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On the Absolute Continuity of a Surface Représentation

by Hans Martin Reimann

This note contains an example of a 2-dimensional surface in 3-space, which is

représentée! by an absolutely continuous (in the sensé of Tonelli) homeomorphism/.
Although the surface has finite Lebesgue area and/is a mapping "of bounded distor-
tion" with L2 - integrable partial derivatives, there exists a 2-dimensional zéro set

which is mapped onto a set of positive 2-dimensional Hausdorff measure.
A real valued continuous function/defined in a bounded domain Gk in fc-dimen-

sional Euclidean space Ek is absolutely continuous in the sensé of Tonelli if:
(i) Given any closed interval IkaGk9Ik {(x1,... xk)\ai^xi^bi9i=l,...k} fis

absolutely continuous as afunction of xt on a.e. line parallel to the xt axis; i=l,...k;
(ii) The partial derivatives which exist a.e. are integrable in Gk. For mappings

f=(fu...fn):Gk-+En we write/e^CLp(/?> 1), if ail coordinate fonctions/, i= 1, ...n,
are absolutely continuous in the sensé of Tonelli and furthermore the partial derivatives

are integrable to the power p.
Cesari [1952] provedthat mapping sf€ÂCLp,p>29f:G2->E2 hâve the following

property : Every subset of G2 of zéro (2-dim.) measure is mapped onto a set of zéro
measure. We will refer to this property by saying that / satisfies condition N with
respect to 2-dimensional Lebesgue measure m2:N(m2). In the same paper Cesari

presented examples of mappings/e^4CL2,/ :G2-+E2, which do not satisfy condition
N(m2) and give rise to further phenomena. Some of Cesari's examples are based on
conformai représentations as the one below.

Cesari's resuit carries over to higher dimensions: Calderon [1951] has shown that
mappings /eACLp,p>k,f:Gk-+Ek are generalized Lipschitzian in the sensé of
Rado-Reichelderfer [1955]. From their results it then follows that/satisfies condition
N(mk). This resuit still holds iffeACLp,p>k, is a mapping/:Gk->En, n>k. Condition

N is then satisfied with respect to A:-dimensional Hausdorff measure Hk.

IffeACLk is a homeomorphism,/: Gk->Ek, one can also conclude that/satisfies
N(mk). This is well known for A: 2 (for a proof see e.g. Lehto-Virtanen [1965] p. 158).

A proof for the case k>2 has been given by Reshetnjak [1966].

A mapping feACLk,f:Gk->Ek is said to be of bounded distortion if there exists

a constant C^ 1 such that

\df\k<CJf
holds a.e. in Gk. Hère Jf(x) is the (signed) Jacobian and \df(x)\ is the norm of the

linear transformation df(x), which is given by the partial derivatives of/at x. For
mappings feACLk, f:Gk-*En, n>k, we interpret this condition as \df\k^C\\Jf\\
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a.e. m Gk with

.Xà)ï)
where the sum in this expression extends over ail multnndices a (al, afc), 1 <oct <n.
(Intuitively \\Jf\\ dénotes the "surface élément".) To guarantee that f:G2-+E3,
feACL2, îs of bounded distortion ît îs sufficient to venfy that a.e. in G2

for some constant C.
From Reshetnjak's work [1967] ît îs known that mappings/e .4 CL\ f.Gk^Ek,

which are of bounded distortion, satisfy N(mk). The homeomorphisms of bounded
distortion are the quasiconformal mappings (see e.g. Gehnng [1962]). The investigation

of extremal length properties of quasiconformal mappings leads to the following
question: Do homeomorphisms f:Gk-+En,n>k,feACLk, which are of bounded

distortion, satisfy condition N(Hk)l The following example provides a négative answer

to this question.
Let J be an Osgood curve, î.e. a closed Jordan curve in the plane with positive

2-dimensional measure / séparâtes the plane into a bounded and an unbounded com-

ponent. We map the unit square Q {(x,y)\0<x<\,0<y<\} conformally ontothe
bounded component /°. By the Carathéodory extension theorem this mapping h can
be extended continuously and one to one to a mapping hc of the closed square Q onto
J° u /. Furthermore we can choose h m such a way as to hâve A {(x, y) | x 0, 0<y
< 1} mapped onto a set of positive 2-dimensional measure.

We define now the contmuous mapping g (u,v):R^J°uJ by setting
R {(x9y)\0<:\x\<\,0<y<l} znd

\ji — x, y) otherwise

Next we construct an auxihary function W.R-+E1 in terms of the bounded positive
function a(x,y) mm{\,\h'(x,y)\}:Q->E19 where h (u9v% \h'\2 \uxvy-uyvx\

X We defineu+v

(inf a(x,y)ds for (x9y)eQ
w(x9y)={ ' Jy

(0

where the infimum îs taken over ail rectifiable curves y c g Connecting (x, y) with A.

w(x, y) is positive for ail (x, y)eQ since a(x, y) is positive and contmuous in Q.
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THEOREM. The mapping f=(u9 v9 w):R-»E3 constructed above has ail the

properties :

a) feACL2
b) fis a homeomorphism
c) fis of bounded distortion
d) /maps the set A (withif2(^) 0) onto a set B withH2(B)>0.

a) w satisfies a uniform Lipschitz condition with constant 1, hence weACL2.
g=(u9 v) is conformai in Q and maps Q onto a bounded domain. Therefore

J \g'\2 dxdy 2J\g'\2dxdy<oo9

which means that the partial derivatives of u and v are square integrable. In order to
show that geACL2 it is sufficient to prove that for a.e. y, 0 <y < 1, g(x9 y) is absolutely
continuous as a function of x. We choose y in such a way that

^(^)=J-i \g'(x,y)\dx<co. For thèse values the function g(x,y) is absolutely
continuous in x, since it has an intégral représentation

X

j g'{t,y)dt
0

and the total variation V{y) is finite.
b) Because w(x9 j)/0 for (x, y)eQ9fis a. homeomorphism.
c) F satisfies the distortion condition \df\2^C\\Jf\\ a.e. in R. For (x9y)eR\Q

this is clearly true for any constant O1. In the case (x, y)eQwe obtain the following
estimâtes :

\\jf\\ > \UXVy - UyVx\ \g'\2

and
x + h

lim h x i a(t,y)dt
h^O J

From this we conclude

An analogous relation holds for the derivatives with respect to y and therefore

\df\2^C\\Jf\\ for any O4. This clearly is not the best estimate. We remark that by
replacing the function a(x9 y) in the définition for w(x, y) by ca(x9 y), c constant, we
obtain C-+1 for c-*0.

d) /does not satisfy condition N(H2)
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The set A {(x, y)|x 0, 0<y <1} has zéro 2-dimensional measure (H2(^) 0)
and/maps A onto a set B with H2(B)>0. (Observe that H2{B)^m2{B\ since B lies
in the plane w 0.)

We add a few remarks :

1) /does not satisfy condition N with respect to 2-dimensional integralgeometric
measure I2. Using the characterization of I2 given by Fédérer [1947] p. 145, this
statement can easily be verified.

2) SincefeACL2, the Lebesgue area of/is given by L(f) \R \\Jf\\ dx d^./there-
fore is an example of a homeomorphism with the property that L(f)^H2(f(R)). A
similar example of such a mapping has been constructed by Breckenridge [1970].

3) g:R-+E2 is another example of a mapping of the type described by Cesari:

geACL2 does not satisfy condition N(m2).
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