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Locally Flat Imbeddings in the Metastable Range

JACK ALEXANDER LEES?)

Introduction

With any imbedding f of a topological manifold M" in the euclidean space E?,
there is associated the continuous map f of M =M x M — A, in the unit sphere S¢71,
fx—=fy
Ifx=f¥l

The following classification theorem has been proved by HAEFLIGER for differ-
entiable manifolds and by WEBER for piecewise linear manifolds (in fact, for com-
plexes). See [2], [6].

(1) Let2¢>3(n+1) and suppose F: M- S9! is an equivariant map.

Then there is an imbedding f: M— E? such that f is homotopic through equiv-
ariant maps to F.

(2) Let2g>3(n+1)+1 and suppose fand g are two imbeddings of M in E“

such that f and g are homotopic through equivariant maps.

Then f and g are isotopic, that is, there is a proper imbedding H: M x I->E*x [
commuting with projection on I such that H(x, 0)=(fx, 0) and H(x, 1)=(gx, 1).

In the differentiable and piecewise linear cases, the imbeddings and isotopies
above are differentiable and piecewise linear, respectively.

The object of this paper is to prove a somewhat weaker form of the above theorem
for topological manifolds and locally flat imbeddings. See Theorems 1 and 2. Here,
2¢>3(n+1)is required in (1) and 2¢>3(n+1)+1 in (2); note, however, the remarks
preceding Theorem 1. Further, the imbeddings f and g in the conclusion of (2) are
concordant rather than isotopic, that is, the map H of (2) need not commute with
projection on 1.

The proofs of Theorems 1 and 2 depend on piecewise linear methods, and poly-
hedral imbedding theorems of CERNAvVsKiI and WEBER. Since topological manifolds
are not assumed triangulable these methods are not applied directly, but are applied
in coordinate neighborhoods which do have triangulations. The proofs then proceed
by an induction on the number of coordinate neighborhoods.

given by f(x, y)= . The map f is equivariant, that is, f(x, y)=— f(», x).

1. Preliminary Results |

Let M" be a topological manifold. Unless otherwise specified M will be without
boundary. A coordinate neighborhood in M is a pair (U, y) where U is an open set

1) The author was partially supported by NSF-GP-5609.
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in M and y:E"- U is a homeomorphism. The symbol ||, denotes the set  C"(a)
(C"(«) is the cube {|x;|<a, i=1,...n} in E") but also implies that y is the homeo-
morphism. If 4 is a subspace of a topological space, 4 will denote the closure of
A, A the interior of 4 and 4 or 04 the boundary of 4.

Let M", Q7 be topological manifolds, possibly with boundary. Let f: M—Q be a
proper map, that is, fM =, fM < Q. fis said to be locally flat if for each xe M there
are neighborhoods U of fx and V of x in Q and M respectively with f1—1 on ¥V, and
a homeomorphism h: (U, fV)—(E4, E") if xeM, h:(U, fV)—(H4, H") if xe M. Here
H" denotes the half-space {x; >0} = E".

LEMMA 1. Let T be a triangulation of C"(1) and K a subcomplex of T. Let O be an
open subset of the topological manifold M" and suppose Y is a coordinate homeo-
morphism such that WK< O. Let f be a locally flat imbedding of O in E. Then the
map f(y I K) is locally flat on every open simplex of K.

LEMMA 2. Let M be a topological manifold and suppose  is a coordinate homeo-
morphism. Let f be a map of Y|, in E® such that f\J is a piecewise linear imbedding
of C"(1) in E%, q—n=3. Thenf| W, is a locally flat imbedding of ||, in E“.

Proof of Lemmas 1 and 2.
Proofs of these Lemmas are given in [3].

THEOREM of CERNAvskIl [1]. Let K be a compact polyhedron of dimension n
with 2¢>3(n+1) and let f: K— E? be a topological imbedding of K in E% Let f be
locally flat on every open simplex of some triangulation 7 of the polyhedron K. Then
for any ¢ >0 there exists an e-homeomorphism 4: E9— E? which is the identity outside
an ¢ neighborhood of fK, where the homeomorphism Af: K— Eis piecewise linear on
the triangulation 7.

If A is a topological space and 4 the diagonal in A x 4, let A denote 4 x A—A.
A map F: 4- 871 will be called equivariant if it commutes with the natural in-
volutions on 4 and S9, that is, F (x, y)= —F(y, x) for (x, y) e A. A homotopy through
equivariant maps will be denoted by =~. If f: 4— E1is an imbedding, define f: 4—» 5971

fx=fy &
b =27 J7
W)=

THEOREM OF WEBER [6]. Let 7" be a finite complex, 2¢>3(n+1). Let F:T—S771
be an equivariant map. Let K< T be a subcomplex and let f: K— E? be an imbedding

;ucih that f~F | K. Then there is an imbedding f’':T—E? such that f’~ F and
' K=f., < eq.

2. Locally Flat Imbeddings of Topological Manifolds

Let [y,],...|¢,] be coordinate neighborhoods on a topological manifold M. If
>0, 1<s<k, et A(s, Q)=|lpsleu'"ul‘ﬁk—1|e and B(s, Q)'_"Mslau'"ullpk‘e’



72 JACK ALEXANDER LEES

PROPOSITION 1. Let M™ be a closed topological manifold, 2q>3(n+1), n>2. Suppose

F:M—S%' is an equivariant map. Let a<B<1, let [{,|,...|¥s| be coordinate neigh-

borhoods on M and suppose f: A(1, B)— E* is a locally flat imbedding with f ~ F l AQ1, B).
€q

Then there is a locally flat map g:B(1, y)—E? with a<y<f and g=f on A(1, y).
Further, g is an imbedding of |, in E* with § | Wl ~ FI Wil

eq.

Proposition 1.

Proof of Proposition 1. Choose y, x<y<f and let T be a triangulation of C(1)
so fine that for any closed simplex ¢ of 7, no Y,o meets both ltﬁily and lxﬁ,-l,,
i=1,...(k—1).

Let K= all geT such that ¥, o does not meet [¢,|; — A(1, B). Note that f(¢, l K)
is an imbedding of K in E4, locally flat on every open simplex of K by Lemma 1.
By CernNavskiIl’s Theorem, there is a homeomorphism A: E?— E? isotopic to the
identity with Af(y, l K) a piecewise linear imbedding of K in E“.

Now C(1) ¥, §1 £, §9-1 is an equivariant map.

Hence by WEBER’s Theorem Af (Y, | K) extends to a piecewise linear imbedding
6 of C(1) in E? with G~ F(y, x ¥/,).

Let g be defined by °*

fonA(l,y) and h7'0y; ' on .

Then g is well defined. By Lemma 2, g is locally flat. Recall 4 is isotopic to the identity,
thus

&) Wiy = 00, | Wdy ~ F (W x ¥) Wt x i) | 1l = F | W,

This completes the proof of Proposition 1.

PROPOSITION 2. Let M" be a topological manifold, 2q>3(n+1), n=2. Suppose
F:M—S%"" is an equivariant map. Let a<y<1, 1 <s<k and suppose g:B(1, y)—E*
is a locally flat map which is an imbedding on A(1,v) and B(s,y), with F | A(1, )=
g [ A(1,y) and F‘ B(s,y)~g l B(s,v). Then there are 8,g' with a<d<y and g' ¢

eq.
locally flat map of B(1, ) in E? with g’ ambient isotopic to g on A(1,8) and g ar
imbedding of B(s—1, ) in E* such that §' | B(s—1, 8)~F| B(s—1, 8).
eq.
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We will prove Proposition 2 in section 4. Once this has been done, the main
theorems of the paper follow; see Theorems 1 and 2 below. The strict inequality
2¢>3(n+1) is required in order to apply CERNAVSKII'S Theorem. However, R. H.
BING has remarked that CERNAvVSKIl's result still holds when 2g>3(n+1); see his
mimeographed notes on “‘Radial Engulfing”. If this is in fact the case, Propositions 1
and 2 and hence the main theorems below can be similarly improved.

Proposition 2.

THEOREM 1. Let M" be a closed topological manifold, 2q>3(n+1), n>2. Suppose
F:M—S8%' is an equivariant map. Then there is a locally flat imbedding f: M—E*
with f~F.

eq.

Proof of Theorem 1. Let Y], ...|¢,| be coordinate neighborhoods on M such that
Mc ||, 0 U,|, withO<a<1. Now Fo(i; x /) is an equivariant map of C(1) in
S"1. By WEBER’s Theorem, there is a piecewise linear imbedding 0 of C(1) in E“
with 0~ Fo(, x ;). Then by Lemma 2 f, =0y ' is a locally flat imbedding of

£q.
Wily in E* with fi~F| 3 ..
eq

Now apply an iﬁductive argument based on Propositions 1 and 2. Suppose that
[ﬁfk_ 1 have been defined with a<B<1 and f;_, a locally flat imbedding of A(1, f)
In E7 with fk_lel A(1, B). By Proposition 1, f,_,; can be extended to a locally

q. ~ ~
flat map g:B(1,y)»E® with a<y<p such that §||l,~ F||},l,- By repeated
. " eq.
application of Proposition 2 with s=k,...2, § and f, are obtained with x<&<y and

/i a locally flat imbedding of B(1, &) in E¢ with fi~ F| B(1, ). This completes the

, . b
inductive step. Thus there is a locally flat imbedding f,: M— E? with f,~F. The proof
of Theorem 1 is completed by setting f=f,. -

LEMMA 3. Let M be a topological manifold and let h: M x IS~ be an equivariant
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homotopy. Then there is an equivariant map H which makes the following diagram
commutative for i=0, 1.

e————, Xl
M x (i} ga-

er————

MxI1—2559
Proof of Lemma 3. Let

t+t i T
H(x,t,x',t')Y=|h{x,x, cos - (t—1t),sin—(t —1t)]).
N (RS B )
Since
t+t 1 ,
IH(x,t,x',1)]|* = h(x, x/, ——2—> cos® (t—t')+sm2~2-(t——t)
I |
27t ’ : 271: '
=cos“=(t—t)+sin"=(t—t)=1,
H:MxI-SicE"!,
Since

t+t . T
H(x',t',x,t)= <h (x’, X, T) cosg (t' — 1), sin 5 (- t))

t+t T T
={—h(x,x, —(t—=1t), —sin-(t—1)],
( (x x, — )cosz( ) 2( ))
H is equivariant.

Note that H(x, x’, 0, 0)=(h(x, x’,0),0) and H(x, x, 1, 1)=(h(x, x’, 1), 1). This
completes the proof.

THEOREM 2. Let M™ be a closed topological manifold, 2g>3(n+1)+1,n>2.
Suppose f and g are two locally flat imbeddings of M in E® and that f~g:M—S*"".

Then f and g are concordant, that is, there is a proper locally flat imbeda::'ng h:MxI-
E?x I with h(x, 0)=(fx, 0) and h(x, 1)=(gx, 1).

Proof of Theorem 2. Let ¢>0,0<a<1. Let ...|¢_,l,...|1%ol, Wil,...I¥,] be a
locally finite collection of coordinate neighborhoods on M x I, such that M xIc -
U a0 O Wole WU

Further suppose that M x(0,e]u[l—¢, )= -Uf_,l,U--Ulfol, and that

U Wl U U Wl e M x (0, 2e]U[1—2¢, 1). By Lemma 3, since f~g" ‘M-

\——

89" 1S9 there is an equivariant map F:M xI—S? with FIM x 0= f and
F|Mxl..g.Lew.Mx[o,ze]qu[l —2¢, 1]- 57 be defined by fon M x [0, 2¢]
andgon M x [1-2¢, 1].NowF| M x[0,2e]uM x[1-2¢, 1]~PrelM x0UM x 1

eq.
and by the homotopy extension property for (M x I, M x ([0, 2e] U[1—2¢, 1])),
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F~F' rel M xO0UM x1 where F’ ‘ M x[0,2e]uM x[1—2¢, 1]=®. Thus assume

w;:hout loss of generality that F| M x [0,2¢]=Ff and F|M x[1—2¢,1]=3. Let
hoi U _mli U U Woly>E4x 1 be defined by the restriction of fxid. on
M x (0, 2¢], g xid. on M x [1—2¢, 1). Then h,, F’ satisfy the hypotheses of Propo-
sition 4. By repeated application of arguments used to prove Theorem 1, a locally
flat imbedding h, of M x I in E?x I~ E%*! is obtained, with h, | M x (0, e]=f xid.
andh, | M x[1—¢, 1)=g xid. Leth: M x I—»E?x Ibedefined by, on M x I, h(x,0)=
(fx,0) and A(x, 1) = (gx, 1). This completes the proof of Theorem 2.

3. Some Technical Results
We will first state some results from piecewise linear (p.l.) topology.

ZEEMAN’s GENERAL PoSITION THEOREM [8]. Let X,< X", Y* be polyhedra and
Q7 a p.l. manifold with Y a subcomplex of Q.

Let f: X—Q be a p.l. imbedding such that f(X —Xo)cQ°. Then there is an arbi-
trarily small ambient p.l. isotopy sending f into g keeping Q UfX, fixed, such that
dimg(X—Xo)nY<n+k—gq.

If 0=¢ and f ()?:3(0) does not meet the closed set C, the isotopy can also
be chosen fixed on C. g | X—X, is said to be in general position with respect
to Y.

Suppose X is a subcomplex of a p.l. manifold Q7 with respect to a given triangu-
lation. Let N (X, Q") be the closed simplicial neighborhood of X in the barycentric
2" derived of Q.

Theorem of WHITEHEAD [7]. If X\, 0 (X collapses to a point), then N(X, Q") is
a g-ball.

_ ZEEMAN’s Engulfing Theorem [8]. Let B be a p.l. ¢g-ball and X ¥ a subcomplex of
B. Then there exists a k+1 dimensional collapsible subspace C< B with X< C.

Theorem of StaLLINGS [5]. Let Q% be a p.l. manifold without boundary, g=5.

Suppose Qis contractible and 1-connected at infinity. Then Qis p.l. homeomorphic to E4.

LEMMA 4. Let X be a polyhedron in E%, q=5. Suppose X< B where B is an open
subset of E%, homeomorphic to EX.

Then X< B’ where B'= B is a closed p.l. q-ball in E“.
~ Proof of Lemma 4. As an open subset of E%, B has a p.l. structure such that the
inclusion i: B—E%is a p.l. imbedding. Further, since B is homeomorphic to E?, B is
contractible and 1-connected at infinity. Hence by STALLING’s Theorem, there is a
p.l. homeomorphism A: E1— B.

Now 4~! X is compact in E%, hence is contained in the interior of a large standard
tlosed g-ball 4%, Thus X<k 4%, h A%< B. However, the inclusion of B in E®is a p.l.
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imbedding, hence B'=ih 47 is a closed p.l. g-ball p.l. imbedded in E? satisfying the
conclusion of the Lemma.

LEMMA 5. Let X*, Y' be polyhedra with |+k+1<q, 2qg>3(1+1), g=>5. Let B be
a p.l. ball in E%, with X< B.

Suppose [+ Y—E? is a topological imbedding of Y in E, locally flat on every open
simplex of Y, with fYn X=¢.

Then there is a p.l. ball BI= B E* with X< B, and B, nfY=¢.

Proof of Lemma 5. By ZEEMAN’s Engulfing Theorem, there is a collapsible C with
XcCcB and dimC<k+1.

By CeErRNAVSKII's Theorem, there is a homeomorphism 4: E?— E? fixed on X with
hf:Y—E? a p.l. imbedding, 4 so close to the identity that A~ *C < B.

By ZeeMAN’s General Position Theorem, there is a homeomorphism A': E9— E1
fixed on A X=X with /' hf Y n C=¢, since I+ (k+1)<q. k' can be chosen so close to
the identity that #~*CchB. Write g=h"1h'"! so that g is fixed on X, fYngC=¢,
and gCc<B.

Now let J be a triangulation of E? with C as a subcomplex, so fine that if
N=N(C,J"), then gN<=B and gNnfY=¢. By WHITEHEAD’s Theorem, N is a p.l.
g-ball. Note that g~ X=Xc CcN so that gN is an open topological g-ball in E*
containing X. By Lemma 4, there is a closed p.l. g-ball B, = E? with X< B,, B;cgN cB.
Note that BN fYcgNNnfY=¢. This concludes the proof of Lemma 5.

Let B*, B', B? be p.l. balls and let ¢: B*U B'-B? be a proper p.l. map such that
¢ | B* and ¢ | B' are p.l. imbeddings, and ¢ B ¢ B'=¢. Let ¢:0(B*x B')»>S*~" be

defined by @ (x, y)= ¢>x——¢£. Then an element I(¢ | B, ¢ | B) em,_,(S77'7") is

lpx—oyl
defined by WEBER such that the following propositions are true [6].

WEBER’S PROPOSITION 1. Let E denote the FREUDENTHAL suspension map. Then
(—1)"'E'1(¢ | B, ¢ | B')= the class of ¢ in m;,,_,(S7Y).

WEBER’S PROPOSITION 2. Suppose I(¢ | B¥, ¢ | B')=0. By Proposition 1, ¢ =~0.
Let ® be an extension of ¢. Then if k, /<n and 2¢>3(n+1) there is a proper isotopy
h,:B*—B? such that ho=¢ | B*, h, is fixed on B*, h, B*n¢B'=¢ and the map
®,:0(B*x B'x I)— S~ ! defined as follows, is homotopic to 0.

®,|B*xB' x0=¢

@, |6 (B* x BY) wpo SE-My
l¢x — byl
_ ¢x—hyy

@, |B*xB x1=—"""—.
l¢x —hyyl
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4. Further Technical Results and the Proof of Proposition 2.

We must now separate the images of the double points of a locally flat map of
the open manifold B(1,y) in E% We first establish the technical Proposition 3 and
its corollary, which are based on the results of WEBER. Recall that in [6], WEBER
distinguishes between “near’” and ““far” double points of a map of a given complex
in E%.

In the present case, the map of B(1,y) in E? is locally an imbedding, thus the
double points of this map are “far” points. Here, however, when we pull apart the
images of these “far” points, we must not meet the images of other coordinate
neighborhoods, which are only topologically imbedded.

As in [6], this is done by a succession of moves, each of which is the identity out-
side a ball in E% The effect of a move is to pull apart the images of two simplexes
which lie in different coordinate neighborhoods; the corresponding ball is constructed
s0 as to meet neither the images of simplexes which have already been pulled apart,
nor the images of other topologically imbedded coordinate neighborhoods.

Suppose J, y and g are given with 0<d<7y and g:B(s, y)—»E? a locally flat im-
bedding. Let H be a subcomplex of C(y), and let § be a coordinate neighborhood on
M with y H= B(s, 7). Write A=A(s, §)uy H.

PRroOPOSITION 3. Let K" be a finite complex whose simplexes are ordered so that a
simplex follows all its faces. Let ¢ be the last simplex of K, suppose St(o, K) is full
in K and let K=Luo.

$p "

1]

Proposition 3.

Let ¢: K—S%71 be an equivariant map and suppose there is a p.l. map ¢: K— E*
such that

1. ¢ | L is an imbedding.
2. ¢ | St(o, K) is an imbedding.
Let 2¢>3(n+1), n>2.

(A) Let te L—St(0, K), P= all simplexes of L preceding 7.
Suppose pon[pPuUgAd]=¢ and p1ngAd=¢. Let J=Lu (s x P)U (P x ) and
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suppose ¢:J—S77! is given by @ (x, y)=ﬂ:'{;—x:£% with =9 | J. Then there is an
x—¢y

ambient p.l. isotopy ¢, of ¢ | St(o, K) fixed outside ¢ with ¢p,6n [¢pP LgA]=¢ and

p,0ndpT=¢. Let ¢': K—E? be given by ¢ on L, ¢, on o.

If ’'=Lu(ex(Put))u((Purt)xs) and ¢':J'>897" is given by ¢'(x,y)=
Ix__ ’
j,—-—i,[ then there is an equivariant homotopy 4,:J'—»S?"' with hy=@ | J’,
l¢"x—¢’
qu——cl),y

hy=4@’, h, fixed on Land for (x, y)e(Put)xa0, h(x, y)= —- .
(B) Let K, be a subcomplex of K and suppose pongA=¢, pon¢p K,=¢ and

¢LNngAcPK,.

Let J=L U (0 x Ky) U (K, x ) and let ¢:J— S~ * be given by ¢ (x, y)= |I¢T;¢—H
x—¢y

with =0 | J.

Then there is an ambient p.l. isotopy ¢, of ¢ | St(o, K) fixed outside ¢ with
pongA=¢, p,6npKy=¢ and ¢, L=¢,6. Thus ¢':K—FE? given by ¢ on L
and ¢, on o is an imbedding.

If ¢':K—87" ! is given by ¢'(x,y)= _d)’_){:q'),y , then there is an equivariant
l¢'x—o"yl
~ -1 ’ &~ x_¢ty
homotopy h,: K—S9~* with hy=®, h,=¢’, h, fixed on L and #,(x, y)= (65— bl on
X—@y

K, xo.

Proof of Proposition 3. Proposition 3. (B) follows from Proposition 3. (A) by an
induction on the simplexes 7 of L—(K,uSt(0, K)). The following is a proof of
Proposition 3. (A).

3.1. There exists a p.l. ball B?< E? which meets ¢ o, ¢ 7 in p.1. balls of dimension
dime, dimt respectively, properly imbedded in B and such that

pon¢ptcB, Bn[¢pP U $(St(s,K)—d)ugd]l=¢.

Proof of 3.1. Note that the hypothesis of Proposition 3 implies pendpt=dpdn ¢ T.
By ZEeMAN’s General Position, there is a p.l. homeomorphism k: E9— E? isotopic to
the identity fixed on ¢ (P u(St(s, K)—6)) such that dimk¢dondr< dimo+
dimt—¢<2n—gq,k¢pondptckdén¢tand kso closeto the identity thatkpongAd=
¢. Without loss of generality, replace ¢ by the map ¢ on L, k¢ on ¢. Thus assume
dim¢pongdr<2n—q.

Let S=on¢ ¢, S'=1nd o sodimSuU S’ <2n—gq. By ZEeMaN’s Engulfing
Theorem, there are Q, Q' with ScQcé, S cQ’ =1, 0\,0, 0'\\Oand dimQu Q' <
2n—qg+1. Let X=¢(QuQ’) so dimX<2n—q+1, and let Bf be a p.l. g-ball in E’
with X< B,.
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Now by Lemma 1, g(Vy_, | C(9)) is a topological imbedding of C(8) in EY,
locally flat on every open simplex of C(d). If s<k—1, Xngy,_,C(8)=¢. Also
2¢>3(n+1) and so (2n—g+1)+n+1<gq. Thus by Lemma 5, there is a p.l. g-ball
B!_,cE* with B, _;<B;, X<B,_, and B;_; ngy,_, C(8)=¢. If s<k—2, another
application of Lemma 5 gives a p.l. g-ball Bl_,cB,_, with X<B,_,, and
Bi_,ngY,-,C(8)=¢. Continuing in this fashion, a sequence of p.l. g-balls
B,c--cBy_,<B,_, is obtained with X< B, and B,ng A(s, )= .

Again by Lemma 1, g(¢ | H) is a topological imbedding of H in E?, locally flat
on every open simplex of H. Also ¢QngyH=¢ and ¢ Q ngy H=¢, hence
XngyH=¢. Now apply Lemma 5 to find a p.l. ¢g-ball BY_, =B, with X<B,_,
and B,_;ngy H=¢. Note B,_, ngA=¢.

Recall dimX <2n—gq-+1. Hence by ZeeMAN’s Engulfing Theorem, there is a
0", Xc Q"< B,_, with 0"\,0 and dim Q" <2n— g+ 2. By ZEEMAN’s General Position,
there is @ homeomorphism A: E?— E? of Q" isotopic to the identity fixed on X such
that #Q" meets ¢ K precisely in X. This is possible since dimQ"+dimK<2n—g+
2+n<gq. Further, & can be chosen so close to the identity that Q"< B,_,. Thus
assume without loss of generality that Q"< B,_, and Q" n¢ K=X.

Now let g, t and B,_, be triangulated so that ¢ | o U is simplicial and so that if
B,=N(Q, ¢"), B,=N(Q’,t") and B=N(Q", B,_,), B,né=¢, B.nt=¢ and
Bn¢(St(s, K)—6)=¢. Then B,, B, and B are proper p.l. balls and ¢ | B,, ¢ | B,
are proper p.l. imbeddings of B,, B, in B. Since Bc B,_;, BngA=¢ as required.
This completes the proof of 3.1.

Notice that pon¢pr=¢pB,n¢p B, and so ¢:0xt—B, x B,—»S1" ! is well defined

by (x, y)= 2207

lgx—oyl

3.2 Without loss of generality, assume ¢ =& on a xt—B, xB,. For, #=¢ on
d(0x7) and by the annulus theorem of regular neighborhood theory [4], o x t—
B,xB,~d (6 xt)xI (~ denotes piecewise linear equivalence). Hence ®~¢ (@ is
homotopic to ¢) on ¢ x 7— B, x B, reld (o x 7). Now the homotopy extension property
for (6 x 7, 0 x — B, x B,) shows that #~ &’ on o x t 1€l 8 (o x v) where &' | o x 1— B, x
B,)=<ﬁ I oxt—B,xB,. Thus ¢ | d(B, x B,) extends over B, x B,, hence ¢ l 0(B, x
B,)~0.

Now according to Proposition 1 of WEBER, E*™I(¢ | B,, ¢ I B,)=0, where
1(¢|B,, ¢ | B,) € tgim o1 (S474™~1), By the classical suspension theorems, E%™" is
injective since dimo—1<2(g—dimr—1)—2. (Recall 2¢>3(n+1).) Hence
I(¢ | B,, ¢ I B,)=¢. Thus by WEBER’s Proposition 2 there is a proper ambient isotopy
ki:B,—»B such that ko=¢ ] B,, k, is fixed on B,, k;B,nB,=¢ and the map
P4:0(B, x B,x I)—S! defined as follows, is homotopic to 0.

®,|B, xB, x0=29
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—k
®, | a(B, x B,) x t=ﬂ—‘y—
I x =k, ¥l

x—k
@”ch&x1=r$——~LL.
lox —kyyl

Extend k, to an ambient isotopy ¢, of St(o, K) in E* fixed outside ¢ by ¢,=¢ outside
B,. Further, the given extension of @, to B, x B, xI extends to a homotopy
h,:J’'—S%"! with the required properties. This completes the proof of Proposition 3.

COROLLARY OF PrOPOSITION 3. Let L*, T" be disjoint finite complexes ordered so
that a simplex follows all its faces and let ¢: L UT—E? be a p.l. map. Suppose ¢ | L
and ¢ | T are imbeddings, 2¢>3(n+1) and n>2.

Let K< T, K'c L be subcomplexes and suppose L NpK=¢, pLNngAcpK’,
dT NnpK’'=¢ and no simplex of T— K meets ¢ ' g A.

e—— . . y —
Let #:L UT—S?"! be an equivariant map and suppose @:TU K'—S?7! is given
x— N
by ¢ (x, y)=—?—-¢~y— with §=& | TUK'.
lox—oyl

Then there is an ambient isotopy ¢, of ¢ | T fixed on K with ¢,T n¢pK'=¢,
0, TngAcpKand ;T npL=¢. If ¢':L U T—E? is the imbedding given by ¢ on
P’ x—¢'y

L and ¢, on T, let ¢':L'u T-S*~! be given by ¢'(x, y)= - " Then ®=~¢'
lo"x—o"yl eq.
o — ¢x—¢,y ,
by an equivariant homotopy #, fixed on L' u K with £,(x, y)= IIT}T—ﬂ on K'x T.
X=0y

Proof of the Corollary. The Corollary follows from Proposition 3. (B) by induction
on the simplexes ¢ of T—K.
We are now ready to prove Proposition 2, which is restated here for convenience.

PROPOSITION 2. Let M" be a topological manifold, 2¢>3(n+ 1), n>>2. Suppose
F:M—S?!is an equivariant map. Let x<y<1, 1 <s<k and suppose g: B(1, y)—E*
is a locally flat map which is an imbedding on 4 (1, y) and B(s, y), with F | (1, y)=
g| A(1,v) and F| B(s,y)=g | B(s, 7). Then there are 8, g’ with <6<y and g’ a

q.
locally flat map of B(1, ) in E? with g’ ambient isotopic to g on 4(1, §) and g’ an
imbedding of B(s—1, 6) in E? such that §' | B(s—1, §)~F | B(s—1, 9).

eq.

Proof of Proposition 2. Choose 6, x<d<y and suppose T is a triangulation of
C(9) so fine that for each closed simplex ¢ of T

(D No ¥, 0 meets both |y, and |yly i=1,...(k—1).
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Let K=all o T such that y, o does not meet |, |;—A(1, 7). Let L=all €T such that
¥, o does not meet 4(1, 5). Note T=K UL and gy, LngA(s, 6)=4¢.

Now suppose 7" is a triangulation of C(d) so fine that for each closed simplex
cof T

() No ¥, ¢ meets both ||, and [}/;], j=s,...k.

Let H=all geT’ such that y,_ 0 does not meet |Y,_,|s—B(s, ). Let L'=all ceT’
such that ,_,0o does not meet B(s, 6). Note T'=H UL.

2.1. Without loss of generality, assume that g (i, | T) and g(¥,-, |L’) are p.l.
imbeddings of T, L in E4.

Proof of 2.1. Notice that Lemma 1 implies that g(y, | T) is a topological im-
bedding of T in E?, locally flat on every open simplex of 7. Hence by CERNAVSKII’S
Theorem there is a homeomorphism 4: E?— E? isotopic to the identity such that
hg (Y, ‘ T)is a p.l. imbedding of T in E. Thus, without loss of generality, relabel so
that g (¥, | T) is a p.l. imbedding of T in E% Observe gy, Lng A (s, 8) is still empty.

Again by Lemma 1, g(¥,_, | L) is a topological imbedding of L' in E?, locally
flat on every open simplex of L. Choose 6%, 8<8% <7 so that 4(1, %) does not
meet Y, L. By CERNAVSKIl's Theorem there is a homeomorphism 4: E?— E? isotopic
to the identity by an arbitrarily small isotopy fixed outside a neighborhood of gy, _; L,
in particular fixed on g (4 (1, y)— A (1, 6))v gy, K, with hgyr,_, ] L ap.l. imbedding.

Define g,:B(1,y)—~E? by g,=hg on A(1,y) and g, =g on |{,|,— A (1, §*). Now
g, is locally flat and g, =g on ¥, T. Thus g, (¥,—, I L) and g, (Y, | T) are p.l. imbed-
dings of L and T in E4, and 4 can be chosen so close to the identity that g, ¥, Lng, A
(s, 9) is still empty. Thus by relabeling, assume g(¥,_, I L) and g (¢, | T) are p.l. im-
beddings of L and T'in E? with gy, L ng A (s, §)=¢. This completes the proof of 2.1.

2.2. Order the simplexes of T'and L so that each simplex follows all its faces and
let :TUL—E? be given by gy,_, on L and gy, on T. Let K'=H nL and let
A=A4(s,8)uy,_ H. Thenp L npK=¢, pLngA<¢pK', ¢ T np K’ =¢ and for any
simplex o of T—K, ¢ ¢ does not meet gA.

Lety: L' T—M" be given by y,_, on L and ¥, on T, and let &': LU T-set
be defined by F(l//ti) Since F | B(s, y) g|B(s,y) and ¥ (TUK')=B(s,y),

9’ | TuK’~q5 | TUK. By the homotopy extens1on property for (T UL, TUK’),
eq. Nsemmem—— e———,
®'~® where $:L U T—S?"! is an equivariant map with #=¢ on T UK".

eq.
Now by the Corollary of Proposition 3 there is an ambient isotopy ¢, of ¢ | T
fixed on K with O TndpK' =¢,p,TngA<pK and ¢;Tn¢pL = ¢ Further, if

¢":L'uT-E* is the imbedding given by ¢ on L’ and ¢, on T and ¢': L' u LUT—S8%1i

defined by §'(x, yF% then ®=~¢' rel L UK with the homotopy of the
- eq.
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dx—a,y
l¢x—dyl
gon A(1,8) andby ¢ ;' on |[Yls.

form A, (x, y)= on K’ x T. Now define g’: B(1, )— E? by

Then g’ is well defined and is locally flat on B(1, 9).
2.3. g'is an imbedding on B(s—1, d).
Proof of 2.3. g’ has no double points on ¥, K. For,

gV K=Y 'Y | K=¢: | K=¢|K=g¥:| K.

Now if gy, x=gy;y with j<k, xeK, note Y, x=y,z with I<k. Then gy,z=gy;y
implies Y,z=y; ¥, Y, x=¥;y.

Now g’ has no double points on 4 (s, ). For by the above remark, such a double
point x would have a correspondent x"€ Y, T— K<, L. However, gy, Lng A(s, §)=¢
as remarked in 2.1. Note also that gy, Lngy,_, H=¢ since g is an imbedding on
B(s,y). Thus ¢ LngA=¢.

Since ¢, imbeds T, ¢, T ngA<¢K and ¢, =¢ on K, p;Lngdc¢,(KnL)=
¢ (Kn L) which does not meet gA. Thus (¢p; LngA)ngA=¢ and so ¢, LngA=4¢.
In particular, g'y,Lng A(s, §)=¢.

Further, g’ has no double points on |,_,|s;. Again, such a double point x would
have a correspondent x'e Y, L. However, ¢' LN ¢ L'=¢ and by the above remarks
¢'LnpH=¢, thus gy, Lngy,_ T =¢.

Therefore g’ has no double points on 4 (s—1, §). Hence g’ is an imbedding on
B(s—1, o).

24. g |B(s—1,8)~F|B(s-1, ).

€q

Proof of 2.4. Note that B(s—1, 8)=A(s—1, 8)U Y./, thus

B(s—1,8)=A(s — 1,8) U [(Wels x B(s — 1,8) U B(s — 1, 6) x [¥ly) — 4].

Let g,: B(s, )~ E? be the ambient isotopy defined by g,=g on A(s, d) and g,=
bWic ' on [Yl,.

Define an equivariant homotopy H,: B(s—1, §)—»S%~! as follows:

@ H(x,y)=g(xy) for (x,y)ed(s—1,3)

&Xx — 8y , L=
b Iit s | e —— f ’ k ’ -
® Hx) =g = for (s y)e(ils x B(s, ) - 4
_ &x—gy

@) H(x,y)=hW ' x ¥ 2 ) for  (x, y)e(iYils x ¥,_ L) — 4
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Now (b), (c) agree, since g,=g on B(s, §)ny,_, H. (c), (d) agree, since if (v, v)eT x
(HNL)=TxK’,
g VU —gY,_ v _ pu—ov
lgeku —g¥s—y vl llg.u— o

and (b), (d) agree, since Y,_i LN B(s,8)=¢. Note A(s—1, )|y ls;=¥ K and
g, =g on Y, K. Thus (a), (b) and (a), (c) agree. Also, h,=¢'=¢ on K x L so (a), (d)
agree. Thus H, is well defined.

Observe Hy=g on (a), (b), () and Hy=®(y "' xy ™) on (d). Recall that the
homotopy F | B(s, y)~ g | B(s,y) was extended to obtain a homotopy of F and

<1>(¢1 Txy™1). NotethatB(s 1,8)cB(s,y)uy,_, L. ThusFlB(s 1, 5) H0 Also,

=H;. Thus F I B(s—1, 5) ] B(s—1, 8). This completes the proof of 2 4 and of
Proposmon 2.

= ht(u’ U)
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