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A Note on a Paper of J. T. Marti.

by S. R. Caradus

Recently, J. T. Marti showed [1] that, under a certain commutativity condition
on the operators involved, it was possible to obtain an operational calculus for pairs
ofclosedlinearoperators.The purpose of this note is to observe that Marti's conclusions

are valid under more gênerai conditions which, moreover, permit extension of
the theory to n-tuples of operators.

Let X be a Banach space and Tt closed linear operators with domains Dt and

ranges in X, i 1, 2. We shall also write D12 for the domain of 7\ T2 i.e. D12 {xeD2 :

}. Similarly we define D2l. Following [1], we define

{(Tl9T2):Dlç:D2;T2D1ç:Dl;T1T2x=T2Tlx for ail xeD2i}.

Then for (Tu T2)e(€(X\ suppose (7e(Tf)c ]/., i=l, 2, where Ff is a Cauchy domain
and let H{V) dénote the complex algebra of functions C2-»C, locally holomorphic in

V= Vt x V2, vanishing outside F. The main resuit of [1], (Theorem 2), asserts the
existence of a proper homomorphism # of H(V) into B(X), mapping (A-A,)"1 | V onto
(A— T;)"1 for each X$Vt such that $ is given by a Cauchy intégral. The essential step

is to show that the assumption (Tl9 T2) e ^(X) implies that the résolvent operators

R^^i-Tt)'1 commute, Ât e ^(Tf), i= 1, 2.

Proposition. The résolvent operators Rt and R2 commute if and only if
(i) DtnD12 D2nD21

and (ii) T1T2x=T2r1x for xeDi2nD2l

Proof Suppose Ri and R2 commute. Then it is easy to verify that, for any x,

Rt R2xeD2i. For Dt is the range of Rt so that Rx R2xeDi and hence (Àx - Tx) Rt R2x
is definedandequalto R2x which lies in D2. Thus RiR2xeD[T2(Ât -Tl)~\ D2nD2l.
Similarly R2R1xeD12 so that since RtR2x R2Rtx, we hâve RlR2xeD12nD2l.

Consider now the équation

0 (RtR, - R2Rt) x RM& - Tt) {X2 - T2) - (A2 - T2) {X, - 7\)] R2RiX- (0

Since R2R1x€Di2nD2i, (1) is valid for ail x and can be rewritten

This implies
[T2T1-r1T2]i?2jR1jc O for ail xeX.

But every yeD12nD21 can be expressed as R2Rxx. For let x=(Ài —

Hence condition (ii) is satisfied.
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To prove (i), let xeD1r\D12 and define xf (Àl-Tl)(À2-T2)x. Clearly x' is

well defined since JO[Ai-T1)(/l2-r2)] Z)1nZ)12. Hence x R2Rlxf RlR2xr.
But R1R2x'eD2nD2i. Hence D1nD12^D2nD21. The reverse inclusion is ob-
tained similarly.

Now suppose that conditions (i) and (ii) hold. Let xeX. Then there exists x2eD2
such that (A2 — T2) x2 — x and xt eDt such that (Ax — T1)x1=x2. Hence x (À2 — T2)

^(^i--T1)xl and evidently xleD2lnD2. By assumption (i), (Àt — T1)(À2 — T2)xi
is defined and by assumption (ii), it must equal x. Hence xl R1R2x R2R1x.

Corollary 1. Theorem 2 of[l] is valid whenever Tx and T2 satisfy conditions (i)
and (iï).

Proof. An examination of the proof of Theorem 2 shows that the commutativity
assumption involved in the définition of ^(X) was used only to establish the
commutativity of Rx and R2.

Corollary 2. If(Tu T2)etf(X), then T1

Proof. By [1] Lemma 1, Ri and R2 commute. Hence, in particular, by the above

proposition, D1nDl2 D2nD21. But DlnDl2 {xeDlnD2:T2xeDl} DlnD2
Dt. Hence Di=D2nD21 and since D21^Dl^D29 we must hâve D2i=D1 i.e.

Dl {xeD1:T1xeD2} i.e. TXD^D2.

Corollary 3. Theorem 2 of [1] can now be extended in the obvions way to an
operational calculus of n-tuples (7\, T2,..., Tn) of closed operators such that pairs
(Tb Tj) satisfy conditions (i) and (ii). The other results of [1] also hâve obvious

extensions.
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