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On the conformal types of algebraic surfaces
of euclidean space!

by Aprriaxo M. GARsIiA

Introduction. It has been an open question for some time whether or not
the classical (i.e. C? surfaces) of Euclidean space (3-dimensional) exhaust all
possible conformal types. In the non compact case the question is still open. In
the compact case it can be shown (see [1]and [2]) that among the C® surfaces
of Euclidean space there are surfaces conformally equivalent to any given
compact RIEMANN surface.

In this paper we are to improve the results in [1] and [2]. It will be shown
that for any given compact RiEMANN surface conformally equivalent models
can be found among the algebraic surfaces of ordinary space. Here by “algebraic
surface” we mean a surface satisfying an equation of the type

F(z,y,z) =0

where F(xz,y,z) is a real polynomial in its arguments.

The proof of this result will be based upon the methods and results contained
in [1] and [2]. Thus it will be a purely existential one. In our first approach to
the problem of imbedding RIEMANN surfaces we were able to give some explicit
constructions (see [3] and [4]), and these illustrate in a striking way some
conformal properties of compact RIEMANN surfaces and bring out some interes-
ting geometrical interpretations of the ScHOTTKY parameters. However, general
constructive approaches may be very difficult to obtain.

As an illustration of the difficulties that arise in carrying out explicit com-
putations we point out that it is not known whether or not the affine images of
the tori of revolution contain all conformal types of surfaces of genus one.

Perhaps it should be noted that the ease with which the results in [2] and
specially those of this paper are obtained illustrate once more the power of the
TEICHMULLER results on quasiconformal mappings and the usefulness of the
concept of TEICHMULLER space for the study of families of compact RIEMANN
surfaces.

The contents of this paper are divided into two sections. In the first section
we shall give a proof of a theorem on uniform algebraic approximation of C¥
manifolds, which is of some interest in itself. In the second section this result
is combined with the results of [1) and [2], to obtain the proof of the above
mentioned results on algebraic imbeddings.

1) This research was supported by the U.S.Air Force Office of Scientific Research.
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50 ADRIANO M. GARSIA

1. A theorem on uniform algebraic approximation of C* eompact manifolds of
a compact family

1.1 Let Z; be a family of compact C*(k> 2) submanifolds imbedded?)
in an Euclidean space E,. Suppose that all the X, are differentiably homeo-
morphic to a fixed real algebraic manifold X' of E,,(m = n). We shall assume
that the parameter £ varies in a compact space and that X; depends con-
tinuously on &. We shall express these conditions in a more precise way. Let X
be a variable point in £, and let

F(X)=0

be the equation of 2. Suppose that F(X) is a vector valued function whose
components are real polynomials in the components of X. We shall assume
that the differentiable homeomorphism between X' and X, for each § is
given by the vector function

Y=Y(X,¥§ (defined for X e2X).

In other words for each & Y (X, &) gives a one-to-one bicontinuous and bi-
differentiable map of X' onto X¢. In addition we shall assume that & varies
in some compact portion C of a parameter space and that the mapping
Y(X,¢&) as well as its derivatives are continuous functions of (X, £) in
2 x 0.

Under these assumptions the following theorem holds.

Theorem. We can approximate the submanifolds of the family X¢ by those of
another family X,, ; (where n is an integer) defined by maps

Yn = Yﬂ(X’ E)

satisfying for n sufficiently large the same condition as Y (X, &) but tn addition:
1. Each component of Y, 18 a rational function with real coefficients of the
components of X .
2. For each € >0, by choosing n large enough we can achieve that

2a) | Y,(X,8) — Y(X,8|<e
2b) |dY, —dY|<e|dX|
forall (X,8)eZ x C.

Before proceeding with the proof we shall make a few observations. First
of all we note that 2b) implies that X, . approximates uniformly X, also

?) It should be understood that all manifolds and surfaces referred to in this paper are to be
considered deprived of self-intersections.
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in the metric. In fact we can set
dY,=dY + o(|dX|)

then dY2=dY? 4 20(dX)-dY + o(dX?) .

However, the term o(dX)-dY will also be uniformly small in view of the
compactness of X .

Next we should point out that while the functions Y (X, &) need only be
defined for X €2, the functions Y,(X, &) are rational functions of the
unrestricted X and therefore are defined in a neighborhood of X and induce
an algebraic transformation of K, into E,.

Perhaps we should mention that results of a nature similar to some of those
implied by this theorem already exist in the literature (see for instance [5],
[6]); however, under our assumptions we can give a much simpler and more
direct proof. To achieve this we need to introduce a few tools.

Let A(x) denote a positive bell-shaped function of the real variable z C*
in (—oo, +o0), satisfying the conditions

i) A(x)=A(—=x)>0

i) A(x)=1 for 0 <2<1
ili) A(x) =0 for 3 <«

iv) fi(a:)gl for all z.

Let A4,(x) = A(nx) and let P,(z) be a sequence of real polynomials such

that for each n P,(x) approximates A4,(x) and P »(Z) approximates A «(Z)
by an error of at most e™ in the whole interval (— M, M). Here M is
defined by

M = Max | X — X' |2. (1.11)

X, X's X
We can assume without restriction that P,(X) > 03%) and that P,(x) =
= P, (—x).
We then define a function K, (X, X') in E,, X E,, by setting

P.(|X—X"[?)

B X) = Tp (X =TPHdzr
&

(1.12)

where by dX, we mean the area element on X. Clearly K, (X, X’) is well
defined and regular in X, X’ at least when X is sufficiently close to 2.
We shall set

Yn(X’ E) = j. Kn(X’ X,) Y(-X’, E) dZX ’ (1°13)
z

3) By replacing P, (z) by Pi () if necessary.
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and define X,,. to be the locus of Y,(X, &) as X describes 2. Our con-
tention is that by choosing n large enough we can satisfy all the requirements
of the theorem. The rest of the proof consists of a verification that this assertion
is correct.

Property 2a) is almost obvious. In fact, by the continuity of Y (X, &) and
the compactness of X' X C we can achieve that

| Y(X,,8) — Y(X,,8) | <e/2 (1.14)
holds for all £¢C and X,, X, in X such that
X, X, < 6, (1.15)

for some suitable 4.
However

Y, (X,8) - Y(X, § =2.!'Kn(X’X’) [Y(X', §) — Y(X, §)] d2%. ,

thus
| Yo(X,8) — Y(X,8) | <e¢2+2Lf KX, X')dZy,
ZA(XX >8)
where we have set
L=max | Y(X, §)].
(X,8)€ ZxC

Then, in view of the properties of K, (X, X’) the inequality 2a) will hold as
soon as n is sufficiently large.

1.2 To prove the remaining part of the theorem we shall first introduce a
covering of 2 by a finite number of open coordinate cells

0,i=1,2,...,N)

with the property that as soon as X’ X" < &8, both X’ and X" belong to
the same coordinate cell. In each of these cells, say O;, we need to have a
parametrization of X' in the form

X=XU) U= (u,u,....u%) (6= dimension of X)
where X (U) gives a continuously differentiable homeomorphism of the open

[+]
ball £ «2<1 onto 0.
i=1
We can also assume, without restriction, that all our maps X (U) satisfy
the inequalities

B (AP (UA
U, U,

We shall assume that m and M have been chosen in such a way that for all

<M. (1.21)
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(X, &) e2 x C we have also

mXX <YV(X,& YX,) <MXX'. (1.22)

This is clearly possible since 2’ x C is compact, the maps Y (X, &) are sup-
posed continuously differentiable?) and by assumption neither X nor any of
the X2, have selfintersections.

Suppose now that X is restricted to one of the coordinate cells. We can
write then X = X (U) and set

Y, (U,§) = Yn(X(U)a £) .
Let E% = Z' at aa + be a local tangent vector to X' (defined in O;) whose
i=1
components a‘ are constants. We shall denote by ¢ the column vector whose

components are a',a?, ..., a°. Then, using matrix notation, we can set

d aX

do Y, ¢= JYX' §)Vx K, (X(U), X' ¥iid c0dX x . (1.23)

By Vx K,(X, X’) we denote a row vector whose #** component is

d

I K,(X, X’
and Z 0 is to denote the JACOBIAN matrix of the map X = X (U). Observe
now that
VK, X, X')= -V K, X, X')+ K,(X, X")Vr K,(X,T)dX ;. (1.24)
z
In addition for any 6 > 0 we have
d
e IAXX <8
dX (U) axr 5
U @l a7 av +o0,(1)]el%, (1.25)
where by l Zf, we mean the element of area in X in the V-coordinate system.
In view of the continuity of ST Ve can set
ax((U dX V
dé] L ( ) + ogw (1) (1.26)

¢) Both ways.
§) By o0,(1) we mean a quantity which can be made uniformly small for sufficiently large n
independently of o, £€C and U€Oy.
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and o7 (1) can be made uniformly small in each 0;. Substituting 1.24 in
1.25 and using 1.26, after some manipulations we obtain

aY, _ _ aX(V) |dZ

2o =~ YED,8) Vx K (X(©), X(V) “ - IdV’dV'*

+f VX', &K, (X,X)dZx [ Vr K, (X(U), T) | =z ) d);ng) .
£ 2~ {X(D)X(W)< 8}

,dW dW+0n 8(1)6)|Q|

Integrating by parts and including the new small terms in o, 5(1) we get
dYy,
de

+ [ Y(X(P), §) K, (X(U), X(V) [

2 A XMHX(V)<8)

av 4

= [ K, (X (U), X(V)) ﬂ (X(V), &) ‘L‘.’E

Zn{X(0)X(V)< 8}

ax
o ||| 42 +

— [ Y(X', 8 K, (X, X') dZx | K, (X(U), X (W) [ d log’ 2

EA (X (D)X (W) <8} do dw
- dZxomy + 0,5(1) | o] . (1.27)
We then easily verify that
d d
1) | K,(X,X') =— Y(X',§)d2x = - Y (X, §) + 0, 5(1) | o] -
2 A(Xx'<s = dp do

adx
2 Y(X', & K X' . =
) .i?rn{xx <a£) a(X, ) [ g av d2x

dl dZ]
vx, o GE |||, Fesalel.
do VU
dx d az
3 { K, (X0, X()| £ | ]dzx Log|[ 92| 1o sMlel.
gn(xx'ga} ) aw = do dW \w=v 8 |
Combining these results with 1.27 we get
d d
'c'i—é' Yn(X! £)='d_é‘ Y(X,f)—!—O,,.s(l)IQI . (1°28)

Now, 1.21 implies that
|dU | m <|dX | < M |dU |

%) Here on,s(l) represents a quantity which can be made uniformly small for all sufficiently
large n provided ¢ is chosen sufficiently small.
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and setting g=dU,dY,,=%%dU, and dY=%—dU in 1.28 we finally
obtain
’ dY,=dY 4 o0,5(1)|dX|. (1.29)

This establishes 2b).

1.3 We are left to check whether or not for n large enough the sets X, .
are really submanifolds.

In view of 1.29 we need only check whether we can prevent selfintersections.

To this end we observe that for X X' > §,7) by 1.22 we shall have

Y(X, 5) Y(X') E) 2 m 60

for all & eC. Thus, as soon as n is so large that

md,

Y, (X,¢8) Y(X, &)< 3

we shall also have

Yn(X’ E) Yn(-XI’ E) > %mao

for all X_X’Zéo and £eC.

If XX' <4, both X and X' will belong to the same coordinate cell O, ;
we can thus write X = X(U), X' = X(V) and

V(X8 = Yu(X,8) + | d¥, (X0, (1.31)
where the integral is to be taken along the curve
X(@)=XU +t(V - U)) 0<t<l.
Substituting 1.29 in 1.31 we have
VX', ~ VX, 8= VX8 = VX, & + o5 dX |,
But |dX | <M |dU|, so we can conclude that

Y, (X', 8) Y (X, )= Y(X,§ Y(X, &) —M|o,5(1)| UV,
Finally in view of 1.21 and 1.22

l—n-)xx' >" XX .
m 2

Y.(X, 8 YV,(X, 8 > (m —loa.5(1)]

as soon as 0, s(1) is made sufficiently small. This completes the proof of the
theorem.

7) For the definition of §, see the beginning of section 1.2.
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2. Existence of algebraic imbeddings

Suppose we are given a RIEMANN surface X, of genus g > 1 and we are
to show that there exists an algebraic surface of E, which is conformally
equivalent to 2,. We shall have to distinguish the cases ¢ =1 and ¢ > 1.

2.1 The case g = 1. We take as canonical models for these surfaces the
parallelograms

P,={:2=44puw,1>22>0,1>pu>0} (w acomplex number)

with points on opposite sides identified in the usual fashion. To fix our ideas
we shall take a model P, conformally equivalent to 2, in such a way that

IRewOIS%’ leIZl'

From the results of [1] it can be deduced that for § > O sufficiently small,
we can construct a one-paramter family of C® surfaces X, of E, one for
each o such that | w — wy] < 0, and each surface 2, is a small defor-
mation of the parallelogram model P, .

More precisely, we can construct a family of C® vector functions X, (2)
mapping P, into K, which are periodic in z with periods 1 and w; in
addition the metric of the surface X, described by X, (2) can be made so
close to that of P, thatif P, denotes the canonical parallelogram asso-
ciated with the map X = X () of P, onto X, we have

| ' (w) — w|<d/2 for |w — wy| < 6.8) (2.11)

Furthermore the function X ,(z), its derivatives and o'(w) are continuous
n {|o—w|<dé}XP, and | o — wy| < J respectively.

For our purposes it will be necessary to alter the maps X (z). This will be
done as follows. We define { = nX as the map of the familiar torus X' whose
equations are

(2 -+ cos 2mu) cos 2mv
X(u,v) = { (2 + cos 2nu) sin 2nv (2.12)
sin 27y

into the parallelogram model P, defined by setting
aX(u,v)=u-+w.

We then let v, be the affine transformation which deforms P, into P, and
sends the sides 1 and ¢ of P, onto the sides 1 and w of P,. We finally

define
Y X, w) =X,(», nX)
8) Actually in the construction given in [1] the maps Xa(z) are not isometries only on regions

of Py of arbitrarily small area. Furthermore in these regions the distortion in the metric is kept
uniformly (with respect to w) bounded.
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as amap of X onto 2X,. It is easy to see that the maps Y (X, w) defined
above have the properties required by the theorem on algebraic approxi-
mations. Here, £ is to be replaced by w and C by theset | w — w,| < 4.

Consequently we can find a family of algebraic surfaces X', defined by the
maps Y = Y"(X, w) whose metrics are arbitrarily close to the metrics of
the corresponding surfaces 2 ,. If we denote by P,a,, the canonical paral-
lelogram model associated with the map Y*(X, w) of X onto X}, in view
of the deformation lemma established in [1] we shall have that

i) w,(w) is continuousin w for | w — wy| < 4.
ii) By choosing 7 large enough we can assure that
| 0™(w) — o' (w) | < /2. (2.13)
Combining 2.11 with 2.13 we have that
| o*(w) —w| <6 for |w — wy| < 6.

Thus, by continuity we can be sure that there exists at least one w, such
that i

o™ (w,') = wy .
This establishes our result in the case g = 1.

2.2 The case g > 1. We start by choosing a fixed imbedded C* surface
2, of genus g, and let X = X, (u,v) be a parametrization of X,, which
is given by the POINCARE uniformization of 2;. To be specific, let U denote
the open unit disk in the w = % + v plane. We have a FucHSIAN group @
such that U/@ is a POINCARE model conformally equivalent to X, We then
choose a fundamental region = for the group G and let X = X (w) be the
conformal map of U onto X, which uniformizes the universal covering of
2. We obtain then all of 2, as an image of # under X (w).

We represent every element of TEICHMULLER space 7', for genus g, as a
couple (X, r) of a RIEMANN surface of genus g and a topological map z of
2, onto Y. We recall that the couples (X,, 7,), (Z,, 7,) such that X, can
be mapped conformally onto X, in the homotopy class of 7,717, are to be
identified.

We then choose a basis

D, (w), Dy(w). ..., Oy (w) (N =39 — 3)

for the quadratic differentials of X}, and as customary we introduce in 7,
the TEICHMULLER coordinates corresponding to X, and this choice of

D, D,,..., Dy.
This is done as follows.
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We represent each point & of the open ball B in 2N-dimensional EUCLIDEAN
space in the form

§=(§1;52:""§N)

where the ¢£,’s are complex numbers satisfying the conditions

N
|[§P= 2] &P <1.

im=l

For each £ ¢ B we set

_5|&
Opw) = Z | | By(w)

and
dsi = || |dw + | &| (/| Pg|)dw |?.

We then use ds; as a new conformal metric on X, to define a RIEMANN surface
2y = X, (ds;) for each £ B.

It is a consequence of TEICHMULLER theorem that for each couple (X, 7)
there exists a unique & such that (2,7) is equivalent to (2, I): where I
is the identity map in X, or better, the projection ZX,(ds})—>2,. We take
the models 2, = X2} (ds;) as canonical models for the elements of 7',.

Now, let two numbers ¢ and é such that 0 < d < p <1 be given and set

Bq={§:|£|SQ}'

In [2], for any such choice of ¢ and & we have presented a method of construc-
ting a family X (w, &) of C® deformations of X, which has the following
properties:

i) The functions X (w, &) for each &e B,, as w varies in m, describe a
regularly imbedded C® surface .

ii) The vector X (w, &) and its w-derivatives are continuous functions of
(w, &) in U x BQ.

iii) If we denote by X, the canonical model corresponding to the couple
(£2¢, v), where 7 is the map defined by letting X (w) be the image of X (w, &),
the function ¢&'(§) is continuous in B,.

iv) Finally for each & e Ba we have

| &'(¢) — &l <d. (2.21)

We also have that if ds> and ds} are two metrics on Z;, and we set

max ds; |ds;
k = max m—pr
x5, min dsg/ds?
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then the extremal quasiconformal map of Z(ds?) onto ZX,(ds}) has a dila-
tation which satisfies the inequality

ko <k.

By known results (cfr.[7]) on TEICHMULLER coordinates, we can assure that
if X, and X are the canonical models corresponding to X, (ds2) and
Z,(ds}), then we shall have

|6, — & | < 8 (2.22)
provided &, is kept in a compact portion of B, say B,, and
kE<1+ e(d) (2.23)

for some sufficiently small €(4).

2.3 With these premises, we pick a fixed algebraic surface X of genus g
and let w(Z) = w be the equation of a twice continuously differentiable map?)
of X onto X,. We then set

Y=Y(Z,5)=X(»2),9), (2.31)

and apply the theorem of section 1 to the family of surfaces £, and the family
of maps in 2.31. Here C' is to be the set B,.

We will then have a family of algebraic surfaces 27 described by the
functions

Y= YZ,§).

In view of the possibility of arbitrarily accurate uniform metric approximation
of 2, by £} it will be possible to select » in such a way that

max |/ 28X (dY")?/(dY)?

ax | @y vy =1 1<, (2.32)

In addition, since Y»(Z,£&) and its Z-derivatives will be continuous in
z X B,, we shall have that if X, is the canonical model corresponding to
Q3

1. The function &”(§) will be continuous in Bp.

2. By 2.32 and 2.22 it will follow that

| E(8) — &%) ] < 4. (2.33)
Combining this inequality with 2.21 we deduce then
|&"(5) —&| <24 for all £¢B,. (2.34)

?) Both ways.
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Let now 2, be a canonical model conformally equivalent to the given
surface X, to be imbedded, and suppose that ¢ and & have been chosen in

such a way that
| & <o — 36

We shall have then the following situation

a) The function & = £”"(£) is continuous in the sphere | & — & | < 36
b) For all | & — & | <36 we have | £§"(§) — &| < 24.

These two conditions assure the existence of a point 7, in the sphere

| & — & | <36
such that
5"(770) =&, .

This establishes our result in the case g > 1.

REFERENCES

[1] A. Garsia and E. RopemIcH, “An Imbedding of Riemann Surfaces of Genus One’’, Pacific J.
Math., 17 (1961), 193-204.

[2] A. Gamrsia, “An Imbedding of Closed Riemann Surfaces in Euclidean Space’’, Comm. Math.
Helv., 35 (1961), 93-110.

[31 ..... , “Calculation of Conformal Parameters for Sone Imbedded Riemann Surfaces”, Pacific J.
Math., 10 (1960), 121-165.
4] ..... , ‘“Imbeddings of Riemann Surfaces by Canal Surfaces”, Rend., Circ.Math., Palermo,

Ser.II, IX (1960), 313-333.
[6] J. NasH, “Real Algebraic Manifolds”, Ann.Math., 56 (1952), 405—421.

[6] R. TrOM, “Approzimation algébrigue des applications différentiables”, Colloque de Topologie
de Strasbourg. See also Comment. Math. Helv., 28 (1954), 17-86.

[7] L. ABLFORS, ‘“On Quasiconformal Mappings’, J. d’Analyse Math., 3, no.1 (1953/54).

Received January 10, 1962



	On the conformal types of algebraic surfaces of euclidean space.

