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Isotropic Jacobi Fields, and Jacobi’s Equations
on Riemannian Homogeneous Spaces?), ?)

Isaac CHAVEL, Minneapolis (Minn.)

§ 1. Introduction and Preliminaries

Let M be a locally symmetric Riemannian manifold, i.e., assume the covariant
derivative of the Riemannian curvature tensor vanishes identically on M. Then along
any geodesic, Jacobi’s equations of geodesic deviation assume an extremely simple
form [10, p. 17], from which one derives a complete geometric picture of M. In par-
ticular one that knows if M is also complete and simply-connected then M can be
represented as G/H, where G is the component of the identity of all isometries of M,
and H is the compact isotropy group. Furthermore, if G/H is of strictly positive cur-
vature, then all Jacobi fields along any geodesic emanating from Py=n(H), where
n:G—-G/[H is the natural projection, are isotropic, i.e., they are generated by the
1-parameter subgroups of H. For the details, see [10].

In this paper we let M be a normal Riemannian homogeneous space G/H, (cf.
definitions below) which is not necessarily symmetric, and devote our attention to
the solving of Jacobi’s equations on G/H. In particular we show that the solving of
Jacobi’s equations along any geodesic emanating from Py=n(H) is equivalent to
solving two systems of ordinary homogeneous differential equations with constant
coefficients. (cf. § 5 and equations (16)-(18)). A brief sketch of this approach has al-
ready appeared [10, p. 26-7] whereas here we give all the details. We then use these
equations to find a point QeSp(2)/SU(2), which is conjugate to P,=n(SU(2)), but
not isotropically conjugate to P, (cf. Definition 2). In [2] we carry out a similar cal-
culation for the space SU(5)/(Sp(2) x T) and show that there exists a point Q' in
SU(5)/(Sp(2) x T) with the same property. Using Theorem 4 below, we are then able
to state:

THEOREM 1: Let G/H be a simply connected normal Riemannian homogeneous space
of rank 1 such that every point Q conjugate to Py=n(H) is isotropically conjugate to
Py. Then G|H is homeomorphic to a Riemannian symmetric space of rank 1.

We now turn to the basic definitions and notations used in the sequel:
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All manifolds will be of finite dimension >2, and infinitely differentiable; and all
parametrized curves will also be infinitely differentiable. If ¢ is a differentiable map of
one manifold into another, then we write the induced linear map from the tangent
space at x to the tangent space at ¢ (x) as do,.

If M is a manifold with affine connection A, we then denote covariant differentia-
tion along a parametrized curve x(¢) in M by D/dt, and the torsion and curvature
tensors of A by T'and B, respectively. I' will always denote an affine connection without
torsion é/dt covariant differentiation along a parametrized curve x(¢)with respect to I,
and R the curvature tensor of I'. If M is a Riemannian manifold, we denote the in-
duced inner product by <, >, the Levi-Civita connection by I', and R will then be the
Riemannian curvature tensor.

G will always be a Lie group, H a closed subgroup, G/H the space of left cosets of
H, n:G—GJ/H the natural projection given by n(x)=xH, xeG, and 7 the induced
action of G on G/H given by t(x)(y H)=xyH, x, yeG. The Lie algebras of G and H
will be denoted by g and b ,respectively. An affine connection on G/H is said to be
invariant, if it is invariant under 7 (x) for all xeG.

G/H is said to be a:

(a) reductive homogeneous space if the Lie algebra g admits a vector space decom-
position g=0+ m such that [m, ] = m. In this case m is identified with the tangent
space of Py=n(H);

(b) Riemannian homogeneous space if G/H is a Riemannian manifold such that
the metric is preserved by 7(x) for all xeG;

(c) normal Riemannian homogeneous space if the metric on G/H is obtained as
follows: Let there exist a positive definite inner product ¢, > on g satisfying
{[x,y], z)=<{x, [y, z]) for all x, y, ze g, and let m be the orthogonal complement of
b. Then, the decomposition (g, §) is reductive, and the restriction of the inner product
to m (which is identified with the tangent space at Py=n(H)) induces a Riemannian
metric on G/H (referred to as normal) by the action of G on G/H.

For any decomposition of g=h+m, then for Zeg, we let Z; and Z,, denote the
projections of Z onto b and m, respectively.

The basic definitions and theorems concerning affine connections and homoge-
neous spaces can be found in [5; 7; 8]. Unless otherwise noted, we use the summation
convention for repeated indices. Also the torsion and curvature tensors are minus those
in [5;7].

§ 2. Isotropic Jacobi Fields on Homogeneous Spaces

Let M be a manifold, A an affine connection on M, ¢: [0, f]—> M a geodesic in M,
and Po=0(0). A geodesic variation of ¢ is a 1-parameter family of geodesics x (s, €)
in M, where ¢ is the family parameter, and the geodesic ¢ corresponds to ¢é=0. The
vector field 5 (s)=0x/0¢(s, ¢)|,-o Will be called the Jacobi field along o induced by the
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variation x (s, €¢) of 0. A point Q=0 (s,), 0<s,<f, on ¢ will be said to be conjugate to
P, along ¢ if there exists a Jacobi field #(s)#0 along ¢ such that 5 (0)=n(s,)=0.

Now we assume that M is a homogeneous space G/H, with an invariant affine con-
nection A. Then H< G is a group of affine transformations of G/H leaving Py=n(H)
fixed. Hence for any he H, t(h) maps geodesics emanating from P, into geodesics
emanating from P,. Let h(¢)c H be a l-parameter subgroup of H, o(s) a geodesic
such that ¢(0)=P,. Then the action of 4(¢) on o induces a geodesic variation of o

given by x(x, )=t (h(e)) (o (s)).

DEFINITION 1: The geodesic variation x(s, &)=1(h(e))(a(s)) will be called iso-
tropic, and will be said to be induced by the 1-parameter subgroup A (¢). Similarly,
the Jacobi field 5 of an isotropic geodesic variation will also be called isotropic.
(Clearly, n(0)=0.) When speaking of isotropic Jacobi fields, we shall always assume
that they are not identically zero.

LEMMA 1: If Q =0 (s,) is a zero of the isotropic Jacobi field induced by the 1-parameter
subgroup h(e) of H, then all the geodesics t(h(g)) o meet at Q ; and Q is conjugate to P,
along each of the geodesics t(h(g)) o. If Q is not a zero of a given isotropic Jacobi field,
n, induced by the 1-parameter subgroup h(e)<H, then for sufficiently small ¢,
O#t(h())(Q). [3, p. 326; 9, p. 116].

Proof: For all x, Lie’s first theorem (applied to the transformation group

t(h(e)): G/H—-G|H) implies

g:—(s, e)le=co = dT(h (&) (gz(sa 8)le=o>
= dr(h(e0))(n(s)),

for all &y, where dt (h(g,)) is the non-singular tangent map of 7 (4(s,)). Hence 1 (s,)=0
implies 0x/d¢(sy, €)=0, which implies the orbit of Q under 7(4(¢)) is just Q. It is now
also clear that Q is conjugate to P, along each geodesic of the variation. The second
statement follows from the non-singularity of dr (A (¢)) for all e.

DEerINITION 2: If Q€0 is the zero of an isotropic Jacobi field along, ¢ we say that Q
is isotropically conjugate to P, along o.

CoROLLARY 1: If QeG/H is isotropically conjugate to Py=n(H) along o, then Q is
isotropically conjugate to P, along any geodesic (which is not left fixed by the 1-para-
meter subgroup in question) passing through P, and Q.

LEMMA 2: Let G/H be a reductive homogeneous space where G is a subgroup of
G L(n), the group of n x n nonsingular matrices, and let A be an invariant affine connec-
tion on G|H, whose geodesics emanating from P,, are the images under the natural
projection n:G—G/|H of 1-parameter subgroups exp(sX), where Xem and g=h+m,
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[b, m]cm. If the first zero of an isotropic Jacobi field along a geodesic ¢ emanating
from Py=n(H) has path parameter value o, then the set of numbers ka, k= +1,+2,...
constitute the complete set of zeros of this Jacobi field.

Proof: Since the geodesics emanating from P,=n(H) are the projections of
1-parameter subgroups of G, the geodesic ¢ can be represented by the matrices
o(s)=¢°P, where Bemt. Let the 1-parameter subgroup 4(c) be given by h(e)=e"4,
Ael. Then (since t(h)(x H)=hxh ' H for all he H) the geodesic variation of o
induced by 4(e) can be written as x(s, e)=e*“e*Pe™*4 which implies 0x/0e(s, &)=
ed(Ade’B—ePA)e7*4, ie., the zeros of n(s)=0x/0c(s, €)|,-o are given by the

solutions of
A=eB4e 8, §))

One easily sees that if s=a solves (1), then ka solves (1) for all k=+1, 2,.... Also
if o and o solve (1) then so does a—a,, which implies the lemma, cf. § 8.
We remark that the converse of Lemma 2 is false, i.e., there exist non-isotropic
Jacobi fields whose zeros are the integral multiples of the first zero. cf. § 7.
Before turning to Jacobi’s equations of geodesic deviation on G/H, we give a
resume of results which we will need without providing any proofs. The reader is
referred to [1, p. 182-6; 7; 8, p. 41-52].

§ 3. Invariant Affine Connections on Homogeneous Spaces

We first note that if A is an invariant affine connection on G/H, then its torsion
and curvature tensors, 7 and B, respectively, are also invariant. We shall assume G/H
to be reductive, with a fixed decomposition: g=}+m, such that [, m]=m. To any
reductive homogeneous space there are associated two invariant affine connections
which we now describe:

(A) Let x(s) be any 1-parameter subgroup of G generated by an element Xem
and let x* (s) be the image of x(s) be the projection 7: G—G/H. Then there exists one
and only one invariant affine connection without torsion, I' — called the connection
of Cartan - having the property that x* (s) described above is a geodesic.

(B) Let x(s), x*(s) be as defined above and let Yem. Then there exists one and
only one invariant affine connection, A — called the canonical connection — having the
property that parallel displacement of Y at P, along the curve x* (s) is the same as the
translation dt (x(s))p,(Y) by the 1-parameter subgroup x(s).

Note that by (A) and (B), the connections A and I" have the same geodesics. From
this one=can easily show that

Ir=sA-®)T, )

whereby we mean that in any coordinate neighborhood (x%), i=1,...,n on G/H,
Iy=A5%—@3) T} i, j, k=1,...,n.
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LEMMA 3: Let A and I be the canonical and Cartan connections, respectively. Then
at Py=n(H), for X, Y, Zem we have
T(X’ Y) = [X’ Y]m
B(X,Y)Z=[[X, Y] Z]

R(X, ¥)Z = [[X, Y1 2] + $[[X, Y1y 2], ©
+3[[Z, XTo Y] + 3 [[Y, Z] 1o X]-
Furthermore, DT = DB =0 (4)

i.e., the covariant derivatives of T and B vanish on all of G|H.

LEMMA 4: Let G/H be a compact normal Riemannian homogeneous space; then the
Riemannian metric has the Cartan connection for its Levi-Civita connection. We shall
henceforth refer to I' as the metric-Cartan connection. Furthermore the Riemannian
sectional curvature at Py=rn(H) of the 2-section, p, spanned by the orthonormal vectors
X and Yewm is given by

KW= I[X, YIgI* + 2I[X, Y1al?, ©))

where || || is the length of a vector in g with respect to the inner product. In particular,
G[H has strictly positive curvature if and only if [ X, Y]#0 for all linearly independent
X, Yem.

Remark : Furthermore, it is known that G/H is a symmetric homogeneous space
if and only if [m, m] <}, which implies G/H is a symmetric homogeneous space if
and only if the Cartan and canonical connections coincide.

§ 4. The Jacobi Equations of an Affinely Connected Manifold

THEOREM 2: Let M be an n-dimensional manifold with affine connection
A4, 0:[0, Bl M a geodesic; and let x(s, €) be a geodesic variation of o, where s is the
path parameter along each geodesic, ¢ is the family parameter, and o (s)=x(s, 0). Then
the Jacobi field 1 (s)=0x/0¢ (s, €)| .= o satisfies Jacobi's equation
D> D
—n+—(T(4,n)+B(A,n)i=0 6
72+ 7 (T4 m) + B(2, 1) (6)

where A.(s) is the velocity vector field of a. [6, p. 33-4; 10, p. 126].

We note that (i) the vector field sA(s) is a solution of (6) satisfying 1 (0)=0; (ii)
one can show that any vector field 5 (s) solving (6) is the Jacobi field of a geodesic
variation of ¢; and (iii) if M is a Riemannian manifold and I' the associated Levi-
Civita connection, then T=0 and (6) reduces to the classical Jacobi equation

2

)
5;—2?1+R(11,71))«=0. (7)
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Henceforth we shall assume that DT=0, i.e., the covariant derivative of T
vanishes identically on all of M. Then (6) reads as
D’ +T AD +B(A,n)A=0 (8)
dszn ’dSn ,'1 — Vo

Let (e,(s)), a=1,..., n be n linearly independent A-parallel vector fields along o.
Setting n=n,¢€,, T(X, Y)=(T(X, Y)), €., B(X,Y)Z=(B(X, Y)Z),e,, where X, Y, Z
are any vector fields along o, one then obtains

N+ Tpnp + Kygnp =0, )
where

Ty = (T(A’ eﬂ))a
Ko =(B(4, ) ), (19

o, f=1,...,n, and the prime denotes differentiation with respect to s. Note that
DT=0 implies that T, is constant along any geodesic.
Suppose I' is the connection on M defined by

r=A-@3T. (11)

Then I' has no torsion, and one readily shows that both A and I' have the same
geodesics.

LEMMA 5: Let (f,(s)), a=1,..., n be a I'-parallel n-frame along the geodesic o. Then
fa (S) = aaﬁ (S) eﬂ (S) (12)

A, (s) = (— %) g, (5) T, (5). (13)

Proof: Note that I'=A—(3)7T implies that 6¢/ds = D¢&[ds —(3)T (&, 4), where £ is
any vector field along ¢. Then for each a=1,..., n,

implies

0
0="
dsfa

D
—aipent o g ea = ) T(en D)

= {a;ﬂ + (%) aa?(T('l’ ev))ﬁ} €p
. = {a;ﬁ +(3) aavTﬁv} €p
which implies the lemma by the linear independence of (ez(s)), f=1,..., n for all s.

LEMMA 6: Let I' be the Levi-Civita connection of a Riemannian metric on M, and
let I be related to A by (11), where DT=0. Then it is possible to choose an orthonormal
frame (e,(s)),a=1,..., n, which is A-parallel along o if and only if (¢,(0)),a=1,..., n, can
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be chosen orthonormal such that T,y is skew-symmetric. Furthermore, when these condi-
tions are satisfied K,z can be chosen symmetric.

Proof: If (e,(0)), a=1,...,n, is an orthonormal frame such that T, is skew-
symmetric, then setting f,(0)=e,(0), a=1,..., n, we see that (f,(s)), a=1,..., n, is an
orthonormal frame since parallel transport of vectors with respect to I' preserves
their inner product. By (13), since T,; is a skew-symmetric matrix, g,z(s) is an ortho-
normal matrix for all s. Therefore the frame (e,(s)) is orthonormal. The argument is
reversible and the first part of the lemma is proven.

To prove the second part of the lemma, one notes that by direct calculation, using
DT=0, that

R(X,Y)Z=B(X,Y)Z+1iT(T(X,Y),Z) + 1T (T(Z, X), Y) + 3T (T (Y, 2), X).
(14)

We choose (e,(s)), «=1,..., n, to be an orthonormal frame parallel with respect to A.
The orthonormality will then imply that

T.p = {ex T (4, ¢5)> }

K,5 = <e,, B(4, ¢5) ). (15)

Therefore by the skew-symmetry and symmetry properties of 7, B, and R we have

K,z = e, B(4, €5) 1>
= (e, R(4, €5) 4> + 3 <ep T(A T (4, €p))
= (e, R(4,e5) 1) + % {e,, T(4,¢,)> Ty
= e, R(4, €5) 1) + 1T,,T,;.

which implies the lemma by the symmetry of {e,, R(y, e5) ) and skew-symmetry of T,.

DEFINITION 3: A connection A on M is said to be locally reductive if DT=DB=0
on all of M.

THEOREM 3: Let M be a compact orientable Riemannian manifold with Levi-Civita
connection I' and a locally reductive connection A related to I by (11). Then T, and
K,s of (9) (with respect to A) can be chosen skew-symmetric and symmetric, respec-
tively.

Proof: Since A is naturally reductive, by a theorem of Nomizu [8, p. 60], M can be
locally represented about any Pye M as a reductive homogeneous space G/H with A
for its canonical connection and P, =n(H). Let x(s) be the 1-parameter subgroup of G
projecting onto o, where ¢ (0)=P,. The elements of x(s) leave 4, and therefore T, and
therefore I', invariant which implies by a theorem of Yano [11] that x(s) is a 1-para-
meter group of isometries. Therefore if (e,) is an orthonormal frame at Py=n(H),
then the subgroup x(s) moves (e,), preserving orthonormality ,in parallel manner
with respect to A, the canonical connection — and the theorem is proven by Lemma 5.
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§ 5. Jacobi’s Equations in a Normal Riemannian Homogeneous Space

If G/H is a normal Riemannian homogeneous space which is not symmetric, then
contrary to the symmetric case, Jacobi’s equations (7) when written with respect to
the Levi-Civita connection does not necessarily have constant coefficients R,; nor is
there necessarily separation of variables as in equations (6), (7) of [10]. In order to
solve Jacobi’s equations we therefore turn to the canonical connection.

The metric-Cartan and the canonical connection have the same geodesics, and
therefore equations (7) and (8) written in the metric-Cartan and canonical connec-
tions, respectively, are identical — as one can verify directly by substituting one into
the other using (11) and (14). Since, as noted in Theorem 3, the frame (e,(s)) can be
chosen orthonormal and transported in parallel manner with respect to the canonical
connection, the solutions of (9) when written with respect to the canonical connection
can be made to differ from the solutions of (7) written with respect to the metric-
Cartan connection by multiplication by the orthogonal matrix obtained by solving
(13) (at worst they differ by a non-singular matrix.) Hence one obtains the conjugate
points of the metric-Cartan connection by solving the Jacobi equations in the canon-
ical connection which (since DT= DB=0) has only constant coefficients.

To be more explicit, we shall let e,(0)=0Q,, a=1,..., n, where (Q,) is the natural
basis of m, and where the coordinates about the identity e of G are chosen such that
(Q,) is an orthonormal basis of m. Let x*(s) be a 1-parameter subgroup of G such
that n(x(s))=0(s) is the geodesic 6. For each a=1,...,n, let e,(s)=dx(s)p, (Qn),
P,=n(H); then by the definition of the canonical connection, e,(s) is a A-parallel
vector field along o. Since G is a group of isometries, e,(s)) form an orthonormal
frame for each s. By Lemma 3, (15), and the natural reductivity of A, we have

'7: + <Qa’ ['1’ Qﬂ]m> ’7;2 + <Qaa [["{5 Qﬁ][)’ A]) Ng = 0, (16)

o, f=1,..., n, where A is the unit velocity vectory of ¢ at P,. To solve Jacobi equations
relative to the Riemannian parallel frame f,(s), a=1, ..., n, satisfying f,(0)=Q,, one
lets A=(a,p) be the matrix defined by

A= expG 3’) )
where I =(T,5)=({Q, [4, Qp]:n>). Then setting n=4,f,, one has by Lemma 5,
Aa(s) = ape(s) 15(s). (18)

§ 6. The Homogeneous Space Sp(2)/SU(2)

THEOREM 4: If G/H is a simply connected normal Riemannian homogeneous space
of dimension =2 having strictly positive sectional curvature, then with two exceptions
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Sp(2)/SU(2), SU(5)/(Sp(2)xT), G/H is homeomorphic to a Riemannian symmetric
space of rank 1 [1, p. 226] (““Rank 1" is equivalent to saying that X, Yem, [X, Y] =0
implies X and Y are linearly dependent.)

We shall consider the example M= Sp(2)/SU(2), where Sp(2) is the symplectic
2-group and SU(2) is the special unitary 2-group. Now an element of the Lie algebra
Sp (2) is skew-Hermitian of the form

asy a2 a3 Ay4
—dy; —ay, dis —dj;
—dyjz —daj, ass aza
—dys ay3 —dis — dz;

where a,,, a;; are pure imaginary, and the rest are arbitrary complex numbers. Let
S;, i=1,..., 10 be matrices in Sp (2) such that

Sitapy=—az, =i, otherwise a;; =0

Syt =— a4 =1,

Szta;; =—az; =1,

Setayp = az =i,

Ssiazs=—as; =1,

Se:3q = Qg3 =1,

Sptay3=—az; =—da,= a4 =1,

Sgi@13= G331 = A= a4 =1,

Sel@a=—04 = dy3=—daz =1,

S10:G14= QA4 =—0ay3=—4az, =1,

Setting

Q1=%(§1“352) Q2=\/%$3 ’
0y=/35, Q4= 1/\/2(/3 85 - S)
QS:I/\_/Z(\ﬁsa“Ss) Q6=\/%S9
Q7=\/%S10_ Qs=‘%(3s1+_52)
Q9=S5+\/%S-, Q10=SG+\/%S3

we have (i) {Qy, ..., Q;0} are linearly independent and therefore form a basis of Sp (2).
(i) Furthermore, if for an inner product on Sp (2) we take {4, B) = — 14 trace (4 B),
then {Q,,..., Q;0} is an orthonormal basis of Sp(2); also (iii) the inner product is
invariant under 4d(Sp(2)). (iv) Finally, one can show that |y =linear span {Qg, Qq, Q;0}
is Lie isomorphic to S (2) and therefore the group H generated by H is analytically
isomorphic to SU(2).

The decomposition we have chosen follows BERGER [1, p. 234]. Note that the
representation of S (2)in Sp (2)is not the canonical one, but rather an irreducible
one. Berger also shows that if X, Yemc<Gp(2), m=span{Qy,..., 0}, and X, Y are
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linearly independent then [ X, Y]#0; therefore by Lemma 4, M =Sp(2)/SU(2) has
strictly positive curvature. Note that Berger’s theorem says that M cannot be given
any metric so that with respect to the metric it becomes a locally symmetric space.
(To see that M is not symmetric with respect to the given metric, one can easily show
that [m, m]¢h.)

We note that the pinching of Sp(2)/SU(2) has been calculated by ELIASSON, and
is 5'7. [4]

§ 7. Two Geodesics in Sp(2)/SU(2)

We shall now show that the geodesic ¢ generated by 0,eSp (2) has a Jacobi field
which vanishes at s=a along the geodesic and does not vanish at s=2a«; also no other
Jacobi field along the geodesic vanishes at s=a. Hence, by Lemma 2, there exists a
non-isotropic Jacobi field vanishing at a point where no isotropic Jacobi field vanishes.

Since Sp (2)/SU(2) is not Riemannian symmetric, we shall solve Jacobi’s equations
written with respect to the canonical connection. Then for the values of T4, K,; along
g, we have Ti;=—T;,=—Tye=Te4=Ts,=—T,5=1 and the rest of the T’s are
zero; andK;; =9, K¢ =K;7 =3 otherwise K, =0. To solve (9), we solve the associated
eigenvalue problem:

0 = det(2*I + AT + K)

20 A 0 O 0 yl
0 A 0 0 0 0 0
-2 0 2249 0 0 0 0
={0 O 0 i 0 -4 0
0 O 0 0 A2 0 A
0 0 0 A0 22+3 o0
0 0 0 0 -4 0 A*+3

= 18(2% + 10) (A% + %)*.
Using the method of undertermined coefficients one shows that the general solutions
of (9) along o, such that n(0)=0 can be written as:

n(s)=a,(1 - cos\/ﬁs) + a2(9\/ﬁ)s + sin\/IOs)
na(s)=o3s o . .
n3(s) =o, (— \/10 sin\/IOS) + a, {3/10(1 -~ cos\/ﬁs)}

- 3./5 -
m(S)T:%(l - cos\/%s) + o5 (5—\733 + sm\/%s>

- 35
775(s)=oz6(1—:cos\/%s)+a7<2\[2s+sm\/:§s)
ne(s) = a4(\/% sin\/%s)+ s {— \/%(1 — cos/35)}
n,(s) = oc6(\/% sin\/%s) + o, {— \/%(1 ~ cos\/:}s)}

(19)
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where ay, ..., o, are arbitrary constants. We consider the set of points of ¢ conjugate
to P,=n(H) coming from the Jacobi fields spanned by the two solutions correspond-
ing to o, =0, , and a, =6,,, k=1,..., 7. Then the arc length at the conjugate points
are the zeros of the determinant

1 — cos\/iﬁs 9\/ﬁ)s + sin\/iﬁs

—sin\/i)s l—cos\/iﬁs

Setting u= \/F) s, the problem becomes that of finding the zeros of f(u)=
1-cosu+$u sinu. Clearly f(2nk)=0 for all k=1,2,.... Now f’(u)=%4{11 sinu+
+9u cosu}, which implies f' (2nk)=9nk>0 for all k=1, 2,... . Also there exists an
¢>0 such that: 0<u<e¢ implies f(u)>0, and therefore there exists a, 0 <a <2 such
that f(«)=0. Of course, a#n/2, 7, 3n/2. We now show that f(2a)#0:
f(2a)=2sina{sina + 9a cosa}, and therefore f(2a)=0 implies a=— ta% ,
which implies f(x)= — (cosa—1)?/(2 cos®)50, which implies a contradiction. There-
fore, any Jacobi field  with (o;)* + (2,)*> >0 such that #(«)=0 is not a isotropic. By
looking at (19), one can show that the number of linearly independent Jacobi fields
vanishing at « is exactly one. Since this Jacobi field is non-isotropic, the point o () is
also non-isotropic.

Now we show that the converse of Lemma 2 is false (§2). Indeed, for the geodesic
o generated by 0, €S, (2) the constants T,; and K, are: —T,3=Ty,=Ts=—Ts,=
Te7=—T,6=1; K;4,=Ks55=6; and the rest are zero. The associated characteristic
polynomial is then:
A% (A% 41)? (A% +4) (A2 +9); and a basis of solutions of (9) such that n (0)=0is given by

ni(s)=oys

n2(s)= a,(1 —coss)— aysins

n3(s) = a,sins + a3(1 — coss)

n4(s)= o,4(cos2s — cos3s)+ as(sin2s — sin3s) (20)
ns(s)=— as(sin2s — sin3s) + as(cos2s — cos3s)

n6(s) = ag(l —coss) + a, sins

n7(s) = — ag sins + o, (1 — coss).

One sees that there are more than 3 linearly independent solutions whose zeros are inte-
gral multiples of a fixed real number; since dim SU(2) =3, there exists at least one such
non-isotropic Jacobi field.

§ 8. Added in proof

The proof of Lemma 2 is incorrect, viz, the proof only concerns itself with what
happens in G, not in G/H. The Jacobi field n(s) of the variation is not given by
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0x/0¢(s, €)l,=0, as stated in the proof; it is given by n(s)=dn(0x/d¢(s, &)|,-)- Hence
there may be more zeros than we have accounted for.

Theorem 1 remains true nevertheless, since by the Remark at the end of [2], one
can show that the isotropic Jacobi fields along n(e*??), Q,eSp (2) are spanned by the
three Jacobi fields having constants of integration, cf. (19), q,=c;0;, j=1,4,7,
respectively, where c; are constants. The rest of the discussion of n(e*??) follows as
stated.
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