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On p-equivalences and p-universal spaces

Mamoru Mimura and Hirosi Toda

Introduction

Throughout this paper we work in the category ^ of simply connectée!, finite CW
complexes.

Let p be a prime or zéro. Dénote Zp — Z\pZ for j?#0 and Z0 Q. A space X is

p-equivalent to a space Y if there exists a map/: X -> Y such that/induces isomor-
phisms: H* (Y; Zp)^H* (X;Zp). Then/is called a,p-equivalence. It is not known if
/7-equivalence is an équivalence relation, in particular, if it satisfies symmetricity.

Let us recall that a space Kis called p-universal [6] if, for any given/^-équivalence
k:X-+ Y and for an arbitrary map g\K-+ 7, there is a map h:K-+ X and there is a

/7-equivalence/: AT-* AT such that the following diagram commutes up to homotopy:

K f> K

or equivalently, if, for any given /7-equivalence k:X^Z, and for an arbitrary map
g:X-*K9 there is a map h: F->i^and there is a /7-equivalence/:K-*¦ K such that the

following diagram commutes up to homotopy:

K f> K

Thus, for a given /7-equivalence/:X-* 7, if one of X and 7 is /7-universal, there
exists a converse /7-equivalence Y-* X, namely symmetricity holds, and hence
/7-equivalence is an équivalence relation in the category of/7-universal spaces.

The paper is organized as follows: We show that/7-universality is "preserved"
under a O-equivalence. More precisely we prove in § 1.

THEOREM 1.2. Letf:X-+ Ybe a O-equivalence. IfXisp-universal, sois Y.

As corollaries of this theorem, we can see that an //-space mod 0 and a co-if-space
mod 0 are/7-universal for every prime/? and for p 0. Some sufficient conditions for
/7-universality are given in §2.
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THEOREM 2.1. Letp be aprime or zéro. Let Kbep-universal. Suppose nn (K)®Q
Q or 0. Then K\Jaen+1 isp-universal.

THEOREM 2.5 Let X satisfy H*(X; g)s®, 6M/{(x()"i + 1}. Then X is

p-universalfor every primep andp 0.

It is shown in §3 that any 3-cell complex is /?-universal for any prime p and p 0.

The last section is devoted to show that there is a four cell complex which is not
/7-universal. At the same time we show that "^-équivalence" is not an équivalence
relation in the category (€.

In what follows, a map/iL-»^ is often identified with its homotopy class

{/}e[L, K~\. So "the diagram commutes" reads "the diagram commutes up to
homotopy". ^0 dénotes the class of finite abelian groups.

§ 1. 0-equivalence and/7-universality

THEOREM 1.1. Let p be a prime or zéro. Let Ke^ and L its subcomplex with

H* (K, L; Z) finite. IfL isp-universal, so is K.
Proof. The case/? 0 is obvious by Theorem 3.2 of [6], since the inclusion L-+K

is a 0-equivalence.
Let p be a prime for the rest of the proof. Let M (G, n) be a Moore space of type

(G, n-\). Put M" M(Zr, n-1) for simplicity. Suppose that Hr(K, L; Z) is trivial
exceptr=«1,«2,...,«fcwith«1<«2<---<«fc and that Hni(K,L;Z)^Gi a finitegroup.
Then by [4] there is a homology décomposition: L L0-+L1-+L2-* >Lk — K,
where Li_1-^Li is a cofibration inclusion with a cofibre M{Gbn^). So by the
mathematical induction it sufïices to show the theorem for the case K=L {JaCM?
with (r, p) 1 or with r= ps, since M(A + B, n)=M(A,n) \JM(B, ri) for any two
abelian groups A and B. Let q be any given prime différent from p.

Case 1. (r,p)= 1. By (b) and (c)f of Theorem 2.1 of [6] there exist ^-équivalences

/,/' and/":L->L such that/*#*(L; Zr) 0,/si;* 1=0 on nn.x{L)*Zr and /*
®l=0 on nn{L)®Zr. We may assume/=/'=/" by taking their compositions if
necessary. From the Puppe exact séquence associated with the cofibering:

we hâve the following exact and commutative diagram :

^(L)®Zr^[Mrn,L]^7rn.1(L)*Zr^0
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Let ae[M", L~\. Then the relation /*/*a (/** 1) /*a 0 implies/Hea ;c*a' for some

a'enn(L)®Zr. Also (/2)*a=/*(7i*a') 7r*(/*(g)l)a 0. So we hâve an extension

g:L lja CM" -> L of/2. Since the inclusion i:L-*L {Ja CM? is a/?-equivalence, f/gis
a /^-équivalence satisfying (//g)*i7*(LlJaCMrn; Z^) 0. By Theorem 2.1 of [6],
L (Ja CM" is^-universal.

Case 2. r=ps. Since/is a ^-équivalence, /*®1 and/**! are automorphisms in
the diagram (*) with r=ps. Then/* is an automorphism of a finite group [M", L] and
satisfies (/% (/)* 1 for some integer s. So we hâve a commutative diagram

and this defines an extension g : L(J CM" ->I|J CM" of/s which is a /?-equivalence.

Since/*://* (L U CMr"; Zq)^H*(L; Zq) and since g*H* (L Ua CMr"; Z,),L Ua CMr"
is j^-universal by Theorem 2.1 of [6]. Q.E.D.

More gênerally we hâve

THEOREM 1.2. Let p be a prime or zéro. Letf:X-> Y be a ^-équivalence. If X
isp-universal, so is Y.

By the mapping cylinder argument one may regard X as a subcomplex Y. Then

//* F, X; Z) is finite. Theorem 1.2 foliows from the former one.
The converse of Theorems 1.1 and 1.2 seem plausible, but we do not know the

proof. However the following is true.

THEOREM 1.3. Let f\X-+ Y be a ^-équivalence. If Y is p-universal as well as

q-universal withp^ q, so is X.
Proof. Case 1. /? 0 or <7 0. Then there exists a converse 0-equivalence g: Y-+X

by Theorem 3.2 of [6]. So we can apply Theorem 1.2.

Case 2. p and q are différent primes. By Proposition 2.10 of [6], Fis 0-universal,
and hence there exists a converse 0-equivalence Y-+X. Again we can apply Theorem
1.2. Q.E.D.

According to Theorem of [2] the following four conditions are équivalent:
(A) Zis an //-space modO.

(B) There exists a 0-equivalence/: []?= î S2"'+ ' ~>X-

(C) Ail ^-invariants are of finite order in the Postnikov décomposition of X.

(D) H*(X; Q)*A(x2ni+1,...,x2nk+l).
The following three conditions are équivalent by Theorem 2.5 of [1] :

(A)' Zisac0-/Z-spacemodO.
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(B)' There exists a O-equivalence/: X-> V \ Sni.

(C)' Ail ^'-invariants are of finite order in the homology décomposition of X.

COROLLARY 1.4. If X satisfies one of the seven conditions in the above, X is

p-universalfor everyprimep andforp 0.

Proof (i) If X satisfies (B), by Theorem 1.2 X is /?-universal for every prime p and

/?=0. For n?=i S2ni+1 is /?-universal for every prime p and/? 0 by Theorem 3.8 and

Corollary4.3of[6].
(ii) Suppose that X satisfies (B)'. V * Sni is /?-universal for every prime p and for

/? 0 by Theorem 3.8 and Corollary 4.3 of [6]. So X is /?-universal for every prime p
and for/?=0 by Theorem 1.3. Q.E.D.

EXAMPLE 1.5. Ail complex and symplectic Stiefel manifolds are /?-universal
for every prime/? and forp=0.

PROPOSITION 1.6. Letp be aprime or zéro.

i) An H-spacemodpis an H-space modO.

ii) A co-H-space mod/? is a co-H-space mod 0.

Proof (i) Let Xbe an //-space modp with a multiplication \i\ XxX-+ Xanda/?-
equivalence h:X^X such that h^iiil^iii2 where ï\ and i2 are the canonical
inclusions. Then by Proposition 2.9 of [6] A is a O-equivalence. Hence X is an /f-space
modO.

ii) will be proved similarly. Q.E.D.

THEOREM 1.7. Let q be aprime or zéro.

i) An H-space mod q isp-universalfor everyprimep andforp 0.

ii) A co-H-space mod q isp-universalfor everyprimep andforp 0.

This follows from Corollary 1.4 and Proposition 1.6.

§ 2. A sufficient condition for/?-universality

THEOREM 2.1. Let pbe aprime orzéro. Let Kbep-universal. Suppose nn{K)®Q
Q or 0. Then K[Jaen+1 isp-universalfor any aenn (K).

Proof (i) The case/? is a prime. We décompose nn (K) as follows :

where Fis the free part, (hence F=Z or 0), Tp the /?-torsion part, and T the other
torsion part of nn{K). There exist integers r and s such that rT=psTp=0. By (C) and

(C)' of Theorem 2.1 of [6], for a given prime q différent from/?, there exists a ^-équivalence

g\K-+K such that g* and g*®\ are trivial on H*(K; Z€) and on nH(K)Ç$>Zrq
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respectively. Note that g+(T) 0 and g*(F)cF®Tp, since we hâve T®Zrq T.
As g*®\ is an automorphism of a finite group nn(K)®Zps9 there exists an integer t
such that (g%® 1 is an identity on nn(K)®Zps F®Zps + Tp®Zps, where Tp®Zps^
S Tp. So we hâve g** | Tp=identity, gj, (V) 0 and g* (F) c F. Let k be a generator of F.
(w=0 if F= {0}.) Put g*(u) ku with fc an integer. Then k is a multiple of rq and
fc 1 (ps). An arbitrary élément of nn (K) is of the following form : a nu + y + z with
an integer «, ye Tp and zeT. So we hâve

(£)*(<*) knu + y + z
fcnw + ky + kz

That is, the following diagram is commutative :

I-1
So the map g : i£ (Ja gn+x -? K {Ja en+1 obtained from the commutativity of the diagram
is a ^-équivalence and satisfies (C) of Theorem 2.1 of [6], and hence K\JaenJrl is

/7-universal.

(ii) The case/? 0. The proof is similar and easier, and so omitted Q.E.D.

COROLLARY 2.2. Any simply connected 2-cell complex is p-universal for every
primep andforp 0.

Let (S"1)^ be the James' reduced product space of Sm which is homotopy équivalent

to QSm+1 and let (Sm)n be the nm skeleton of (S111)^

LEMMA2.3. Let n be even. Then ni((Sm)n) is finite for i±m,(n+ï)m--\ and

n(n+i)m-i((sm)n)/(dl) is finite where Sl *s the attaching class of e(n+i)m (Sm)n+1-
—(Sm)n. Thus (Sm)n \Jaek for any olb^^^S1")^ is p-universal for any prime p and

p — 0. Inparticular (Sm)n+1 isp-universalfor anyprimep andp=0.
Proof Consider a map of (Sm)n+1 onto Sin+i)m smashing (Sm)n to a point

and let A:((5"%,, (5rm)n)->((5(n+1)m)00,*) be its combinatorial extension. Then

^*((«Srw)oo; e)=^*((*Sr(n+1)m)oo; Q)®H*((Sm)n; Q) and by the same argument as

in the proof of Theorem 2.4 of [8] we can get that h induces a ^Q—isomorphism

1^)^) for ail *. Since ^((S^s^+^S"^) andii1) are finite unless i=m andy (n+l)m respectively,
we hâve easily that n-, ((Sm)n) is finite for i&m9(n + l)m—l and n(n+i) m-t ((5m)B)/Im. A#

is finite, where Im.A^ is generated by di. Applying Theorem 2.1 inductively we hâve

that (Sm)n is/Miniversal and so is (Sm)n (Ja ek for any a. Q.E.D.
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LEMMA 2.4. Ifi^(n+ \)m, there exists a ^-équivalence h of ((S™)^ (Sm)n) into
itselfsuch that h* 0on nt ((S™)^ (Sm)n).

Proof. Since nm((Sm)œ, (*Sm)w) 0, we may assume that i is différent from m.
Since (*Srm)00 is a free monoid complex, a map of Sm of degree q is extended over a
cellular map ^:(Sm)00 -^(Sm)^ such that h* is an endomorphism of Hkm((Sm)^\ Z)
with degree qk. By use of thèse maps hq'$, (Sm)k is a O-universal space by Theorem 1.1

of [6]. For given positive integers^, k and r there exists a O-equivalence h(k) of (Sm)k

into itself such that /2(fc)*® 1 =0 on 7Ty((5m)fc)®Zr. Remark that the map /z(fc) is given
compositions of hq's as is seen in the proof of the theorem. Thus h(k) is defined on the
whole of (S"")*,. Lety=/-1 for k n. By Lemma 2.3, tt^ ((Sm)n) is finite. Let r be

the order of ni^1((Sm)^)9 and then we hâve h{n) such that /*(/J)*®l=0 and hence

h(n)# 0 on TTf»!((*Sm)n). Similarly, for sufficiently large N\e.g.N>—\ we hâve

h(N) such that /z(JV)* 0 on 7ti((Sm)N)9 and hence on ^((5"%). Put hf=h(n)h(N), and
consider the exact séquence :

For an arbitraty élément aett;((£"")«>, (•S''")»), the relation ^/i^a h^doc h(n)*(h(N)*doc) 0

implies the existence of Peni^S"1)^) such that i*fi=h*(x. Then /**/**(a) ^M*/?=
/* (/**#) ^* (0) 0. Thus /* h'W satisfles the required conditions. Q.E.D.

THEOREM 2.5. Let X satisfy H*(X; 0=®iÔ[xl]/{(xO"l + 1}. 2%e« X is

p-universaifor everyprimep andp 0.

Proof. It is sufficient to show that there exists a m&p ft:X-* (Smi)ni such that
ft{uè==xi UP to non-zero coefficient for the fundamental class ut of H™1 (S™1; Q),
since the composite of the maps

is a O-equivalence, and since n»(^mO«i *s />-universal as a product of/7-universal
spaces by Lemma 2.3 and by Theorem 3.8 of [6]. For simplicity we omit the indexes

If m is odd, then by the Serre's theorem [7] there exists a map f:X-+Sm such

that x=/*(w) up to non-zero coefficient. So we suppose that m is even. Consider
the suspension SX of X and let a:Hi(X;Q)->Hi+1(SX;Q) be the suspension
isomorphism (/>0). Since m+1 is odd, there exists a map F:SX-+Sm+1 such that
ax=F* (au) up to non-zero coefficient. Consider the adjoint map/00:Z->(5m)00
QSm+1 of F. Then/:(w) (T-1F*((7W)=^ Let g:(X,X<mn+m-V)->((Sm)n+N, (Sm)n)

be a cellular approximation of/^. Then it is sufficient to prove :

(*) If amap£:(JT, Z(f"1))-^((5m)00, (Sw)n)satisfies£*(w)=*upto non-zero coefficient
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for i^m{n+\) and if xn+1=0 in H*(X; Q), then there exists a O-equivalence h of
((Sm)oo> (Sm)n) înto itself such that % is homotopic to a map g' :(X, Xil)) -> ((5m)iV+/l,
(Sm)«).

The obstruction y (g) to deform g to a map g' belongs to Hl(X; rc.-iftS"1),»,
(Sm)n)) and represented by the following cocycle;

c.CXX) Ht(X(l\ Xil-V; Z) s tt^Z^, J^'"1*) -^ ng((Sr)«, (Sm)n).

Assume that /=/w(/i+l), then ^((S"11)^, (5fm)w)^7/l((5tm)OOJ (Sm)n) and c is équivalent

to ^:C, (*) //,(*<¦>, *<¦-*>; Z)->#,(($"%,, (S")B; Z)^//,^^; Z). Thus
^*(£) for a generator s of #w(M+1)(0S'm),J+iV; Z). Up to non-zero coefficient,

say q. The map hq m the proof of Lemma 2.4 induces hq* having degree qn+1 on the

m(«+l)-dimensionalcohomology group, i.e., hq*(s) qn+1e. Then y(
=hq*g* (e)=g* (Ve) ^"+1g* (e) #M+1y (g) 0, and hence (*) is proved

Next let i>m(n-\-1), then by use of a O-equivalence /* in Lemma 2.4, we hâve that
0 and (*) is proved. Q.E.D.

COROLLARY 2.6. #*(X; Ô)£®,g[*,]/{(x,)II' + 1} '/ ^d only if there is a
^équivalence -AT-» JJ, (»S'm')/il» mi — ^e§ xi-

This is a generalization of the resuit due to Arkowitz-Curjel that (D) implies (B)
m§l.

EXAMPLE 2.7. The following spaces are /?-universal for every prime p and for
p 0.

(i) The complex projective space CPn for any n ^ 1.

(ii) The quarternionic projective space QPn for any n ^ 1.

(iii) The Cayley projective plane FI.

§ 3. Some further examples of a /Miniversal space

THEOREM 3.1. Let A and B be co-H-spaces mod 0. Letf:A -+Bbe any map. If
there is a ^-équivalence from the mapping cône Cf offinto Y, then Y is p-universalfor
any prime p andp 0.

Proof. As in §1, there exist O-equivalences hA:A-+ \/)Sm> and hB:B-> V'S"'.
Since VjS™1 and \ZtSni are both 0-universai, there are converse O-equivalences

kA: \JjSmj-+A and kB: VtSni-*B. Consider the composite af.S^a VjSmj-+A and
the homotopy class/*{#,} of nnj(B). The cokernel of the homomorphism kB*:nmj

V, Sni) -+ nmj (B) is finite, since kB is O-equivalence.

Hence there exists a number JV, such that f*Nj {a,} is in the image of kB+. Put
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g=Wj djNi :\JjSmj-+A. Then we hâve a commutative diagram :

t

y smj --» V Sni

j g i

It foliows from the commutativity that there exists a map Cg -> Cf which is a 0-equiva-
lence. So, if Cg is/?-universal, so is Cf, and Xis/Miniversal too. Thus it sufïices to show
that Cg is /?-universal for any prime p and /> 0. We put aJ-= {g | S1"'}. By the well
known theorem of Hilton there exists an integer Nj such that NjCCj is a linear com-
bination of some higher Whitehead product [*i,---, *J, where ij is the homotopy
class of the inclusion S*'-* Vi<SB| and {kl9...9 ks} is a subset of {nu...,nr}. Note
that mJ Xê=i(fce-l)+1- T^1611 there exists a O-equivalence from M=\Jri=lSni
UPC(Vsj=lSmj)withP=VNjOiJtoK=VUiSniUgC(\fjSm^
/?-universal if so is M. So we will show that M is /?-universal. By the linearity of the

higher Whitehead product, we hâve a commutative diagram :

where ai — ni—\ and èJ mJ— 1. By choosing a prime # différent from p, we can see

that the map/:M-^M derived from the above commutative diagram is a /?-equiva¬
lence and satisfies Theorem 2.1, (b) of [6] Q.E.D.

THEOREM 3.2. Every simply connectée! three cell complex K=Sl{Jem\Jen9

l<m<n,isp-universalfor anyprimep andp 0.

Proof. Let B=Sl[Jem and let/e^.! (£) and fiett^ (5') be the attaching éléments

of the cells en and em respectively. We dévide into three cases :

Case 1 : The order of fi is finite. Let t be the order of fi, then there exists a map
Sm-*B which is of degree t by smashing S1. This map and the inclusion of S1 define a

O-equivalence Slv Sm-+B. Then by Theorem 3.1, K is p-universai as a mapping cône

of/.
Case 2: m l+l. We may assume that /? is non-trivial in nm^1 (Sl)^Z. Then

H*(K; Q)^H*(Sn; Q)= A (*„). Thus,4 is/?-universalby Corollary 1.4.

Case 3: The order of j8is infinité and m^l-h 1. By [7], ifw#/+1 and 7rm_! (S') is

iûfinite, then /=2m and we hâve an exact séquence:
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Since 7t2i-2(Sl~x) *s finite and H([ib i{])= ±2, there exist non-zero integers r and s
such that rP=s\ih i,]. Let C=Sl[je21 be a mapping cône of s[ih ij, and then there
exists a O-equivalence B -» C which extends the identity of S' and is of degree r on S21,

Similarly we hâve a O-equivalence (Sl)2 -» C; where (£% is a mapping cône of [il9 ij.
Thus ntt-t(B) and ^-i^S^) are ^0-isomorphic. By Lemma 2.3 fl^-iCCS1^) is
finite or it has only one free summand Z. The same is true for nn-x (B). Thus K is p-
universal by Corollary 2.2 and Theorem 2.1. Q.E.D.

COROLLARY 3.3. Any simply connected sphère bundle over sphère is p-universal
for everyprime p andp 0.

§ 4. A counter example for/Miniversality and for the symmetricity of^-équivalence

Consider a complex L S3 v CP2. Let (L, 3) be the 2-connective fibre space over

L. We hâve a fibering: S1 -» (L, 3)-^>L, and hence we hâve the Gysin exact séquence:

>HS-2(L;Z)^HS(L; Z)^>HS((L, 3); Z)-*Hs-l(L; Z)-*— where W(u) uv
for a generator veH2(L; Z). Thus we hâve

(4.1) W((L, 3); Z)^Zfor /=3, 4, 5

0 0f/*er w/te.
Consider the inclusions S3czL and S2 cl and dénote by z3 and i2 their homotopy

classes. Let h : £5 -> CP2 c L be the composite of the Hopf map and the inclusion. Put
œ= [>3, i2]e7r4(L) the Whitehead product of i2 and ï3. By G. W. Whitehead [9],
7ri(53vC/>2)^7ri(5r3)07r£(CP2)e^/+i('Sr3xC/>2, S3 v CP2% and we see that the

maP ^"o l3v w:^3 v S4 ~* S3 v CP2 induces isomorphisms of nt for /=3, 4. Consider
a lift g: S3 v S4-> (L, 3) of g0, then g induces isomorphisms of nt and Ht for /<4.
Since h:S5 -> CP2 is a 2-connective fibering, the inclusion i:CP2-+L and the projection

7r:L->CP2 induce f:S5->(L, 3) and tï:(L, 3)-^55 such that 7Ë/"= identity.
Thus I*:Hi(S5; Z)^Hi((L, 3); Z) is a split monomorphism. Then/=#v f induces

an isomorphism H* (S3 v S4 v 55 ; Z) -> if* ((L, 3) ; Z) and / is a homotopy équivalence.

Obviously fis a lift of h. Going back to L, we hâve isomorphisms:
(4.2) (i3v cuv h)*:nt(S3 v S4 v S5)^nt(S3 v GP2) 7rf(L) /ori#2.

For example, tt2(L)^Z, tt3(L)^Z, 7r4(L)^Z©Z2 and 7T5(L)^Z©Z2©Z2, and

generators of each free part are i2, z3, co and A respectively.
Consider a map/':L-^L and put/*r2=n2 and/^3=^3. By the linearity of the

Whitehead product, we hâve that f*œ rsœ. Put fih th modulo 2-torsion. We

consider i2 and h in ns{CP2) and replace/' by f/f nffi:CP2c:L^L^CP29 then

fïi2 n2 3indfïh th. Since CP3 CP2 Uhe6J" has an extension F:CP3-+CP3
such that the degree of F* on H6 (CP3 ; Z) is r. By the linearity of the cup product we
hâve t r 3. Thus we get
(4.3) f*i2 n2 andf*h=si3imply thatf*co rsco andf*h=zr3h modulo 2-torsion.
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Let us consider the élément

a=[[œ, ï3],co], ï3] + [[ï3»*LA] + [[û>»ALû>] of nil(S3vCP2). For simplicity we

put ax [[œ, i3], cy], z3], a2 [[ï3, A], A] and a3 [[©, A], û>]. The mapping cône of #a
is denoted by Kq.

LEMMA 4.1. Letf: Kt -*Kxbea p-equivalence. Thenf* : H* (Kx ; Z) -? #* (Kt ; Z)
is the identity.

Proof. Dénote by/'=/| L:L->L. By (4.3) and by the linearity of the Whitehead
product we hâve

(4.4) /* (a) r2s4cc1 + r 6soc2 + r 5s2a3 modulo 2-torsion.

Let/* : H12 (Kx ; Z) ->if12 (Kx ; Z) be of degree / and consider the foliowing diagram

(£) ^

ni2(KuL)

H12(Ki;Z) -±* H12(Ki;Z)

y* and the Hurewicz homomorphism Jf are isomorphisms. Hence/*'(a) ta.

It follows that r2s* r6s r5s2 t. If r and s are non-zero, we get r s t=\. Thus

f^iH^Kx; Z)-^Hi(Kl; Z) is the identity unless i^4. For i=4 this is shown by use

of the ring structure of H* (Kx ; Z). Q.E.D.

Let ^bea positive integer with (q9p)=l. Then the foliowing diagram is com-
mutative:

cil qHK cil

X —-* X

So we obtain a /^-équivalence hiK^K^ Suppose that Kx is /?-universal. Then by
Theorem 3.2 of [6], there exists a conversep-equivalence k:K± -*• Kr Then/= hk:Kt^>
-^ Kq -> J^x is a/7-equivalence and the degree of/* on if12 (^i ; Z)is a multiple of q. On
the other hand, it follows from the above lemma that/* is of degree 1. This is a

contradiction. We hâve proved:



On ^-équivalences and /?-universaJ spaces 97

THEOREM 4.2. There exists a 4-cell complex which is notp-universal.

THEOREM 4.3. The p-equivalence is not an équivalence relation in the category of
simply connectedfinite CW-complexes.
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