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Comparison Domains for the Problem of the Angular Derivative

B. G. Eke

1. Introduction

Let S be a simply connectée! domain in the w u + iv plane having an accessible

boundary point, w^, located at w=oo. Suppose w w(z) u(z) + iv(z) maps
E=:{z=x + iy:0<y<n} (1 — 1) and conformally onto S so that w{x-\-inj2)-^w(Xi
as x-+ +oo. If in any substrip {z:O<SSySn — ô} of I the différence w(z)—z tends

to a finite limit as Re(z)-> + oo, then we say that S [or w(z)] has a (finite) angular
derivative at wœ [or Re (z) + oo]. The problem ofdetermining geometrical conditions
on S which imply or are implied by the existence of an angular derivative has long
been studied, (see e.g. [7] Chapter VI for results prior to 1955 and [2], [4], [8], [9]).
A necessary and sufficient condition for S to hâve an angular derivative at Re (w) + oo

has been given when S is contained in 0<t;<7r ([8] Theorem 6, [4], [7] p. 215) and
when S contains OSv^n ([7], p. 216). For more gênerai S less is known and in this

paper we give a necessary and sufficient condition on a class of strip-like domains
which need neither contain nor be contained in a strip of width n. Thèse domains may
be useful as interior comparison domains for sufficiency (see e.g. [9], Theorem 2) and

as exterior comparison domains for necessity investigations into this aspect of the

study of the boundary behaviour for quite gênerai classes of simply connected

domains.
Suppose {un}?9 {vn}f, {v'n}™ are séquences of real numbers such that

un+1 - un £ d > 0(n 1, 2,...); lim vn 0; lim v'n n; vn< v'n(n 1, 2,...)
n-»oo n-*oo

anddefinefor«=l, 2,...,

0n K- vn, Xn max(|t;;+1 - v'H\9 \vn+1 - t?J).

We consider throughout the remainder of the paper simply connected domains S
which are the interior of the union of the rectangles {w u+iv:un^uSun+î;
vn+i^vSv'n+i} (« 1,2,...) and the half strip {w=u+iv:u^ul9 vi^v^vf1}9 and the

maps w=w (z)=u (z) -f- iv (z) ofI onto S for which

lim u(x + in/2) + oo, lim u(x + in/2) — oo.

Recently Warschawski ([9], Theorem 1) has proved that the convergence of
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oo oo

£ \n-0H+l\(uH+1-uH) and £ ^logl/An
»=i ii=i

is sufficient to ensure S has an angular derivative at Re(w) +oo. For the strip-like
domains under considération the différence w(z) — z will tend to a finite limit for
unrestricted approach to Re(z) +oo whenever the angular derivative exists. We

prove the following

THEOREM. IfS is a strip-like domainfor which either

t ((K-0n+i)l0n+l)(un+1-un) (1)

or 2l Xl \og\jkn (2)
n=i

is convergent, then a necessary and sufficient conditionfor S to hâve an angular derivative

at Re (w) — + oo is the convergence ofthe other sum,
The spécial case v'n=vn+n (n=l,2,...) was considered by Ferrand [5] and with

Dufresnoy [6] and they showed ]T£L t k2n convergent necessary and ££L 1 kl12 convergent

sufficient for an angular derivative. Warschawski's resuit indicates that the

convergence of (2) is sufficient and we can now assert that this is also necessary.
Also the convergence of (2) may already be implied by the convergence of (1).

If this is so then considération of équation (24) enables us to assert that the

convergence of (1) is necessary and sufficient for an angular derivative. For example,

suppose S is contained in 0 < v < n, then n — 6n+± j> kn+1 and so the convergence of 1

implies that of££L t Àn (and hence that of (2)). In this case the theorem is contained in
[8], Theorem 6 and [4].

The author is grateful to Professor S. E. Warschawski for the opportunity of
reading [9] prior to publication.

2. Some déductions from the Poisson intégral

Let An(Dn) and Bn(Cn) be the two vertices on the lower (upper) boundary of S

which hâve abscissa un and where the interior angles are n/29 2>%\2 respectively.
Suppose z an9 fin9 yn +in, ôn+in (an, j8n, yn, ôn real) are the pre-images ofAn9 Bn9 Cn9 Dn

respectively under w=w(z). (The boundaries of S and I are in (1 — 1) correspon-
dence).

Dénote by /„ (n 1, 2,...) whichever of the intervals an < x < /?„ or pn < x < aw is not
empty and by î'n (n= 1,2,...) either yn<x<ôn or <5B<jc<yll. Then



100 B.G.EKE

lim v(i) 0, lim v(Ç + in) n, lim v(Ç) vu lim v(Ç + in) t/l5
£-> + oo £-? + oo £-»• — oo £-+— oo

¦in)

(3)

Now v (z) is harmonie in Z, has continuous boundary values except at the two infinité
boundary points, and remains bounded in Z. So, from the Poisson intégral représentation,

00

nv (z) nv (x + iy) v(Ç)d arctan (e* — ex cos y)je* sin y
— OO

oo

+ 0 (£ + fo) d arctan (e* + ex cos j>)/e* sin y.
— oo

Integrating by parts,
00

f \ n, ^ x f dv(0 e x x/ x •
7ct;(z) - (n — 0J + #!)> — arctan (eç — e cos ^)/e sin y dç

2 J d£
— oo

¦" —^— arctan (^ç + e cos y)je sin y) dç,
J dç

whence

sinydv(z)_ f <fo({) e«+*si

ôx " J dt, e2x + e2* -2e*+xcosy
— oo

ei+x sin y
2* + e2i + 2ei+xcosy v>

J ~~dï e2x + e2i +

e2i -2ei+xcosy

ex+i cos y
2ei+xcosy s'

(4)

(5)

For xt<x2, the Cauchy-Riemann équations, (3) and (5) give, interchanging the
orders of intégration,



nu(x2 + in12) - nu{x

Comparison Domains for the Problem of the Angular Derivative

X2

101

t + m/2) n
J

dx

xi — oo

+

Since Hm;cl__00(7rM(x1 +Z7r/2)~01x1) exists finitely (A: say) we may let x1
and obtain

nu(x2 + in/2) k -^ J log(l

00

11=1 /,

dp (g + fa)

1=1 l'n

If x2 exceeds the values in /„ and !'„, then

— oo

(6)

_ lJ
I

/'„

log(1

V

log(1J
I V

- A) + o(l«. - W)) (». - ».*¦)+(fe - J.) + "Or. - »J)) Wt i - «0

l'n
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since dv(Ç)/dÇ, dv(Ç+in)ldl; hâve constant sign on each In, /„' respectively, andwhere

O(l) dénotes a quantity which is bounded independently of n. Thus if x2 exceeds the
values in Jn, /„' (1 ^n ^ v), we obtain from (6),

nu(x2 4- injl) — nx2 k + (0v+i ~ n) xi

n=l

(vn+i - vn) - yn(v'n+1 - v'J]

11=1

oo

-II
(7)

n v+l ï'n

3. Preliminary results and estimate of (3n — yn

Since S is semi-conformal (for définition, see e.g. [8]) at Re(w)= +oo, we know
that

w'(z) -+ 1 (Re(z) -» + oo with 0 < a S y S n - <r: (8)

see e.g. [8], p. 87)

^sup^ \u(x + iy±) - ii(x + *>2)| -> 0 (9)

(x -> + oo : this is implied by e.g. [3], p. 629 or [8], p. 92).
From (8), (9) and un+l-un^d>0 (ail n), it follows that (<*H+1-aH)l(uH+1-uH)

tends to 1 as n -> oo and so we eventually hâve aB+1 — aB ^ rf/2 whence

(10)
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where A (d) dénotes some positive constant depending only on d. Let âtn be the real

number for which \un — 6tH\=XH and no points of /„ lie between aw and &n. Define
K> ft» %n analogously. Then àn+1-6in^:dj2 eventually and so

oo

l 1

cosh(a,-<$„)-
(H)

Similar results to (11) holding for the pp yj9 ôj.
We also need ([9], Lemma 1)

K1 k - /U, K1 \7n -à*\<A (n 1, 2,...).

where A is some absolute constant.

(12)

LEMMA 1. (i) u(pn + te/2) - u(f}n)
^

(vH+1 - vn
n

/ r / i i
+ \"+L J\cosh(Pj-$n) - 1

+
cosh(aj. =^jPl (n->oo),

(ii) m (yn + in) -u(yn + in/2) -(v'n+1-vrB
n

Proof. We prove (i), (ii) being similar. From (4), we obtain

K/2

nu
iy) Jdy

+
2 J

(13)
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dv (£) / e2^n + e^\ f dv (£)

dt; \(e* — e^n)2) J d^
In

1 r dv (ç
2 ^£?

^^
In

j

f dt;((^) (\e*~*n — 1|

/»

;(l + e2(^>)^.

If £eJw, then (12) shows that Xn
* \e^ ^n) —1| takes values lying between two absolute

positive constants. Also 1<1 +e2(^~fin)<l +eA independently of n and so the
contribution to the «th term in the first sum in (13) is

(n->oo).

If/# n, then for <Je/B, and as n -* oo,

0(1)

The logarithm in the integrand of the second sum of (13) can be similarly estimated
and combining our remarks we obtain

00

j*n (n-^oo).
Similarly

Thèse two relations enable us to deduce (i) since the différence between u{$n+injî)
and u (6tn+in/2) is approximately that between #n and fin (by (8)) which is O (Àn) by (12).
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LEMMA2. Asn-^oo,

K+i H ;+1 ;} gn (n zrm)9
n

where Z'n dénotes thefour sums which appear in Lemma 1, and limB _* ^ \in — 1.

Proof. Let r r1ur2ur3 where Fk(l^k^3) are straight Une segments in Z

joining respectively /?„ to Pn + in/2; Pn + in/2 to yn+in/2; yn+in/2 to yH + in. The

change in u (z) as z describes F is 0. From (8),

(^u(7n + y) " M(^+y
where /in -* 1 as n -> oo. Now Lemma 2 follows from Lemma 1.

4. Continuation ofproof ofTheorem

Suppose x2 satisfies max (av, j8v,yv,ôv)<x2<min(av+1,i8v+1,yv+1,5v+1). Then
ail the intégrais in (7) may be estimated by

o
-xn\)

n=l

which is bounded independently of x2, by (10). Using (12) we find

nu(x2 + in/2) - nx2 (0v+ 1-n)x2+
(14)

We substitute the fîrst of thèse expressions if\vn+l — vn\—An and the second otherwise.

Noting that (vn+l—vn + v'n+1—v'n) has, if not zéro, the same sign as the ^-différence
with absolute value An, we obtain from (14) and Lemma 2,

V

nu(x2 + fa/2) - nx2 (0,+1 - n) x2 + ~ |»,+1 - ». + »;+1 - v'J kn logAB

11=1 n=l
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where tn is j8B if | v'n+

nu(x2

Kl <^« and yn otherwise. Thus

(^2-O(0v+i -ri)
fin

v-1

V

n=l
5. Estimation oftn+i-tn.

Let Tn be either fin or yn + in according to whether tn is f$n or yB. Then

tn+l
du(x + in/

«»+i-ww dx
dx

From(5),
tn+l

u(tn + îtt/2) - w îtt/2).

tn+l
rdu(x + in/2)j f j r r f

» J -Sr1-*- J "{''"L J

l

Cdv(ï) e>*

J d{ ** +

?Ej*^-"'«7-1//

J dt {e2x +

+
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1/

i l (J dt -\l +-

If l^j<n, then

logf
J i

-J—«

f- J

(17)

(18)

exp(2|aj-fB+1|)

where coB; log(l +e 2I^-'"I)( since a.j<tn \ïj<n and n is large enough. If j=n and

aB^/B, then (18) holds before and if <xB>fB we introduce an error oforder of magnitude
at most AB log X~i +knl'n in the first term in (18) which can be accommodated by the
second term. Thus (18) is valid if 1 fkj^n. A similar calculation shows that theyth
term in the second sum in (17) can also be estimated by the expression in (18).

Thus, from (16), (17), (18), we find as n -?<»,

K+i - «. + «( -u(tn + irr/2)

-u(Tn+1) + u(Tn)} - J- V (conj - ©.^.^(fl, - 9J+1)
2Vn+i Là

i=i
exp(2|<Xj - rj)' exp(2|aj - r,+ 1|)

(19)



108 B.G.EKE

6. Completion of proof of Theorem

From (15), (19) we obtain for max (av, pv, yv, (5v)<x2<min(av+1, pv+1, yv+1, ôv+l),

nu

V

1 r1
(x2 + injl) — nx2 — (x2 — tv)(9V+1 — n)+ - \in\vn

n Lj
n=l

v-1

-vn + vn+l - i;J og „ - n ^ y—g^

il L
v-1

- u(Tn+1) + u(Tn)) + o

v1 oo

Now
v-1 oo

»=ij=i
v— 1

— 7T 0n — n

j=i

oo v— 1

91-7l

n=l
^B^,rn+l

(20)

7=1
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since \6J-ej+1\^2XJ. But con7~exp(-2|a,-f,,|) (\n-j\->ao) and so the single sums
converge. A simple calculation on the sum overj (using 2XnXj^X* +^j) shows that

v— 1 oo /v—1\
Z E KkjU>nj is Of £ ti) + o(l), (v->oo). Similarly, using(11),
n=lJ=l \n=l /

\n=l
Next

v-l

L

fl-A («(ï, + i«/2) - «(/. +, + »t/2) + u(TH+Ï) - u

+ [u(tv + m/2) - u(Tvy] + [«(r,) -«(»! + m/2)]

V W +i -0 I

~ —^ ^nlOg-
n=l

v-l v-l

n=l n=l
taking the part of Lemma 1 for which the ^-différence is Àn.

Finally in our discussion of (20) we look at the last term. This is bounded by
v-l

max^log-^ilog —))
Li \ Aj Àj+i/ Lj exp(2min(|aj-g, la^-i
J=l M=l

v— 1 oo

0\L L Xj\7^
n=l

l2}

\LL
i^ v, the coefficient of X) log \\X3 m the first term of (21) is at most

oo

y |0B+1-7t|

La exp(2min(|aJ - tn\, \aj-t - tn\, |ay - tH+1\9 \ocJ.l - tn+l\))
«==i

a function of/ which tends to 0 asj -? oo.

(21)
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The total contribution to the first term m (21) from the terms withj> v îs bounded
independently of v. A typical triple sum m the second term of (21) îs

v— 1 oo oo

V V V
n=l j=l m=l

(22)

and wenowshowthatthisîs 0(^1=1 kl) + O{\), <9(l)mdependentof vas v-*oo.
By using (8), (9) as m section 3 we find that

cosh(am - âj) - 1 ^ A exp(|m - j\ d/2) (m # j)
where ^4 dénotes a positive absolute constant which need not necessanly be the same
each time ît occurs.

Thus (22) îs of order ofmagnitude at most

v— 1 oo oo v— 1 oo oo

V V V *?
+ V V V xl

LU L ^-""«'¦-¦"'/2 L h L e\>-n\àêm->w
n=l j=l m=l «=1 j l m=l

The first triple sum m (23) îs bounded by

v—1 oo v—1 v—1 v—1 oo v—1

n=l j=l n=l j l b=1j v «=1

^ v, then the coefficient ofX\ in the second triple sum m (23) îs

v—1 v—1 v—1 oo v—1

\L L + L

A Y i < ^W
Là el-/"v+1|dek~j|d/2 e(€"v+1)<i/2

if
Ifq< v, A2 has coefficient

v— 1 oo oo

1
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Thus the triple sum in (23) (and so expression (22)) is bounded by
v-l oo v-l

I«
w=l n v n=l

Similarly for each of the triple sums in the second term of (21).
Thus (20) gives

nu (x2 + in/2) — nx2 (x2 — tv) (9V+1 — n)

v-l

-) ^,iog-j^|f;II+1-f7II + i?;+1-f?;i

enen

v-l

n=l

where en -> 0 (n -> oo) and £" ^1} dénotes a sum which is bounded by

j A2n+A(d).

Either \vn+1 — vH+v'n+ i~v'n\ or \9n+i-9n\ is at least Xn and both are less than 2ln. Also
^n^/i+1 -> 7C2 (« -^ oo), so we obtain

11=1

(24)

where J<c5lî<| for ail « sufficiently large. Also (24) is valid whenever av<x2^av+1
using (9), and the first term on the r.h.s. of (24) is, in absolute value, no greater than

2|tt-0v+1|0v"+11(mv+1-wv) if v is large enough. Suppose now that 5 has an angular
derivative at Re(w)=+oo. In particular, this implies that u{x1+in\'ï) — x1 has a

finite limit as x2 -> oo. Thus if either (1) or (2) is a convergent séries then it is necessary
that the other séries also converges.

To show the convergence of (1) or (2) implies that the convergence of the other

sum is sufficient for S to hâve an angular derivative at Re(w)= +oo we note that in
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either case (24) implies that

u(x2 + te/2) - x2 0(1) (x2 ->oo). (25)

Since we are assuming the convergence of (1) we may apply theorem 3 of [1] to deduce

from (25) that

lim (u (x + iy) - x)
jc-*oo

exists finitely for 0 < a^y^ n — <r, i.e. S has an angular derivative at Re (w) + oo. This
complètes the proof of the theorem.
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