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A 3-Fold Vector Produet in R*

By Peter Zvengrowski

An r-fold vector product in Rn is, according to Eckiviann [2], a continuous
map

X : Rrn Rnx Rnx x Rn->Rn

satisfying (i) X(al9 a2,. ar) • at 0, 1 <£ * <* n,
(ii)

It can be deduced from [2] and [4] that Rn admits an r-fold vector product in
precisely the foliowing cases :

a) r 1 and n is even,

b) r n — 1,

c) r 2 and n 3,7,

d) r 3 and w 8.

Explicit formulas for thèse vector products are known in ail but the last case,
and the purpose of this note is to give a simple formula for the last case, taking
advantage of the Cayley numbers. Such a formula was useful to the author in
examining homotopy classes of vector fields on S1 (cf. [5]).

1. The Cayley Numbers

We take the Cayley numbers C to be the 8-dimensional algebra over the
reals having basis vectors e1} Ca,..., e8 and suitably defined products. In parti-

j ^ j
— 6j#t> % ^ h

The subspace of C orthogonal to e^ is called the pure Cayley numbers. Con-
jugation is defined by writing any Cayley number x &s x rex -\- zr, where
x' is pure, and setting x r% — xf. The Cayley numbers inherit the norm
and scalar product of JK8, and
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Lemma 1.1. For any Cayley numbers a, 6, one has a a, a6 6a,
and a6 + bâ 2(a« 6).

Proof: By linearity it suffices to prove thèse when a, b are the units et,. e8,

and thèse cases follow from the above remarks on multiplication.

Corollary: ~âb + ba 2(â • b) 2(a• 6).
The multiplication in (7 can be explicitly defined by regarding C as a 2-

dimensional algebra over the quaternions H, with basis 1, Je, and setting

We shall need this formula to prove the next lemma.

Lemma 1.2. For any Cayley numbers a,b,c,

a(bc) + b(âc) 2(a- b)c.

Proof: Let a ax + a2&> 6 6X + ^2^> c ci + C2^> where a1? a2, ôj, 62,

c1? c2 are quaternions. By direct computation,

a (6c) + 6(âc) (6^! + a!^)^ + c^^ôa + 62a2)

(62â2

Applying Lemma 1.1 and its corollary, this equals

a1)c1 + cx(a%. 62) + (c, (ax. bx) + (62. a2)c2) Je]

2(a1.61 + a2'b2)(<h + c2Jc)

2(a.b)c.

According to [1], the subalgebra of C generated by any two éléments (and

their conjugates) is associative. In particular, for any Cayley numbers a, 6, c,
the product a(bc)a is well defined, and according to [3], we hâve a(bc)a

(ab){ac).

Lemma 1.3. For any Cayley numbers a, 6, c, one has

(i) a.(a(6c)) |a|*(6.c),

(ii) c-(a(bc)) |c|2(a-6), and

(iii) 6-(a(6c)) — |6|2(c-a) + 2(a-6)(6.c).
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Proofof(i): 2a-(a(bc)) a(a(bc)) + (a(bc))a a((cb)a) + (a(bc))a.
Since a, â, cb, and c6 6c generate an associative subalgebra, this equals

a(cb)â + a(bc)â a(cb + bc)â 2a(b-c)â 2|a|2(6-c).

Proofof (ii): 2c-(a(6c)) c((c6)â) + (a(6c))c 2r, say, where r must
be a real number. Then making use of the preceding results without spécifie
mention, we hâve

rc c((cb)â)c + (a(6c))|c|2

(c(cb))(âc) + (a[bc))\c\*

\c\*(b(âc) + a(bc))

2|c|2(a-6)c.

Proof of (iii): 26. (a(bc)) b((cb)â) + (a(6c)) 6

6[(— bc + 26-c)â] + [a(—cb + 26-c)]6

2(6-c)(6â + a6) — 6((6c)â) — (a(cb))~b

4(6 «c)(a «6) —2r, for some real number r.

Computing rb as in (ii), one finds r |6|2(c-a).

2. Applications to Vector Products

A 2-fold vector product in R7 is obtained (cf. [2]) by identifying R1 with the
pure Cayley numbers, and for any two vectors 6, c in R7 putting X2(b, c)
bc -f- 6 • c. We shall now define a 3-fold vector product in iî8, which in a certain
sensé generalizes X2.

Theorem 2.1. Let a, 6, c be vectors in i?8, regarded as the Cayley numbers.
Then

XB(a, 6, c) —a(bc) + a(b-c) ~b(c-a) + c(a-6)

defines a 3-fold vector product in iî8.

Proof: Lemma 1.3 will be frequently used without spécifie mention, and we
write X X3(a, 6, c). The continuity of Xz is obvious. Thus a-X —
— |a|a(6-c) + |a|2(6-c) — (a-6)(c-a) + (a-c)(a-6) 0, and the proofs that
6-X 0, c-Z 0, are entirely similar. Finally, writing d (a(6e)), we
hâve
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XX |d|2 + |a|2(6-c)a + |6|2(«.c)2 + \c\*(a-bY — 2(a.d)(b*c)

+ 2(b-d)(c-a) — 2(c-d)(a-b) + (—2 + 2 — 2){a-b)(b>c)(c.a)

|a|2|fe|2|c|2 + M2(6.c)2 + |6|2(a.c)2 + |c|2(a.ft)2

— 2|a|2(6.c)2 —2|6|2(a.c)2 + 4(a.&)(6.c)(c-a) — 2|e|2(a-6)2

— 2(a,.b)(b-c)(c>a)

|a|2|6|2|c|2 —|a|2(6.c)2 —|6|2(a.c)2 — |c|2(a-6)2 + 2(a-b)(b-c)(c-a)

\a\2 a*b a*c

b-a |6|2 b-c

When restricted to the Stiefbl manifold F72î the 2-fold product X2 gives
a cross section X2 : V7t2~* ^7,a- Similarly, Xz gives a cross section X3 : F8 3->
-> VSA. Then the fact that X3(ex, 6, c) bc + b -c Z2(6, c), where

(ex, 6, c)€F8>3 (and hence 6, c are pure), implies that the following diagram
commutes :

Further détails on thèse vector products can be found in [5].

The University of Illinois
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