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Theorems in the Additive Theory of Numbers')

R.C.Bosk and S.CHOWLA

Summary. This paper extends some earlier results on difference sets and B,
sequences by SINGER, Bose, ErRpOs and TuraN, and CHOWLA.

1. SINGER (6) proved that if m = p» (where p is a prime), then we can find
m -+ 1 integers
do,dy,..., ad,

such that the m? 4 m differences d;, — d;(1 %4, 1,7=10,1,...,m) when
reduced mod(m? + m -+ 1), are all the different non-zero integers less than
m2+m -+ 1.
Bosk (1) proved that if m = p® (where p is a prime), then we can find m
integers
d,,ds,...,d,

such that the m(m — 1) differences d, — d,;(: #4, ¢,j=1,2,...,m) when
reduced mod(m? — 1), are all the different non-zero integers less than m? — 1,
which are not divisible by m + 1.

From the theorems of Sin¢ER and Bose the following corollaries are obvious.

Corollary 1. If m = p» (where p is a prime), then we can find m 4 1

integers
do, dyy ..., dy,

such that the sums d;, 4 d; are all different mod(m? 4 m 4 1), where
0<i<i<m.

Corollary 2. If m = p™ (where p is prime), then we can find m integers
dy,dg,...,d,
such that the sums d; + d, are all different mod (m? — 1), where
0<i<j<m.

We shall prove here the following two theorems generalizing corollaries
1 and 2.

1) This research was supported in part by the United States Air Force through the Air Force
Office of Scientific Research of the Air Research and Development Command, under Contract
No. AF 49 (638)-213. Reproduction in whole or part is permitted for any purpose of the United
States Government.
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Theorem 1. If m = p™ (where p is prime) we can find m non-zero integers
(less than m")

di=1,4d,,...,d, (1.0)
such that the sums
di, +di, + ... +d;, (1.1)
1<, <14,... <1, <m are all different mod (m" — 1).
Proof. Let &, = 0, &,,..., o, be all the different elements of the GALoOIS

field GF(p™). Let x be a primitive element of the extended field G F (p™).
Then x cannot satisfy any equation of degree less than r with coefficients
from GF(p*). Let

=z +ta,t=1,2,...,m; d, <p™ (1.2)
then the required set of integers is

d1= 1, dg,..., dm.
If possible let

di1+dig+"'d',Edj1+djg+"'+di, mod (m" — 1)
where 1< <¢...<3,<m, 1<, <5<...<4,<m, and

(1:1’7:21"'3?:7‘) ;é(jlajz’°"3jr) &
Then

d d

x¥is g%, . x%ie = 2% 2%, .. 2%, (1.3)

Hence from (1.2)
(@ + o) (@ + o) oo (@ o) = (8 + o) (B + 5) ... (2 + oy,).

After cancelling the highest power of z from both sides we are left with an
equation of the (r — 1)-th degree in x, with coefficients from G F(p*), which
is impossible. Hence the theorem.

Example 1. Let p® = 5, r = 3. The roots of the equation z* = 2z + 3
are primitive elements of G F (5%). [See CARMICHAEL (2), p. 262]. If z is any
root then we can express the powers of x in the form ax 4+ b where a and
b belong to the field GF(5). We get

=240, 28 =2+ 1, 20 =2+ 2 ab=2}+3, e¥=2z2} 4.
Hence the set of integers
d=1,d,=14, dy = 34, d, = 103, d; = 119

is such that the sum of any three (repetitions allowed) is not equal to the sum
of any other three mod (124). This can be directly verified by calculating the 35
sums dy, +d;, +d;, 1<6, <0, < < 5.
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Theorem 2. If m = p™ (where p is a prime) and
g = (m+ —1)/(m — 1) (1.4)
we can find m 4 1 integers (less than q)

doy=0,d,=1,4d,,...,d, (1.5)
such that the sums

diy+ di, + - +dy, (1.6)
0<, <, <... <1 <m, are all different mod (q).

Proof. Let o =0, xg =1, &g,...x, beall the elements of GF (p"*), and
let  be a primitive element of the extended field G F (p™+*). Then x? and
its various powers belong to GF (p"), and x cannot satisfy any equation of

degree less than r + 1, with coefficients from G F (p"). Let

(AO’ ﬂo), (113 aul)’ M (Am’ Mm)

be pairs of elements from G F (p*), such that the ratios Ay/ug, Ai/tt1s -+« s A/t
are all different, where infinity is regarded as one of the ratios. Thus we may
take for example

(Aﬂuuo)z(130):(}%"1“1'):(0‘;‘;1), i==1,2,...,m.
We can find d,<q(#=0,1,2,...,m), such that

0, &% = A + px (1.7)

o; being a suitably chosen non-zero element of GF(p*). Then the required
set of integers is
dpy=0,d,=1,4d,,...,4d,.
If possible let

dy, +di, + ... +d; =d;, +d;, +... +d; (modg) (1.8)

where
0<4 <3< ... <5, <m, 0<5, <5 <... <5, <m,

(”:1,":2,- . ;ir) 7& (?.i::iz, s 71’) Then

a d;

4y x%s2 ... 2%+

x¥ii g%, ., 2%y = x

where « is an element of G F (p*). Substituting from (1.7) we have an equation
of degree r in x, with coefficients from GF(p"). This is impossible. Hence
the theorem.

Example 2. Let p*= 3, r = 3. The roots of the equation z* = 222
+ 222 4+ x 4+ 1 are primitive elements of GF(3%) [See CARMICHAEL (2),
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p. 262]. If x is any root then we can express the powers of z in the form
ax + b where a and b belong to the field GF(3). We get

=1, =z, 22%=142, 222 =2 4 .
Hence the set of integers
d():O, d1:19 d2=26, d3:32

is such that the sum of any three (repetitions allowed) is not equal to the sum
of any other three mod (40). This can be directly verified by calculating the
20 sums di] "'I" dig + dis’ OS d"l-<— dizg disg 3.

3. A B,-sequence is a sequence of integers
d17d2’ da, o e o ’dk

in ascending order of magnitude, such that the sums d; + d,(z <4) are all
different. Let F,(x) denote the maximum number of members which a B,-
sequence can have, when no member of the sequence exceeds z. Clearly F,(x)
is a non-decreasing function of x. ErDOs and TURAN (4) proved that

Fym)/Vm<1+e (3.0)
for all positive ¢ and m > m(e), and conjectured that
Lt Fy(m)/Vm=1. (3.1)
n—>w

CrOWLA (3) deduced from corollaries 1 and 2, of section 1, that if m is a prime

power
(i) Fa(m?) =m + 1, (i) Fy(m® +m 4 2) >m + 2, (3.2)

and proved the conjecture of ErRpOs and TURAN.

We shall here generalize the notion of a B,-sequence and prove some theo-
rems about these generalized sequences.

A B,-sequence (r > 2) may be defined as a sequence

dy,dy, ds,...,d,
of integers in ascending order of magnitude such that the sums
diyy +di, + ... F+dy, 6, <55,<...<14)

are all different. Let F,(x) denote the maximum number of members a B,-
sequence can have when no member of the sequence exceeds x. Clearly F,(x)
is a non-decreasing function of . We can then state the following theorem.
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Theorem 3. If m = p», where p is prime, and r > 2

mrtl — 1

() Fo.om") >m + 1, (i) F,(l—{- ——

>2m+2. (3.3)

Proof of part (i). Let m = p», andlet d, = 1,d,,...,d, beintegers satis-
fying the conditions of Theorem 1. Then the sequence

d=1,d...,d,,dp,=m" (3.4)
is a B,-sequence. For if possible let
di, +di, + ... +d; =d; +d;, + ... +d;, (3.5)
1<y <6<...5,<Sm+ 1,1 <5 <0< 00 <, (0, 00,0005 0) F#
7 (1> Jas -+« Jr) -

Let d;, occur n; times on the left hand side of (3.5) and =; times on the
right hand side of (3.5), (¢t =1,2,...,m 4+ 1). Then
Ny Mg+ oo Nyt B =1y g+ L —{—n,’,,—l—n,’nH:r (3.6)
where
(By, Mgy o vy Moy, Ny y) F (n], ng,...,n, n,',,+1) . (3.7)
If we replace each d,, in (3.5) by d,, therelation will remain true mod (m" — 1)
and will contradict Theorem 1, unless
(my + Mgy Moy oo, M) = (n) + n,’n+1, Ngy ooy M) e (3.8)

In this case it follows from (3.6) and (3.7) that
na=n — 0, ng="my, ..., Ny =N, nm+1=n,'n+1-|-0

where 6 is a non-zero integer positive or negative.
Hence

diy +diy+ ...+ d; =d;, +d;, + ... +d;j + 0m — 1)

which contradicts (3.5). Hence (3.4) is a B,-sequence with m 4 1 members,
where no member exceeds m". This shows that F,.(m") >m + 1.

Proof of part (ii). Let m = p», andlet dy =0, d, =1, d,, ..., d,, satisfy
conditions of Theorem 2. Then the sequence

dy=1,dy,...,dp, @pys =0, Gppa =g+ 1 (3.9)
where ¢ = (m™! — 1)/(m — 1) is a B,-sequence. For if possible let
dil+diz+"’+d17f=d9'1+d7.2+"'+d.fr (3.10)

where 1 <i <4...<t,<m+2, 1< <pp<...5<m+ 2,
(S5 825 v o vy Bp) 7 (Jrs Jas e oo Jr)

10 CMH vol. 37
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Let d, occur =, times on the left hand side of (3.10) and «; times on the
right hand side of (3.10). Then

N+ Mg+ oot Ny F s =1+ Ny e Ry F M= (3.11)

where
I 7 / /
(nl’ n&: s ey nm-l-l’ nm+2) ‘7‘1: (nh n2> e ey nm+1’ nm+2) & (3 12)

If we replace each d,, ., in (3.11) with d, and each d,,, by d,, therelation
remains true mod(q) and will contradict Theorem 2, unless

(1> My F By Moy o v oy M) = (n,',,+1, ny + n,',,+2, Ngy «..,My) .  (3.13)
In this case it follows from (3.11) and (3.12) that
Myo=ny— 0, By =gy, By = Ny 1, Moz = '"'1,»+2 + 6
where 0 is a non-zero integer positive or negative. Hence
dt'1+d’ig+ e oo +di'=d’1+d’~’+ e s +d"'+ 0q

which contradicts (3.10). Hence (3.9)is a B,-sequence with m 4 2 members,
no member of which exceeds ¢ + 1. This shows that

mr+l —1
Tm 1
Example 3. It follows from Examples 1 and 2, that

E@+— )2m+2.

(i) 1,14, 34,103, 119,125
(i) 1,26, 32,40, 41
are Bj-sequences.

4. Taking n» = 1 in Theorem 3 (i), we have

F.(p)=zp+1 (4.0)
where p is any prime. Let
p<y"<yp (4.1)

where p and p' are consecutive primes. It follows from a theorem of INeHAM
(5), that

p'—p = 0(p*"). (4.2)
It follows from the monotonicity of F,, that
F.(y) = F,(p) =p + 1. (4.3)

From (4.1) and (4.2)
y'r =p+ 0(p*). (4.4)
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Since y''" > p > 19", p = O(y""). Hence from (4.4)

p=y'" —0@y"™). (4.5)
From (4.3) and (4.5)
F.(y) 2y — O@*™). (4.6)
Hence we have
Theorem 4.
lim ?15?) =1, y—>oo
ErpOs and TuraN (4), proved that for r = 2
HE?—;T(,‘?;)—SI as y —> oo, (4.7)

We may conjecture that (4.7) remains true for » = 3, though we gather
from conversations with Professor ERDOS that this is still unproved. If the con-
jecture is correct it will follow that

tim Z2®) _ (4.8)

y—>o YU

for r = 2. At present we only know this to be true for r = 2.

University of North Carolina and University of Geneva
University of Colorado
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