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Iterated Suspensions

by I. BERSTEIN and T. GANEA L)

We give conditions for a space Y to have the homotopy type of a k-fold suspension.
Our first main result is Theorem 1.4, which states that, under certain connectivity and
dimension assumptions, Y ~X*W if and only if the evaluation map Z*Q*Y-Y
admits a homotopy cross-section. The corresponding theorem for desuspending maps
rather than spaces is 1.6. The results of the first section are used to prove a more
effective criterion for the case k=2, answering a question raised by A. Haefliger.
Specifically, Theorem 2.7 states that a (n— 1)-connected, (27— 1)-dimensional finite
CW-complex Y, n> 3, is homotopically equivalent to a double suspension if and only
if Sg" 1 (for n odd), or 6Sq"~2 (for n even), where § is the integral Bockstein, vanish
in Y. Examples are given which show that our results are best possible.

Our basic tool is Lemma 1.1 which is of an independent interest. Both 1.1 and 1.4
can be used to give new proofs for certain known results.

§ 1. The spaces we consider are supposed to have the based homotopy type of
CW-complexes: all maps and homotopies respect base-points. Using [9] one can
easily see that all the constructions in this paper will keep us inside this category. As
usual, if 4 is a space, CA is the reduced cone over 4 with vertex at 0. XA is the
reduced suspension, PA is the space of paths in 4 emanating from %, and 24 is the
loop-space. The smashed product of 4 and B is denoted by A%« B=A x B/Av B and
their join by A*B. If s€ [0, 1], ae A then the class of (s, @) in CA is denoted by sa and in
2 A the corresponding class is {s, a) ; the class of (@, b) in A% B is a%b and the class of
(5, a, b) in A*B is (1 —s) a®sb. Finally, the reduced diagonal 4: A— A % A is defined by
4d(a)=axa.

We start by proving

LEMMA 1.1. If Y is (n—1)-connected, Z is O-connected, n,(2Z) is abelian, and if
8:Y-3*Z is m-connected with m>n—1=k>1, then there exists an (n—1—k)-
connected space X and an (m+n—k)-connected map f:X*X—>Y such that gof is
homotopic to a k-fold suspension.

1) Partially supported by NSF grants.
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Proof. To simplify notation, set A=X*"1Z. Consider the diagram
FL A—A40CF>CAUCF55F

I b
F— A » G » GUCA -CG uCCA
e ) " i lr d la r
QYA » G > Y » Y UCG — 24

where G is the “fibre”’ of g with “inclusion” i so that
G={(y,0)eY x PXA|g(y) =c(1)} and i(y,0)=y.

Let d be the inclusion, and let r be the natural extension of g given by r(s(y, 0))=0(s).
By the Serre theorem, r is (m +n)-connected. Let 0 and e be the inclusion and the
natural embedding, respectively; thus 0(w)=(*, @) and e(a) (s)=<s, a@). Since i.0=~x,
we may extend i to a map p by setting p(CA)==. Also, let g be the map defined by p
and the identity map of CG. The homotopy h,=CGuU CA—ZX A4 given by h,(s(y, 0))=
=g(st) and h,(sa)=<{(1—s5) (1 —t)+1¢, a) reveals that r oq is homotopic to a map 7y
which collapses CG to the base-point followed by inversion of X 4. Hence, by [10,
Satz 3, p. 309], r g is a homotopy equivalence, and the connectivity of » implies that ¢
is (m+n—1)-connected so that, by the five-lemma, p is homology (m +n—1)-con-
nected. Next, let F be the “fibre’” of d.e with “inclusion’ j, let u be the natural ex-
tension of d.e, and let v be defined by u and the indentity map of CA. Since 7, (A4) is
abelian if k=1 and zero if k>2, the connectivity of X4 implies that 4 is (n—2)-
connected and so e is (2n— 3)-connected; also, 0 is (n— 1)-connected. It follows that F
is (n—2)-connected and, since G is (m— 1)-connected, the Serre theorem in the form
given in [5, Prop. 2.1, p. 301] implies that u is (m +n—1)-connected so that, by the
5-lemma, vis homology (m +n— 1)-connected. By [10, ibid.] the map ¢ which collapses
CA to the base-point is a homotopy equivalence; let Y be its inverse. Let 4 in the
diagram denote inclusion, and let §: X A—X A4 be inversion; then, yohov~=0o2jo@
via the homotopy h,:CAUCF—-ZXA given by h,(sa)={s(1—t), a) and h,(sx)=
={(1-s)t +1—1t, j(x)), ac A, xeF. Therefore,

gopovodl = roqohovolll =~ GOYOhoUol/I ﬁE]
and, since X2 F and Y are l-connected,
povoy is(m + n — 1)-connected.

If k=1, we take X=F and f =povoy. If k>2, we assume the result to be true for
k—1 and note that it may be applied to j. There results an (n—2— (k—1))-connected
space X and an (m—1+4n—1—(k—1))-connected map f':Z* 'X—F such that
jof' is homotopic to a (k—1)-fold suspension, and to conclude the proof it only
remains to set f =povoyfo Zf .
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Remark 1.2. Obviously, the preceding construction is functorial in the sense that
there is a map ¢ yielding homotopy-commutativity in the first square of the diagram

sx Ly 5z
(R I
*x' Ly &z

provided the second square homotopy-commutes for some maps n and {. Another
equally obvious property is the fact that fis a homotopy equivalence in case g is one.
It follows that for any 1-connected space W and any map h:Z*W— Y such that go4 is
homotopic to a k-fold suspension, there is a map A: W— X such that foX*1~#h; for,
in the diagram

x5 sw S sw
e M

dwh oy &zw
the second square homotopy-commutes for some {, hence the first one homotopy
commutes for some ¢, and 1. £’ ~Z*) for some ¥ ; also, ' is a homotopy equivalence
and X' is 1-connected since so is W ; therefore, y is a homotopy equivalence and its
inverse @: W— X" satisfies fo Z*(£0 @) >h.

Amusingly, we may derive the well-known

COROLLARY 1.3. If Y is (n—1)-connected and n=k>1, the evaluation map
Z*Q* Y Y is 2n—k)-connected.

Proof. If n—12k>1, take Z==* in Lemma 1.1 and note that F may be replaced
by QY ; if n=k, note that any map S"— Y lifts to a map S"—2"Q"Y because S” is an
n-fold suspension.

Next, if Y has the homotopy type of a k-fold suspension, then obviously there is a
homotopy cross-section of the evaluation map. A partial converse of this fact con-
stitutes the main result of this section.

THEOREM 1.4. If Yis (n—1)-connected and if there is a homotopy cross-section
§: Y- I QXY of the evaluation map, then Y has the homotopy type of a k-fold suspension
provided dim Y<3n—2k—1and n—1z2k>1.

Proof. By 1.3, g is (2n—k — 1)-connected. Then, 1.1 yields a 0-connected space X
and a (3n — 2k — 1)-connected map f : Z*X— Y. Next, Hs,, 53— (¥)isfreeand H,(¥)=0
for g>3n—2k—1. Hence, the homology decomposition result proved in [4, Theorem
2.1] yields a connected CW-complex W and a map A: W— X such that hy:H,(W)—
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—H,(X) is isomorphic for g<3n—3k—1, f3,_3x; o(Z*h) 3,— 2~y 1S isomorphic, and
H,(W)=0 for g>3n—3k—1. Obviously, fo Z*h:Z*W—Y is a homotopy equivalence,

Remark 1.5. Let a;:A,—»Z*Q*4; be homotopy cross-sections of the evaluation
maps, i=1, 2. We describe a map ¢:4,— A4, as primitive if ay0p~Z*Q*poa,; when
k=1, this may be shown to be equivalent to the concept of primitivity used in [4].
Then, using the fact that g f, hence go f-Z*h, is homotopic to a k-fold suspension,
it is easily proved that the homotopy equivalence f-Z*4 in the preceding proof is
primitive with respect to g and X *e, where e: W— Q*Z*W is the natural embedding.

A companion to 1.4 is given by

THEOREM 1.6. Suppose ¢:Z*Y,—2*Y, is primitive with respect to X*e, and
I*e,. Then ¢ is homotopic to a k-fold suspension provided Y, is (n— 1)-connected, Y, is
1-connected and dim Y, <3n—2,n>2.

Proof. Consider the diagram
sy, Zh, phy T1, phy T skoksky,

lzk”zk; J2xe leo JEeake
2

sy, 20, phx, T2, sky, T shakshy,

f1

in which, by 1.2, the second square homotopy commutes for some ¢ since, by as-
sumption, so does the third. Applying the last part of 1.2 with A=1, we obtain maps
A; such that f;oZ*A,~1. Since, f, is (3n+k—1)-connected, and both Y, and X, are
1-connected, A, is (3n—2)-connected so that, since dim Y, <3n—2, there is a map p
with A,ou=~¢&.1,. Obviously, ¢ ~Z*u.

The preceding theorem yields a unicity result concerning the process of desuspend-
ing:

COROLLARY 1.7. Suppose Y, and Y, are both (n— 1)-connected and of dimension
<3n-2, n>2. If Y, and I*Y, have the same “primitive” homotopy type (with
respect to X*e, and X*e,) for some k> 1, then Y, and Y, have the same homotopy type.

Remark 1.8. The “primitivity”” is obviously necessary. The condition dim <3n—2
is best possible as shown by the following example. Let Y, and Y, result respectively
by attaching a 17-cell to S'¢ by means of the trivial element and a non-trivial element
in the kernel of the suspension

Zqy X Zy =m6(8%) > 17(87) = Z34 % Z,.

Then, Y, Y, but ZY,~S’v S'8xZY,. The homotopy equivalences are certainly
primitive since S7 v S'® supports a single homotopy class of comultiplications, as
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implied by the formula on the homotopy groups of wedges of spheres [7] and the
fact that m, g(S'3)=m,5(S!%)=---=0.

When k=1, 1.4 and 1.6 yield alternative proofs of the main results in [4] without
assuming any homology to be finitely generated. Let now Y=S3ue’ result upon
attaching the 7-cell by means of an element of order 3 in 4 (S3). Then, Y fails to have
the homotopy type of a suspension but is a co-H-space [3, p. 444] and therefore, by
[8, Chapter 7], admits a homotopy cross-section Y—X QY. It follows easily that, for
any k=1, M=Z*"1Y admits a homotopy cross-section M—Z*Q*M ; also, M is
(k +1)-connected and dim M=k +6, i.e., one unit higher than allowed in 1.4. We
prove that M fails to have the homotopy type of a k-fold suspension, thus showing
that 1.4 yields a best possible result. Suppose M~ X*W for some W. Then, the Steen-
rod operation P': H*(W, Z,)— H®(W, Z,) vanishes since P!(x)=x3, the cup-cube,
and H*(W, Z;)=H>(Y, Z;)=0; since P! commutes with suspension, this contradicts
the fact [11, p. 89, Corollary 2] that P': H**2(M, Z;)-» H**%(M, Z,) is isomorphic.

Remark 1.9. For k=2 an alternative proof of 1.4 may be given as follows. The
composite

Y2202y 2L 5202y v 22y PRy v Y

where S is suspension comultiplication and p the evaluation map, is a homotopy-
commutative comultiplication on Y. By [4, Th. A], Y has the primitive homotopy
type of £ X for some X which, by [3, p. 443], may be assumed 1-connected, hence
(n—2)-connected, and of dimension <3n—6. Since its suspension is homotopy-
commutative, X is a co-H-space by [2, Th. 1], hence a suspension by [4, Th. A]. It
would be interesting to know how this type of proof generalizes to higher values of k.
Conversely, the presence of a homotopy-commutative comultiplication does not
imply, in general, the presence of a homotopy cross-section Y—22Q?Y; for, the
space Y=XK(Q, 1), where Q is the group of rationals and K(Q, 1) is the Eilenberg-
MacLane space, has a homotopy-commutative comultiplication [6, Example 5.3]
but no homotopy cross-section exists since H,(Y) is not free.

Remark 1.10. If Y is a finite (n—1)-connected complex and Y~ ZX*X, then there
exists a finite complex W such that Y~ Z*W provided n—2>k>1. For, £ X is (n—k)-
connected and, since n—k =2, there exists [3, p. 443] a 1-connected CW-complex W
such that T X~ X W. Since W has finitely generated homology, vanishing above a
certain dimension, n, (W)=0 enables us to assume that W is finite. As noticed by
P. J. Hilton, a slightly more complicated argument, based on [4, Th. 2.1], shows that
the Remark is true even for n=k +1.

§ 2. We shall first prove here two results of a rather technical nature. We describe
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two maps g, h: X— Y as r-homotopic if go f ~h, f for any map f: K— X, where K is
any r-dimensional CW-complex; thus we may speak of an r-homotopy commutative
diagram.

LEMMA 2.1. If X is (n—2)-connected, then the diagram

QIX+ QXX — 305X
18 124

Z(QEX % QIX)—5 Z(QLX % QLX)
(3n—3)-homotopy commutes; here j results by the Hopf construction from loop multi-
plication, A is the reduced diagonal map, 0 the natural homotopy equivalence, 1 is the
map which interchanges factors, and ““ +’. refers to track addition.

Proof. One has j((1—s)a®sp)=<{s,a+p), and O((1—s)a®sp)=_s, ax p).
Let e: X— QXX be the natural embedding, and let P be the composite

Z(QZX % QZX) > ZQZX % QZX 252X % QZX » X % ZQZX —5 X % IX
- Z(X % X)

where p is the evaluation map and the remaining arrows are the obvious homotopy
equivalences. Define

{4st+1—t,axa)y if 0<4s<1,
{4s — 1,a % b) if 1<4s5<2,
{4s —2,bx a) if 2<4s<3,
((4s=3)t,bx by if 3<4s<4

Then, sy~ Po(1+27) o0 o(e*e) and h; = PoZA.j - (exe), and the result follows since
exe is (3n— 3)-connected whereas P is (3n—2)-connected.
We maintain the notation and prove

h:X+X — Z(X % X)by h,((1 — s) a @ sb) =

LEMMA 2.2. Suppose X is (n—2)-connected and dim X <3n—6. Then, ZX has the
homotopy type a double suspension if and only if there is a map &:ZX—-QrX* QXX
with (1 +21)c0c€~Z2 (4 ce), where e: X— QX X is the natural embedding.

Proof. Let Y=2X and introduce the diagram

Zr

2ty 20y, 50

I

QY*QY - Y Z(QY % QY)

where p is the evaluation map, q is the evaluation map for QY, and Q the “coﬁbre”.of
g with “projection” r. By [5, Th. 2.3], there is a (3n—4)-connected map h with
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ho r~ 4. It follows easily that an arbitrary map I compresses to X 2Q?Y if and only if
YA.I'~0. Also, a compression of I' is a homotopy cross-section of p.Zq if and
only if I is one of p. The “fibre’’ of p has the homotopy type of the join QY*QY, and
the “inclusion” j results by the Hopf construction from loop multiplication [1],
[5, p. 303]. Therefore, any homotopy cross-section of p is of the form I'=Xe—j ¢,
where “—"’ indicates track subtraction on ZX. By 2.1, Z4.I'=2(4 ce)— (1 +21)00 &
and the result now follows from 1.4.
In order to transform the condition in 2.2 into a cohomological one we need.

LEMMA 2.3. Suppose that X is (n—2)-connected, n=n,_,(X), and that
T:n@n—n@®mn is given by T(a®b)=(—1)""'"b®a. If ueH" (X, n),
UecH?*"" 2 (X% X, n ® n) are the fundamental classes, then

) Ty (U)=1*(U) and

ii) To@@®)=1*W?*)=u

Proof. Since t permutes the factors in X % X, i) follows directly from the definition
of U} ii) follows from i) since u?>=4*(U), 4* commutes with T, and A4*= 4*.1*,

LEMMA 24. Let X be as above, dimX <2n-2, and let n=mn,_,(X) be finitely
generated abelian. Suppose further that
i) S¢"~' | H" ' (X, Z,)=0 if n is odd;
i) 6Sq"~2 | H" (X, Z,)=0 if n is even, where
S:H?* 3(X, Z,)»H?*""2(X, Z) is the integral Bockstein coboundary operator.
Then the class u>*c H*"~2(X, n®n) lies in the image of 1 + T,.

Proof. Let n=X 4, i=1, ..., m, where A4; are infinite or primary cyclic groups.
Then n@n=2,.;4,;®ZB, where A;j=(A,0A4;,)®(4;84,), B,=A4,®A,. Clearly
A;; and By are invariant under 7.

Let k;;:n®n— A;; be the projections and u;;=k; ;j«(u?). Then it follows from 2.3 ii),
that (1—T*)u =0. The sequence

H2n 2(X AU) 1+Tx» Hz,. 2(X AU) 1-T=« HZn-Z(X, Aij)
is easily seen to be exact, so that

u;elm(1 + Ty). (2.5)
Similarly, let x,:m— A, be the projection; then if u, =K, (4) we have (i, @) (4?) =
=ule H*""2(X, B).

a) nis odd. Then T | B, =identity, and 1+ T, is multiplication by 2 on H>"~2(X, B,)
Let A be the composition 4, —A4,/2A4,—Z, (the second map is either an isomorphism
or zero) and let p be the composition B, 22%Z,®Z,5Z,. Then the sequence
B.2,B, A Z, is exact. By hypothesis, py(u2)=(Astt)?=Sq""1(1)=0, so that
dimX<2n—2, and the exactness of the cohomology sequences induced by u and
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by multiplication by 2, imply
up =Im2=Im(1 + T,). (2.6)

b) n is even. This time T | B, is multiplication by —1 so that Im(1 + T,)=0.

If 6 is the integral Bockstein coboundary, corresponding to the sequence of
coefficients 0Z3Z_,Z,-0 and if §, is the similar coboundary for the sequence
0-Z,0—Z;34+1—Z,—0 then §,=0,400, where g, is reduction mod 2?. Therefore ii)
implies

(ii') 6,S¢" % | H" '(X,Z,)=0 forallg.

If Ay=B,=Z or if Ay,=Byx=1Z,, the identities ur=05q""%(o,u) or ui=
5qu"°2(gl,uk) hold universally (it is enough to verify then for X=K(Z, n—1) and
X=K(Z,q, n—1), where they follow from known calculations). Those identities,
together with ii) and ii’), and the anticommutativity of cup-product imply u%=0, i.c.,
(2.6) is true for even n too.

The conclusion of Lemma 2.4 now follows from (2.5) and (2.6) since u*=) . Uit
+Y k.

We are finally able to prove the main result of this section, which is

THEOREM 2.7. Suppose that Y is an (n—1)-connected space, dim Y <2n—1,
n>=3, and suppose that n=mn,(Y) is finitely generated. Then Y is homotopically equi-
valent to a double suspension if and only if

i) S¢"~'| H*(Y, Z,)=0 for n odd, or

ii) 6Sq"~2 | H"(Y, Z,)=0 for n even.

Proof. Necessity is immediate: if ¥ ~X2W both Sg"~! and §Sq"~? vanish in W
for dimensional reasons and therefore, by stability of these operations, they vanish
also in Y.

To prove sufficiency we first notice that Y ~XX for some X (this is well known
and also an immediate consequence of 1.3 and 1.4). Let Ve H*" " 2(QZX% QX X, n®mn)
be the fundamental class. If e:X— QXX is the natural embedding, then, since
(exe)o A= Aoe and (exe)*(V)=UeH?" " 2(X %X, n®n), i) or ii) imply by 2.4 that
(1+ T,) (W)=u?= 4*(U)=(4.e)*(V) for some we H*"~%(X, n®mn). If we denote by
IweH* 1(ZX, n®n) and by ZV=H?*""1(Z (QZX %QXX), n®n) the images of W
and V under suspension, we obtain

(1 + T) (Zw) = (Z(4.)* (ZV).

Since in 2.1 and 2.2 the map 0 is a homotopy equivalence and Z V' is a fundamentalr
class, the assumption that dim ZX <2n— 1 implies the existence of a £: ZX—>QZX* QX
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such that (0.&)*(ZV)=Zw. We now get
(0-8)* (1 + T) (2V) = (Z(4:€))* (V).
It follows from 2.3 i) that T, (ZV)=(Z1)*(ZV) so that
(0.8 (L+ Z)*(ZV)=(2(4-e))* (ZV).

AgainsincedimXZ X <2n—1 and XV is a fundamental class, we obtain
(14+27)00 cE~2(4.€) which, by 2.2, yields the needed result.

Remark 2.8. The restriction n>3 in 2.7 is necessary. Indeed if n=2, a 3-dimen-
sional 1-connected CW-complex is a double suspension if and only if it has the
homotopy type of a wedge of 2-spheres and 3-spheres. On the other hand, Y=S%uU;e?
(the attaching map is of degree 3) clearly satisfies condition 2.7 ii).
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