1)

Pp-1)pi,

—— (Zy, n+rp'*!

—1). Using maps E; — E; ; and an argument
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similar to that of the proof of 4.2.1 one can show that I,,.i_,=pQ® VP
I,pi—1€EHQ"E; where i, is the fundamental homology class in dimension k. Then
the fibre inclusion Q"E; —» Q"E, sends 7,,._, to h; and the result follows. []
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