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Canonical Vector Fields on Sphères

P. ZVENGROWSKI

§ 1. Introduction

We are interested in norm-preserving bilinear forms

M:Rr®Rn-+Rn,

where ® (g)R and by norm preserving we mean || M(«®i>)|| \\u\\ • ||i?||. Such a form
implies the existence of r— 1 mutually orthonormal vector fields on Sn~x (see 1.2

below). Given n, the question of finding the largest r so that such a form exists was
solved in 1923 by Radon [5], by Hurwitz [3], and again in 1942 by Eckmann [2].
The methods of Radon and Hurwitz yield complicated itérative schemes for actually
constructing the forms, which hâve recently been simplified by Adams, Lax, and

Phillips [1]. We now give a still simpler construction and prove certain relevant

properties of the "canonical" vector fields thus obtained. In particular, they are
closed under the intrinsic join opérations of James [4] (cf. Prop. 4.4).

Let M be a form as above and let e0, er_ t be an orthonormal basis for Rr. Then

one obtains r orthogonal transformations Mo, M^^Oty) by defining

Mi(v) M(ei®v), 0<î<r-l, veRn.

Conversely, M is defined by the Mt using the formula

M (m ® v) ]Ta£M£(i>), where u ^iaiei and i 0, ...,r — 1.

1.1. Theorem : The following are équivalent
A: M is norm-preserving,
B: (Mi(v),Mj(v)> ôij\\v\\2V0^i,j^r-l andveR",
C: M^Oin) and M/M,-f MjM^O, i+j.
This theorem has been used in one form or another by most of the above authors,

and its proof is omitted.
One can assume without loss of generality that Mo id, by following M with Mox

if necessary. Then from (B) it follows that <y, Mt (v)} =0, 1 ^ /< r — 1, and hence if we
restrict v to S"'1, i.e. ||v|| 1, we obtain

1.2. Corollary: M^v), ...,Mr^i{v) define a family ofr—l orthonormal vector
fields on Sn~ K

Furthermore, using (C) together with M0 id and M/Mf= 1, we obtain

1.3. Corollary: Mj + M^O, M,2 -l, MfMy+M^M^O, 1 <!,./<#•-1.
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1.4. Définition: A norm preserving form M:Rr®Rn-+Rn is orthogonal to the

identity if (v, M(«®t>)>=0 VweiT, veR".
From the above remarks such a form is clearly équivalent to the existence of a

norm preserving form Mq=id and M/=Mi_1? î>1. Furthermore, M then defines r
orthonormal vector fields on S"1"1 and Mt, Mj satisfy 1.3, 0</,y<r— 1.

We will use the notation Mw=M(w®-): Rn-+Rn, ueK. Clearly Mtt/||w||e<9(w),
and ifM is orthogonal to id then Mu is antisymmetric. In ail cases one has the foliowing
identity:

<M(u ® vt), M(u ® v2)) (Muvu Muv2> ||u||2 (^ vu
**" v2) \\u\\2 (vuv2>.

XII" 11 Ni /

§ 2. Tensor Products of Inner Product Spaces

Let V, W be inner product spaces over a field F. Then F®F JF is an inner product
space, where

<i?! ® wl9 v2 ® w2> <»!, t;2> <w1? w2>

In case F=iJm and W=Rn, with their usual products, it is not hard to see that the

resulting inner product on Rm n is also the usual one.
The following lemma will be exceedingly useful in the proof of Theorem 3.1.

2.1. Orthogonality Lemma: Let F, W be inner product spaces with commutative
inner products and suppose A : V-+ V and B: W-* W are endomorphisms such that

(i) A is orthogonal to idK, that is <u, Av}=0VveV, or B is orthogonal to id^
(ii) A is symmetric and B antisymmetric, or vice-versa.
Then the two endomorphisms cp=A ® 1 and \j/~l(g)Bof F® W are orthogonal, that is

{ça, \J/a}=0VaEV®W.
Proof: Let a=Y,vi®wf Then

Now (i) clearly implies that the terms where i=j vanish. Then supposing A1—A,

Bt=—B, we hâve

(q>a, il/a} £ j s p y

I «vp Avty <Bwp wt> + (vp Avty(-Bwj9 w,»
i<J
0.

t

Remark: The représentation a= J] ^i®^,- is of course not unique. One can,
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however, alwayschooseit so that vl9...,vtformagiven basis of F, or similarly for the

wt (but not both).

§ 3. The Basic Construction

Let C:R*®RS-*RS be the Cayley multiplication. Let i:R1-*R* be inclusion into
the last seven co-ordinates, then Co(/® l):R1®Rs-+R8 is a norm preserving
multiplication orthogonal to the identity. Now define a form N:R7®R16-*R16 by the

composition

K (x) K —? /< (x) K ®K Q9 ^v ?K ®K —»K

Clearly TV is norm preserving, orthogonal to id, and for 0</^6 each JVf is antisym-
metric. Furthermore, Nt has the form

3.1. Theorem: Let M:Rr®Rn->Rn, n even, be a norm-preserving form such that
(a) M is orthogonal to id

Then the form M defined by the composition below is norm preserving and also
satisfies (a), (b), (relative to r + 8 and 16n):

Rr+8®R16n

(Rr®R1®R1)®Rn®R16

I-
(Rr ® Rn) ® R16 ®Rn® (R1 ® R16) 0 Rn

M® /l ON

\0 -l) + U ® N + 1 ® Ç J)

"/O\ Dl6Rn®R

M

-*R 16n

Condition (b) follows readily from the fact thatMt
*

_
\, 0 ^ /
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From (b) it follows that Mu U= - UMU VwejRr. Then UMU is symmetric. Similarly,

since Nt '
__ _ J satisfies (b), 0 < i < 6, one sees that VNU is antisymmetric V usR1

and TNtt antisymmetric. Also, V T is symmetric.
Now, starting with u®veRr+*®Ri6n9 let u u1®u2®u3eRr®R1®RX and

c, where

Toprove (a), we show <i>, n> <t;, é> <», c>=0. <», a>=^ <»;, MMl(^)> «, Tt;}>.

Choosing t;-' ef, the standard basis for R16, <t?J', Ti;'j> ±5^- and <t;, a>

X ± <tfi> Mu (^j)) 0 since M is orthogonal to the identity. <i?, Z>>

i
C/^> <^r, iVM2^> 0 by the orthogonality lemma. <i;5 c}==

i, 1 i,i
<^'? FtfJ'> 0 by choosing {vrt} orthonormal and noticing that Fis orthogonal to id.

To show that M is norm preserving, we first prove that <#, b} <a, c> <6, c> =0.

Choosing < ef as before, one has (Jv'l, iVl42«)>= +<^,iVJl2«)>=0. Thus one
need only consider the terms wherey'^fc, which sum to zéro since UMUl is symmetric
and TNU2 antisymmetric. The other two orthogonality relations are proved quite
analogously, where in <ft, c> one takes {uj} to be the standard basis for Rn to insure
that the (i, i) terms vanish. Thus

Choosing v'{ ei9 one easily sees that the individual terms in a, b, c are mutually
orthogonal, being already orthogonal in the second factor. Then, since T, (7, and V
are ail orthogonal transformations,

\\m(u ® v)f x kii2 iit>;n2 wv'if + Z uf \\u2f \\v';\\2 + «iE ii»; fN'ii2
i i i

NI2N2-
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3 2 Corollary: If n=s 24fl+b, s odd, 0<6^3, then S""1 admits
orthonormal vector fields

Proof IfH=sonehasatnvialform R°®RS->RS Applymg the theorem "a" times

gives a norm preserving form orthogonal to the îdentity

R8a ® Rs l6a - Rs i6a

(the fact that n îs odd on the first itération causes no trouble smce r=0 there) This îs

the case b 0 For b 1, 2, 3 one need only apply the theorem once more and observe
that M(nR8a+2b-1®fiRs 16° 2b)czfiRs 16°2\ where \i dénotes the genenc inclusion of
Rm mto the first m co-ordinates of Rm+k for any m, k This îs so because

N(nR2b~~1®nR2b)aiiR2b, 6 1, 2, 3, corresponding to the complex numbers,
quatermons, and Cayley numbers respectively

Remark q (n) Sa+2b îs called the Radon-Hurwitz function

§ 4. Définition and Properties of Canonical Vector Fields

Let 7?00 =hm Rm It îs clear, using the définition of M, that the following
commutes:

M

Rr®Rn >Rm

In®n [n

Starting with R0®Ri^Ri, we now iterate Theorem 3 1 and pass to the limit,
obtaming a norm preserving multiplication orthogonal to the îdentity

M R™ ® R00 -> R00

Let ^t ,Rm ^—>i?°° be the inclusion of jRw into the l'th block of m co-ordinates, 0 < i
Thus, for i^n, one has a commutative diagram

Also, jmo=/i
The following theorem says that M in effect gives a maximal family of orthonormal
vector fields on S"1"1 for every n

4 1 Theorem :Ifr ^Q(n)-l then, for any i ^ 0,
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Proof: This property will certainly hold for n if it is true for some divisor of n, the

same r, and ail i. Letting n=s-24a+b, s odd, 0<6<3, it will thus suffice to prove the
theorem for 24a+d, since also g(24'a+b) Q(n). In other words, we can assume without
loss of generality that n 24a+b. Furthermore, if the resuit holds for r Q(ri)— 1 it will
certainly hold for smaller r, so we also take r=Q(ri)~ 1 =8a+ 2b— 1.

First consider 6 0 and let eo,eu be the usual basis for i?00. We shall prove that
if the resuit holds for 0 < /^ 16m -1 then it also holds for 0 < i< 16m +1 -1, giving an
inductive proof of the theorem for the case 6=0 (clearly m 0 furnishes a base for the

induction). Write i=t-\6m + s, where 0^s<16m+a+1 and 0^f<15. The inclusion

Rn R16aI+Rlàm+a+* corresponds to the composition

nl6a I1' i>16m + a( )€>«* Dl6m + a/CNT^16 *ol6m + a + 1

/v —? K >K Q9 K —>K

Then in the passage from M to M, Le., from i*8(m+fl)-1®JR16W+a to
m+a+d-i <g)jR i6m 1? we hâve a commutative diagram

)8a-l ®JR
(M ® /is) ® et, 0)

Performing the multiplications and applying the inductive hypothesis, we find

and the latter corresponds to iitRl6a under the isomorphism

R16im+a)®R16*Ri6m+a+i.

This complètes the proof for 6 0. A similar method works for 6=1, 2, 3. For
example, if 6=2, we use the existence of quaternions to establish the cases

(similar to the proof of Cor. 3.2) as base for the induction, then pass from

4.2. Corollary: If r^Q(ri)— 1 then the following composition defines a norm
preserving multiplication orthogonal to id :

Rr®Rr ?ir
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Denoting this multiplication "M" r", let us call the résultant r orthonormal vector
fields on Sn~l "f"". More precisely,/^:^"1-»^,..^ is the cross section of the
fibration Vrttr+l-^Sn~1 such that

9 where Xj MJ,^ ®x).

Thèse are our "canonical" vector fields.

4.3. Définition: Let M:Rr®Rm-+Rm and N:Rr®Rn-+Rn be norm preserving
forms orthogonal to the identity. Then their intrinsic join M*N is the composition

Rr ® (Rm 0 N)^Rr ®Rm@Rr® Rn

Clearly M*N is also norm preserving and orthogonal to id. If/: Sm ~l -> Vm
t r+1 and

g'Sn~1-+Vntr+l are the corresponding cross sections, then their intrinsic join f*g is

defined as the composition

(p being the intrinsic join map of James [4]. One easily sees that f*g corresponds to
M*N, and it is then clear that the canonical vector fields can be joined together in
many ways to give other canonical fields. A typical example is the formula

/0, 3 */l, 3 — /0, 3 •

More generally, one can easily establish the following.

4.4. PROPOsrnoN:/fBirvrB+i,r*...*/?B+II-i,r =fi7

REFERENCES

[1] J.F. Adams, P.D. Lax, and R.S. Phillips, On Matrices Whose Real Linear Combinations are
Non-singular, Proc. Am. Math. Soc. 16 (1965), 318-322.

[2] B. Eckmann, Beweis des Satzes von Hurwitz-Radon, Comment. Math. Helv. 15 (1942), 358-366.
[3] A. Hurwitz, Vber die Komposition der quadratischen Formen, Math. Ann. 88 (1923), 1-25.
[4] I.M. James, The Intrinsic Join, Proc. London Math. Soc. (3), 8 (1958), 507-535.
[5] J. Radon, Lineare Scharen orthogonaler Matrizen, Abh. Math. Sem. Hamburg / (1923), 1-14.

Mathematics Research Institute
E.T.H., Zurich

University of Illinois

Received November 29,1967


	Canonical Vector Fields on Spheres.

