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Locally symmetric homogeneous spaces
by JoserH A. WoLFr!), Princeton (N. J.)

1. Introduetion and summary

We will give a necessary and sufficient condition for a locally symmetric
RiEMANNian manifold to be globally homogeneous, extending the criterion
([20, Th.6], [21, Th.4]) for manifolds of constant curvature. This involves a
study of the relations between symmetry, homogeneity, and a certain con-
dition on the fundamental group.

Let I' be a properly discontinuous group of isometries acting freely on a
connected simply connected RiEMAaNNian symmetric manifold M, and con-
sider the conditions:

(1) M/I'is a RiEMANNian symmetric manifold.

(2) M/I' is a RiEMANNian homogeneous manifold.

(3) I' is a group of CLIFFORD translations (isometries of constant displa-
cement) of M.

Our main result (Theorem 6.1) is that (2) is equivalent to (3). We also prove
(Theorem 6.2) that (2) implies (1) if, in E. Carran’s decomposition of M as
a product of Kvcripean space and some irreducible symmetric spaces, none of
the compact irreducible factors is a L1 group, an odd dimensional sphere, a complex
projective space of odd complex dimension > 1, SU(2n)/Sp(n) with n = 2,
or SO(4n + 2)/U(2n + 1) with n = 1. It is known [20, Th.5] that (2) need
not imply (1) if an irreducible factor of M is an odd dimensional sphere; the
same is seen if a factor is a compact Lie group H by taking I' to be the left
translations by elements of a finite non-central subgroup of H; examples
are given in § 5.5 to show that the other restrictions are necessary. These
theorems are complemented by the result (Corollary 4.5.2 and [20, Th.4]) that
t} M is a LIE group in 2-sided-invariant metric, then (2) 1s equivalent to I" being
conjugate, in the full group of isometries of M, to the left translations by the
elements of a discrete subgroup B of M, and (Theorem 4.6.3) (1) is equivalent
to B being in the center of M. An interesting consequence of these theorems
and their proof is (Theorem 6.4) that the fundamental group of a RIEMANNian
symmetric space 18 abelian.

It is well known that (1) implies (2), and easily proved [20, Th.2] that (2)
implies (3). Thus our results are obtained by studying the CLIFFORD trans-
lations of M. In § 3, that study is reduced to the case where M is EUCLIDEAN
or irreducible. The EUCLIDEAN case is known [20, Th. 4], and results of J.Trrs

1) This work was supported by a National Science Foundation fellowship. The author’s present
address is: Department of Mathematics, University of California, Berkeley, 4, California.
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66 JosErPH A. WoOLF

allow us to dispose of the noncompact irreducible case. Then we need only
determine the groups of CLIFFORD translations of compact LIt groups (this is
done in § 4) and compact symmetric spaces with simple groups of isometries
(this is known for spheres [21], and is done in § 5 for the other cases). It turns
out that the most difficult case is when M is an odd dimensional sphere; this
was treated in our work [21] on ViNcENT’s Conjecture.

In § 2 we establish definitions and notation, review some material on co-
vering manifolds and symmetric spaces, and give a short exposition of
E. CArTAN’s method of determining the full group of isometries of a symmetric
space. In § 6 we combine results from §§ 3-5 and obtain our main theorems.

I wish to thank Professors J.Tirs, H. SAMELSoN and C.T.C.WaLL for
helpful conversations. In particular, J.TiTs showed me the results mentioned
here in §§ 3.2.1-3.2.4, H. SAMELSON improved my proof of Theorem 6.4,
and C.T.C.WarLL provided the statement and proof of Lemma 5.5. 10.

I am especially indebted to Professor H. FREUDENTHAL for showing me that
diag.{a’;a,. .., a}is a CLIFFORD translation of SU (2m)/Sp (m), and for confirm-
ing some of the results in §5 by discovering an alternative method (to appear
in Mathematische Annalen) for finding the CLiFFORD translations of certain
compact RIEMANNian symmetric spaces.

2. Preliminaries on groups and symmetric spaces
2.1. Definitions and notation

2.1.1. We will assume as known: (1) the definition of a RiEMANNian manifold
and elementary facts about the RiEMANNian metric, geodesics, completeness,
isometries and the exponential map, (2) the notion of a LitE group and LIk
algebra, and (3) the idea of a covering space.

Let M be a Riemanw~ian manifold. The group of all isometries of M onto
itself forms a Lie group I(M), the full group of isometries of M, whose
identity component I,(M) is called the connected group of isometries of M.
M is homogeneous if 1(M) is transitive on the points of M. Let pe M. An
element s, e¢I(M) of order 2 with p as isolated fixed point is called the
(global) symmetry of M at p; if M is connected and s, exists, then s, is
easily seen unique because it induces — I (I = identity) on the tangentspace
M,. M is (globally) symmetric if it has a symmetry at every point. If M is
symmetric, then every component of M is homogeneous, and, if M is irre-
ducible (see § 2.3.2), I,(M) is the identity component of the subgroup of
I(M) generated by the symmetries. M is complete if every component is
homogeneous.

R.1.2. The geodesic symmetry to M at p is the map
Exp, (X)— Exp, (— X) (X ¢ M, with Exp, (X), Exp, (— X) defined) .
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M is locally symmetric if, given q € M, there is a neighborhood U of ¢ such
that the geodesic symmetry to M at ¢ induces an isometry of U onto
itself. If M is symmetric then it is locally symmetric, and M is locally sym-
metric if and only if the curvature tensor is invariant under parallel translation.

2.1.3. A CLIFFORD translation of a metric space X is anisometry f: X - X
such that the distance g (2, f(x)) is the same for every z ¢ X; thus a CLIFFORD
translation is an isometry of constant displacement. Note that a CLIFFORD
translation is the identity if it has a fixed point.

If an isometry g: X — X centralizes a transitive group H of isometries of
X, then g is a CLIFFORD translation of X. For, given =z and y in X, we
choose h e H with hx = y, and have go(z, gx) = o(hx, hgx) = o (hz, ghx) =
= oy, 9y).

2.1.4. The compact classical groups are the unmitary group U(n) in »
complex variables, the special unitary group SU(n) consisting of elements of
determinant 1 in U(n), the orthogonal group 0(n) in = real variables, the
special orthogonal group S0(n) consisting of elements of determinant 1 in
0 (n), and the symplectic group Sp(n) in n quaternion variables, which is
the quaternionic analogue of U(n). SU(n) is of type 4,_;, SO(2n + 1) of
type B,,Sp(n) of type C,, and SO(2n) of type D, in the CARTAN-KILLING
classification. We will use boldface to denote the compact connected simply
connected group of a given CarTAN-KiLLING type. Thus SU(n + 1) = A,
Sp(n) = C,, and Eg is the compact connected simply connected group of
type Es.

2.2. RIEMANNian coverings

A RIEMANNian covering is a covering s : M — N of connected RIEMANNian
manifolds, where z is a local isometry. The group I' of deck transformations
of the covering (homeomorphisms y: M —-> M with m+y ==x) is then a
subgroup of I(M). If N is homogeneous, then the centralizer of I' in I,(M)
is transitive on the points of M, and every y e I' is a CLIFFORD translation of
M [20]; if the covering is normal and the centralizer of I" in I(})is transitive
on (the points of) M, then that centralizer induces a transitive group of
isometries of N, so N is homogeneous. If N is symmetric, then M is sym-
metric and every symmetry of M normalizes I", whence products of symmetries
centralize I', for every symmetry of N lifts to a n-fibre preserving symmetry
of M ; if M is symmetric, the covering is normal and products of symmetries
centralize I, then N is symmetric. If M is symmetric, then N is complete
and locally symmetric. If N is complete and locally symmetric and M is
simply connected, then M is symmetric [3].
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2.3. E. CARTAN’s classification of symmetric spaces

2.3.1. CArTAN decomposition. Let M be a connected simply connected
RiEMANNian symmetric manifold, pe M, G = I;(M), K the isotropy sub-
group of G at p, and o the involutive automorphism of the Lit algebra &
of G induced from conjugation of I(M) by the symmetry s,. This gives the
CARTAN decomposition ® = K& + P where P is the eigenspace of —1 for o
and K, the LiE algebra of K, is the eigenspace of +1; we have the well-
known [],R]c &, [], B P and [P, P] c K, which is just another
way of expressing the CARTAN decomposition and specifying o.

The adjoint action of K on ® induces an action of K on P; K also acts
on the tangentspace M, as linear isotropy subgroup of G, and the identi-
fication gK — g(p) of the coset space G/K with M gives a K-equivariant
identification of P with M,. Thus the RIEMANNian metric on M can be
viewed as an Ad(K)-invariant positive definitive bilinear form on .

2.3.2. Produet structure. M is Eucripeax if [P, P] = 0; then M is
isometric to a EvcLIDEAN space. M is irreducible if K acts irreducibly on B;
then [P, P]= K so & is semisimple. In any case, M is isometric to a
product My, x M, X ... X M, of RIEMANNian symmetric manifolds, where
M, is EvcLIDEAN and the M,(j > 0) are irreducible. This decomposition is
due to E. CARTAN [8, § 1], will be called CARTAN’S symmetric-space decompo-
sitton of M, and is a special case of G. DE RAHM’S decomposition [17] of a
complete connected simply connected RiEmanNian manifold under the holo-
nomy group. Lj(M)=I,(M,) x ... x L(M,), and I(M) is generated by
I(M,) x ... x I(M,) and permutations of isometric factors M,.

2.3.3. Duality. M is determined by (®, o, B) where B is the positive
definite K-invariant bilinear form on ‘B determined by the inner product on
M, G*=8+ P* P*=V — 1P, is a real subalgebra of the complexi-
fication of ®; o¢ induces an involutive automorphism o¢* of &%*;
B*(V—1X,V —1Y) = B(X,Y)is a positive definite K-invariant form on
P*. The dual symmetric space to M is the connected simply connected
RIEMANNian manifold M* determined by (&*, o*, B*).

2.3.4. Types of irreducible spaces. Now assume M irreducible. There are 4
possibilities:
1. 6 =6'®@ 6 with ' compact simple and o(X,Y) = (Y, X).
2. ® is compact and simple.
3. ® is complex simple and ¢ is conjugation with respect to a compact
real form K.
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4. ® is noncompact simple with simple complexification, and & is a maxi-
mal compact subalgebra.

Under the duality, type (1) corresponds to type (3), and type (2) corresponds
to type (4). By irreducibility of K on B, the metric is essentially induced by
the Kmmring form of ®.

2.3.5. Classification of irreducible spaces. In view of the| duality, one need
only list the irreducible spaces of types (1) and (2), i.e., the compact irreducible
M. The spaces of type (1) are just the compact simple L1t groups, and will
be described more fully in § 4.1. E. CARTAN has treated them in detail [10].
The spaces of type (2) were first classified by E. CARTAN by considering possible
holonomy groups [8], then by using the duality and his classification [7]
of the real simple Lie groups [9], and finally by using involutions of Lir
algebras [12]. The classification is readily accessible from F.GANTMACHER’s
account [16] of involutions of Lik algebras, and CARTAN’s list [9, §§ 58-68] is
well known.

2.4. The full group of isometries of a symmetric space

2.4.1. Let M be a connected simply connected irreducible Riemannian
symmetric manifold. E. CARTAN has given a technique for calculating I(J)
from (we retain the notation of §2.3) G = I (M) and an isotropy subgroup
K of G; see[11] for the general theory and the cases where M is of type (2)
or (4), and see [10] and §4.1.2 if M is of type (3) or (1). Nevertheless, this
material is somewhat inaccessible, so we will give a short exposition for the
convenience of the reader.

%.4.2. Choose a CARTAN decomposition B = K + P. K acts irreducibly
on P, for M was assumed irreducible, whence SCHUR’s Lemma says that the
centralizer I of Ad(K)|g in the algebra of linear endomorphisms of P is
a real division algebra. Thus F is one of the three fields R (real), ¢ (complex)
or H (quaternion). Actually, H is excluded:

2.4.3. Lemma. (1) F =R 1f and only if K is semisimple. (2) F # H.
(3) These are equivalent: (a) K has a 1-dimensional center, (b) K s not semi-
stmple, (¢) M has a G-itnvariant KAHLER structure (and i3 thus a so called
” Hermitian symmetric space’) which induces the original Riemanzan structure,

and (d) F = C.

Proof. The results are essentially due to CArRTAN [11, 13]; part of the treat-
ment is taken from CARTAN [11] and BoOREL [3].
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We identify K with Ad(K)|g, and let Z denote the center of K. As
K is compact, Z is a subgroup of the multiplicative group F’ of unimodular
elements of #'. Thus F = R or H implies that Z is finite, whence K is
semisimple.

Now suppose that F has a complex subfield, i.e., that F’ has an element J
with J2= — I. We define real subspaces of the complexified algebra

GC by B=I+V—1J) P and B=(I—-V—-1J)P, whence £ =
= K¢ + B gives £ = K€+ B. One easily checks that [&, P] < P implies
[RC 23] c B and [KC, ‘13] c B, whence [B, B] < [P, ‘BC) c KCc @,
[B, 513] c [BC, PC] € KC c 8, and [KC, RC] € KC = L~ ¢, show that €
and £ are complex conjugate real subalgebras of B¢ with £ + @ = GC

and @~ @ = RC. This is precisely A. FROLICHER’S criterion [14, § 20] that
J define a G-invariant complex structure on M = G/K. This @-invariant
complex structure and our original G-invariant RIEMANNian metric give us
a G-invariant HERMITIAN metric on M which induces the RIiEMANNian
metric. K is the holonomy group of M because M is connected, simply
connected, and irreducible RIEMANNian symmetric; thus the complex structure
is invariant under parallel translation, so the HERMITIAN metric is KAHLER.
This implies (replace M by its dual if M is noncompact, and thus assume
M compact) H2(M; R) 5% 0 because of the fundamental 2-form of the KAHLER
metric, whence m,(M) is infinite. The homotopy sequence

0 = 75,(G) > 7y (M) - 7, (K) - 7=, (G) = finite

now shows that K is not semisimple, so Z is infinite; thus F’ is infinite and
so F = (. This shows the equivalence of the conditions of (3) and proves

F £ H. (1) follows. Q.E.D.

R.4.4. Let K' be the isotropy subgroup of I(M) at the point at which K
is the isotropy subgroup of G = I(M); our conditions on M show that K
is the identity component of K’, and I(M) = G+ K'. Thus, in order to find
I(M) from G and K, it suffices to find K’.

We identify K' with Ad(K')|gq, and observe that the symmetry se K’ is
identified with the endomorphism — I of P. We know that se K if and
only if K has a central element of order 2, for s centralizes K, and the irre-
ducibility shows that s is the only involutive element of K’ which centralizes
K. Let K" denote the subgroup K vs«K of K'; to find K', it suffices
to find {k, = 1,k,, ..., k,} € K' such that K’ is the disjoint union of the
k;+ K"; we then define G” = G vs+G and have I(M) as the disjoint union
of the k;.@". CArRTAN’s main idea for finding the k; is:
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2.4.5. Lemma. Each k;(j >1) induces an outer automorphism of K which
18 wnduced by an automorphism of G. For distinct k;(j = 1), these automor-
phism of K do not differ by an inner automorphism of K.

Remark. This gives a sharp bound on the number of components of G.

Proof. Note that, retaining the notation of§ 2.4.2, F' ¢ K". For if FF =R,
then F' = {I, — I} = {1,s}. If F = C, then Lemma 2.4.3 shows that the
center of K' contains a circle, whence F' = (' c K = K". Lemma 2.4.3
shows F to be R or C. Two elements of K’ are identical if they give the
same linear transformation of P, for two isometries of a connected manifold
are identical if they have the same tangent map at a point. Thus ke K’ lies
in K” if and only if it induces an inner automorphism of K. The Lemma

now follows. Q.E.D.

2.4.6. CArTAN’s use of this Lemma to determine I(M) [11] does not always
give results which are sufficiently explicit for our purposes. Thus we will
occasionally have to repeat some of his determinations in order to obtain the
k; explicitly as isometries of M. This will be done in § 5, as it is needed.

3. Reduction to the case of a compact irreducible symmetric space

Let I' be the group of deck transformations of a RiEMANNian covering
w: M—- N where M is complete and simply connected. We consider the DE
Raum decomposition M = My, X M, X ... X M,, where M, is EUCLIDEAN
and M,(j > 0) is non-EUucLIDEAN and irreducible, and recall that I(M) is
generated by I(M,) x ... x I(M,) and permutations of isometric M,. We
wish to prove that I' is, under certain conditions on N, a subgroup of
I(M,) x ... x I(M,), and thus reduce our considerations to the case where
M is EUCLIDEAN or irreducible; this is donein § 3.1. In § 3.2, we consider the
case where M is noncompact and irreducible. The final reduction is made
in § 3.3.

3.1. Splitting of CLIFFORD translations
3.1.1. Let f be a self-homeomorphism of a topological product space
X=X, x...xX,. (1)

We say that f preserves the product structure (1) if we have a permutation ¢ of
{1,...,n} and homeomorphisms f,: X,}. — X, such that f(z,..., z,} =
= (fy(®;), ..., fa(2;,)). We say that f decomposes under (1) if it preserves
the product structure (1) and the permutation ¢ is trivial.
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3.1.2. Theorem. Let (X, o) = (X;, 0) X ... X (X,, 0,) be a metric product
of metric spaces where each X, has at least two points, and let f be a CLirrorD
translation of (X, p) which preserves the product structure (1). Then f decomposes

wnto f; X ... X f, under (1) where f; is a Crirrorp translation of (X;, ;).
Proof. f(xy, ..., %,) = (fi(z;),-.., f.(x;)). We need only show ¢ =1,
for then f decomposes into f, X ... X f, under (1), and we see that f; is a

CLirForD translation of (X, g;,) by holding all z, (¥ # j) fixed and varying
x; over X;.

The Theorem is trivial if n = 1; we proceed by induction on n. Writing %
as a product of disjoint cycles, we obtain a decomposition

X=Y X...xY, (2)

such that each Y, is a product of some of the X, and f decomposes under

(2). So by our induction hypothesis we need only consider the case
1= (1,2,...,m).

Now suppose ¢ = (1,2,...,n). Each f; is an isometry, so we may identify
(X415 0,11) and (X, g;) under f,,1 <j<mn, and assume that f(z,....,z,) =
= (f,(x,), ;,... %,_;). As f is CLIFFORD,

o(z, f(2))? = o (21, 1(%)? + 01(@e, ) + ... + 01(Zy, Tpy)?
is some constant ¢, for x € X. The choice z = (2, «,, ..., ;) would give us
¢ = 0,(%, i(x))? + o (@y, 212 + ... + 0@y, 24)?,
whence ¢ = g, (2, fi(%;))?. As X, has at least two points, » > 2 would
give the possibility of «, # «; = z,, whence
¢ = 01(%, 1(21))? + 01(%a, ,)* + ... + &(%, Tn)* > €3
thus n < 2. But » =2 and z = (2, f;(x;)) would give

=0 (fl(fl(xl)) » f (331))2 + o0 (fi (%), %)% = 2c,
whence n = 1. Q.E.D.

3.1.3. Corollary., Let M = My, x M, X ... X M, be the pE Ranm de-
composition of a complete connected simply connected Rizmannian manifold M,
and let y be a Crirrorp translation of M. Then y =y, X y1 X ... X y;

where y; is a CLiFrorp translation of M;.
For v is an isometry of M, so it preserves the product structure of the

DE Raum decomposition.
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3.1.4. Corollary. Let M = My x M, X ... X M, be C4arran’s symmetric-
space decomposition of a comnected simply connected RiEmannian symmetric
manifold M, and let y be a CLirrorp translation of M. Then

Yy =Yoo XN X ... XY

where y; 1s a CLIFFORD translation of M;.
For M is complete, and CARTAN’S symmetric-space decomposition of M
coincides with the pE RHAM decomposition of M.

3.2. CLIFFORD translations of irreducible noncompact symmetric spaces

It is known [20, Th.3] that a CrirrorD translation of hyperbolic space is
necessarily trivial,because distinct geodesics diverge. We will describe J. T1Ts’
extension of that result to strictly non-EvcrLiDEAN (no Eucripeawn factor)
strictly noncompact (no compact factor) RIEMANNian symmetric spaces.

3.2.1. A bounded isometry f: M — M of a metric space (M, p) is an iso-
metry f such that the displacement function d,(x) = o («, f(x)) is bounded
on M. A bounded automorphism «:G—> G of a topological group G is an
automorphism « such that G has a compact subset K with «(g)-g~'e K
for every ge@.

3.2.2. Lemma (J. T1rs). Let f be an isometry of a connected RIEMANNian
homogeneous manifold M, and let « be the induced automorphism of 1,(M).
Then | is a bounded isometry of M if and only if x i3 a bounded automorphism
of I,(M).

3.2.3. Lemma (J. T1Ts). Let G be a connected semisimple Lie group without
compact factor?), and let « be a bounded automorphism of G. Then « 1s the
identity.

3.2.4. Theorem (J. Tirs). Let M be a conmnected Rigmannian homogeneous
manifold such that I,(M) is a semistmple group without compact factor. Then
I, (M) centralizes every bounded tsometry of M .

3.2.6. Corollary. Let M be a connected simply comnected Riemannian sym-
metric manifold, product of irreducible moncompact non-EuvcrLipEan symmetric
spaces. Let I' be a group of Crirrorp translations of M. Then I' = {1}.

Proof. A CLIFFORD translation of M isa bounded isometry, and the assump-
tions on M imply that I,(M) is a centerless semisimple LIt group without
compact factor; it follows from Theorem 3.2.4 that I'~ I,(M) = {1}. Now a
CLIFFORD translation 1 has no fixed point, and E. CArTAN’s famous

2) The universal covering group of G is a product of noncompact simple Lir groups.
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argument [12, §16] shows that an isometry of M of finite order must have a

fixed point; it follows that every element # 1 of I' has infinite order. But

I'~ 1,(M) = {1} and I(M) has only finitely many components; thus I'= {1}.
Q.E.D.

3.2.6. Corollary. Let M be a connected simply connected Riemannian homo-
geneous manifold such that I,(M) is a semisimple group without compact factor,
and let I' be the group of deck transformations of a Riemanwian covering
w: M—>N. Then N s Riemannian homogeneous if and only if I' is a group
of Crirrorp translations of M .

As n is a normal covering, this follows directly from Theorem 3.2.4 and
from [20, Th.1 and 2].

- 3.3. The final reduction

Theorem. Let w: M — N be a Riemannian covering where M is a conmected
simply connected Riemannian symmetric manifold, let I' be the group of deck
transformations of the covering, and let M = My X M, X ... X M, be CARTAN’S
symmetric-space decomposition of M. Suppose that I' is a group of CLirForD
translations of M, so that (Cor. 3.1.4) every yel is of the form
Yo X 11 X ... X y, where y; 18 a Crrrorp translation of M,, let I'; be
the subgroup {y;:y eI'} of I(M,;), and let G, be the identity component of
the centralizer of I'; in 1(M,). Then N is homogeneous if and only if G, is
transitive on M,; whenever M; is compact, and N s symmetric if and only if
G; = 1,(M,) whenever M, 18 compact.

Proof. Let G be the identity component of the centralizer of I' in I(M);
G=G, x0G, x...x0G4,.

Now I, is a group of CLIFFORD translations of the EvcLiEDAN space M, so
I’y is a group of ordinary translations of M, [20, Th.4]; thus G, contains the
full group of translations of M,. Also, G, =1L,(M,) if >0 and M, is
noncompact, by Theorem 3.2.4 or by Corollary 3.2.5. Thus G is transitive
on M if and only if @, is transitive on M; for each compact M;. As N is
homogeneous if and only if G is transitive on M [20. Th.1], the first part of
the Theorem is proven.

Let I" be the subgroup of I(M) generated by the I;, and let M' =
= M/I". If G; =1,(M,;) whenever M, is compact, then our remarks above
on G, for M,; noncompact show that every symmetry of M normalizes
I'"; thus M’ is symmetric, whence its covering manifold N = M/I" is sym-
metric. Conversely, if NV is symmetric, then evey symmetry of M normalizes
I', for every symmetry of N lifts to a symmetry of M; it follows that every
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symmetry of M, normalizes I';. The symmetries of M, form a connected
subset of I(M;), that set being all gsg=' with g <I,(M,) where s is some
fixed symmetry of M;; it follows that I'; is centralized by the subgroup of
I(M;) generated by all products of two symmetries of M,; this implies G, =
= Iy(M;) for >0, so G; =1,(M,) whenever M, is compact. @Q.E.D.

4. CLIFFORD translations of group spaces
4.1. Group spaces as symmetric spaces

4.1.1. A 2-sided-invariant metric on a compact L1E group @ is a RTEMANNian
metric on the underlying manifold of G such that the group T(@) of all
transformations (h, k): g — hgk— of G for h, k ¢ G is a group of isometries of
G, i.e., such that left translations and right translations are isometries. Given
a 2-sided-invariant metric on G, the map s:g— g~ is an isometry; thus @
is a RIEMANNian symmetric space, the symmetry at h e G being given by
g— hg~'h, and s being the symmetry at 1¢G.

4.1.2. For simplicity, we will now assume G to be connected. Then I;(G) =
= T(G). If G issemisimple, then I(@) is generated by T(G), those products
actually defined on G of symmetries at the identity to the simple factors of
G, and the outer automorphisms of @; in any case, I(G) is contained in the
group generated by T (@), those products actually defined on G of symmetries
at the identity to the simple factors and the connected center of @, and the
outer automorphisms of @. Neither I() nor the LEVI-CIVITA connection on
G depend on the choice of 2-sided-invariant metric. The geodesics of G are
the left and right translates of the 1-parameter subgroups.

4.1.3. If G is simply connected (hence semisimple), then CARTAN’s sym-
metric-space decomposition of G is just the decomposition of G into a
product of simple LIk groups. In any case, we identify the Lir algebra ® with
the tangentspace at 1 e (G, and observe the one-to-one correspondence be-
tween 2-sided-invariant metrics on G' and Ad(G)-invariant positive definite
bilinear forms on &. Decomposing ® intoasum AD G, D... D G, of the
center A and semisimple ideals ®,, we note that the Ad(G)-invariant posi-
tive definite bilinear forms on ® are just the forms B,® B, ® ... ® B, where
B, is a positive definite bilinear form on U and B,(j > 0) is a negative real
multiple of the Kmmring form on ®,.

For a detailed analysis of these symmetric spaces, we refer to . CARTAN’s
memoir [10]. In the sequel, the 2-sided-invariant metric on G will not be
mentioned explicitly.
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4.2. CLIFFORD translations in T(G)

4.2.1. Lemma. Let (u,v) e T(G) be a Crirrorp translation of G. Then u
commutes with every conjugate of v.

Proof. Let p be the distance function on G; given ke @, we have
o(1,uv™) = o(h, uhv) = o(1, u - hv1h™1).

Thus the distance from any conjugate of % to any conjugate of v is the
constant ¢ = p(1, uv™!) = p(u,v). Now take a minimizing geodesic p(t) =

=u.exp(tX) (0=t =<1, Xe®) from u to hvh. o' (0) = o, (g? ) is

t=0

orthogonal to ad(G)u = {gug:9 G}, for ad(G)u lies in the sphere of

radius ¢ about h'v:k‘l. Orthogonal to some ad(G) — orbit on G, ¢ is

orthogonal to every ad(G)-orbit, whence ¢’ (1) is tangent to the centralizer of

hvh [5]. That centralizer being totally geodesic in G, it contains % = ¢(0).
Q.E.D.

4.2.2. The Lir algebra & isa sum AD G, PD... P G,, where the ©,
are simple ideals and U is an abelian ideal. Let 4 = exp(A) and G; =
= exp(®,). Every element g (G has expression g4¢,...9, Wwith gsed,
g;€Q,.

Lemma. Let (u,v) € T(G) be a CLirrorp translation of G. Then, for each 7,
either w; or v, s central in G;.

Proof. Suppose that u; is not central in G, so the centralizer Z of u; in
G, is a proper subgroup of G;. Lemma 4.2.1says that Z contains ad(G;)v;,
so the closed normal subgroup H of @;, which is the closed subgroup of
G, generated by ad(G;)v;, liesin Z; thus H is a proper closed normal
subgroup of G;. As G, is connected and simple, it follows that H is a
discrete central subgroup of @;. Thus v, is central in G;. Q.E.D.

4.2.3. Lemma. Every element of s+ 'T(G) has a fized point on G .
Proof. Let y =8+ (u,v)es-T(G). We may assume » =1 because
(1, v)epe(l,0) = (1, v)es(u, v)+(1, v ) =8(v, 1)+ (%, v)+(1,v7!) = 8-(vu, 1).

Now assume 9 = 8+(u, 1). Choose he@ with A? = u~!, and notice that
y(h) = s(uh) =h1ul=h. Q.E.D.

4.2.4. Theorem. Let G = A x G, X ... X G, be a compact connected Lir
group where A 1is a torus and the G, are stmple. Let 1'(G) be the group of iso-
metries of G generated by T (G) and the symmetries s4,8; to A and G; at
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their identities. Let I' c I'(G) be a group of Crirrorp translations of G. Then
I" is conjugate in 1'(G) to a group of left translations of G.

Proof. @ =4 x G, x...X G, is essentially CARTAN’S symmetric-space
decomposition of G, and it follows from Theorem 3.1.2 or Corollary 3.1.4
that every y e I' is of the form y4 X y, X ... X y,, where (write y,=1y4, A=
= (,) p,; is a CLIFFORD translation of ¢;. Thus Lemma 4.2.3 shows I'cT(@),
so every y e I' is of the form

(@, 1) X (u, ) X ... X (U, v,,,) With (u;,0,) e T(G,).

Now suppose, for some j§ with 1 <j <m, that we have y,y' eI with
neither w; nor v central in G,; then wu; and v; are central in G; by
Lemma 4.2.2, whence neither uju; nor vjv, is central in G;. As y'y is a
CLIFFoRD translation of G, this contradicts Lemma 4.2.2. In other words,
given 1 <4 < m, either u; is central in G, for every y ¢ I' or v, is central
in G, for every y e I'; in the former case, we may conjugate I' by s,, and
assume every v, is centralin ;. Thus, possibly after having been conjugated
by some of the s;, I' is a group of left translations of G. Q.E.D.
We remark that the particular form of ¢ was required only in order that
the symmetries s; act on G'. As our primary interest is the case where G is
simple, in view of Theorem 3.3, this restriction will cause no difficulty.

4.3. CLIFFORD translations and automorphisms

4.3.1. Lemma. Let «:h— h* be an automorphism of a compact connected
Lir group G, let ge G, and let y: h—gh* be a Crirrorp translation of G .
Then (ugu*)* = ugu=* for every ueG.

Note: u—* denotes (u—1)*.

Proof. Let 8 be the sphere {veG:p(1,v) = o(1, g)} about 1e¢@G, where
o is the distance functionon G'. Given u e G, wehave ¢o(1,9) = o(1, (1)) =
= po(u, y(u)) = o(u, gu*) = o(1, gu*u?), so gu*u—'eS. Now choose X ¢ ®
such that exp(tX),0 =<¢ < 1, is a minimizing geodesic in G from 1 to g,
so the left translation (g, 1), X is orthogonal to S at g. Let Y e ®, define
a
al..)
= (g, 1)y (Y* — Y) is tangent to 8 at g. It follows that X is orthogonal
to (0« — 1) ®. As « is an orthogonal linear transformation of ®, we conclude
that X* = X, whence g = exp(X) tells us that g* =g¢.
Let weG@ and note that (u, 1)epe(u, 1)t = (u, 1)-(g, 1)ex-(u71,1) =
= (u, 1)«(g, 1)+ (w™, 1)ex = (ugu—, 1) is a CLIFFORD translation of @.
Now the Lemma follows from the above paragraph. Q.E.D.

u,=exp(tY) and ¢q,=guSu;', and note that ¢,eS. Thus Z = _q*(
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4.3.2. Lemma. Retain the hypothesis of Lemma 4.3.1 and let B be the
identity component of the centralizer of g in G. Then B*= B, and, if the
restriction «|p 18 an inner automorphism of B, then o« 18 an inmer auto-
morphism of G.

Proof. B* = B because, by Lemma 4.3.1 with % = 1, we have ¢g*=g.
If « isinner on B, then it preserves each element of a maximal torus of B;
then « preserves each element of a maximal torus of G, for B and @G have
the same rank. This implies [15, Th.19] that « isinneron G. Q.E.D.

4.3.3. Theorem. Let « be an automorphism of a compact connected Lir
group G, let (g,h) e T(Q) and y = (g9, h)x, and suppose that both y and ?
are CLIrrorp translations of G. Then « is an inner automorphism of Q.

Proof. vy =1(g, h)ex = (gh™*, 1)+ {(h, h)+&«}. (k, k) is an inner automorphism
of G, so « isinner if and only if (k, h)-« isinner. Therefore we may assume
h=1, ie.,, y = (g, 1)-«. This puts us in a position to use our Lemmas.

We assume the Theorem for groups whose dimension is less than dim. G.
Thus, by induction hypothesis and Lemma 4.3.2, we need only consider the
case where g is central in G'. Thus the x-invariance of wgu—* given by
Lemma 4.3.1 can be expressed

w(u =% = uty ="y (1)
which gives
(u*)? = uu* if 4 commutes with u*. (2)

We write the Lik algebra ® asasum AP G, D... D®,, where U is an
abelian ideal and the ®; are simpleideals. « preserves % and G, ®... ®G,,,
and induces a permutation of the &;, because it is an automorphism of &.
Let A =exp(A) and G, =exp(®,). If & sends ®; to G, with 7 #7,
we could choose % e (; very near 1, and then u(%~*)? would not lie in any
@, ; but u*u—*" 4~ would lie in some @,, in violation of (1). Thus A* = 4,
and (G,)* =G, for every j. Now every element ueG has expression
U= UAUy ... U, With uged and u,;e(G;. We pick some such decomposition
g =4gag,...9, and observe that g4 and g, are central in G, whence

Y(©at .. U) = (9a%%) (1%) - - (GmUm) -
Thus y is decomposed into (y4, ¥;,..., ¥») With
Y @Aty .. Up) = yala) yr (). .o V() -

To see that y 4 is a CLIFFORD translation of 4 and ¢, is a CLIFFORD translation
of G, we fix all but one component of % and vary that component. Thus,
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if the decomposition G =AD G, D...dD ®,, is nontrivial, our induction
hypothesis shows that « is inner on % and on ®,, so « isinner on .
Now we may assume that G is simple or is a torus, and ¢ is central in @.
If @ is a torus 7™, then, by analyticity, equation (2) lifts to the universal
covering group R”. In additive notation, « is an orthogonal linear trans-
formation of R"™ such that 2«(%) =% + «%(%), whence (x — I)2=0.
This implies &« = I because « is fully reducible on R”, so « is inner. We
now assume G simple. We may assume ¢ %4 1, as g = 1 implies (1) =1,
whence y = 1, so « = 1 is inner. We may also assume ¢? £ 1, for g2 =1
implies (y* was assumed to be a CLIFFORD translation of G, and Lemma
4.3.1 gives g* = g) o* = 1, whence either x = 1 and is inner, or there is a
1-parameter subgroup %, of G with %% = w;!; in the latter case equation
(2) gives u_,, = %,,, which is impossible for small nonzero ¢. We may also
assume that G has an outer automorphism; in fact, by Lemma 4.3.1 and the
assumption ¢2 # 1, we may assume that G has an outer automorphism
which leaves invariant some central element with square 3 1. There is no
such simple L1k group. Q.E.D.

4.4. CLIFFORD franslations and symmetries

4.4.1. Lemma. Let x be an automorphism of a compact connected L1 group
G, let s be the symmetry h—>h at 1eG, let ge@, and suppose that
y = (g, 1)-a-s i8 a Crirrorp translation of G. Then (ugu=*")"! = (ugu~—>")*
for every ueG.

Proof. Let S be the sphere {veG:p(1,v)=p(1,9)} about 1eG. Given ue @,
we have ¢(1,9) = o(1,7(1)) = ¢(u, y(w)) = ¢(u, gu™) = o(1, gu=u?), so
guutleS. Let exp(tX) (0 =t =1,X e®) be a minimizing geodesic in ¢
from 1 to g, so (g,1),X is orthogonal to § at g. Let Y e®, define

d )___
t|tmo)

%, = exp(tY) and ¢, = gu;*u;', and note that ¢, S. Thus q*(d—

= (¢, 1)y (— Y* —Y) is tangent to § at g, hence orthogonal to (g, 1), X.

It follows that X is orthogonal to (x + 1) ®, whence X* = — X because «

is an orthogonal linear transformation of ®, so g* = g~ because g = exp(X).
The fact that ¢ is a CLIFFORD translation of G' implies that

(u’ ua)'7°(u’ ua)—l = (u’ ua)'(g: 1)'0&'8'(%0—1, 'u’_a) ==
= (u, %)+ (g, 1)eoce (U= u 1) 8 = (w,u*) (g, 1)s (", u=*) 8 = (ugu=2, 1)ex+8

is a CLIFFORD translation of G. The Lemma now follows from the above
paragraph. Q.E.D.
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4.4.2. Theorem. Let x be an automorphism of a compact connected Lir group
G, let s be the symmetry at 1¢G, let (g,h) e T(Q), and suppose that y =
= (g, h)+ «+8 18 a Crrrrorp translation of G. Then G is a torus and y s a
left translation.

Proof. As in the proof of Theorem 4.3.3, we may assume y = (g, 1)+x-s.
Now assume the Theorem true for compact connected L1t groups of dimension
less than dim. G, and let B be the identity component of the centralizer
of g in G. The restriction of s to B is the symmetry b6— b1 of B at 1,
and g* =g (by Lemma 4.4.1 with % = 1) implies B* = B, whence y
preserves B. As y is a CLIFFORD translation of G and B is totally geodesic
in G, we see that y is a CLIFFORD translation of B.

Suppose that g is not central in G'; then our induction hypothesis implies
that B is a maximal torus of G and y is left translation by ¢ on B. Thus
beB gives gb = y(b) = gb—*, whence b* = b-1. @ is not abelian, and we
use the fact that every element of G is conjugate to an element of the maximal
torus B, and try to choose a ¢ B such that the connected centralizer D of
a in @ is a nonabelian proper subgroup of ¢. But a* = a~! implies D* = D,
whence g e D implies y(D) = D; it follows that » would be a CLIFFORD
translation of D. In view of our induction hypothesis, we conclude that,
given a e G, the centralizer of a in G iseither G or a maximal torus of G.
It follows [4] that the semisimple part of G is a 3-dimensional simple Lik
group. So the Lik algebra & = A D &' where UA is an abelian ideal and &’
is a 3-dimensional simple ideal. Let A = exp (A) and G’ = exp ('), and recall
that every « ¢ G has expression v = u %’ with use 4 and %' € G'. Choose
some such expression g = gag’, observe that 4* =4 and (G')* = G be-
cause « is an automorphism, and note that A4 is centralin G; thus

y(uaw') = gag' uz® w'=* = (gauz”) (g'u'~%),

and we easily check that «’'— ¢’u'~* is a CLIFFORD translation of G'. This
contradicts our induction hypothesis unless G = G'. It follows that we may
assume G to be a 3-dimensional simple Lie group; either G = SU(2) or
G = 80(3). This implies [21] that y is conjugatein I(G) to a left translation,
for @G is isometric to the sphere 8% or the projective space P?; replacing y
by that conjugate, we assume that y is a left translation. ¥ now assumes the
form (u,v)-B.s where (u,v)eT(G) and f is conjugate to « in the group of
automorphisms of G, and y(1) = wv! shows that y(h) = uv'h for every
he@. Thus vlhv = hB for every he @, so h,ke@ gives v1ihv-v1ky =
= v 1hkv = (hk)P = kP hB = v1kv.-v1hv; thisimplies that @ is abelian,
which is a contradiction.
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We have shown that we may assume g central in G. But we may replace
y by (@ 1)ep-(v, 1) = (v, 1)+(g, L)exes- (v 1) = (vg, 1)-a-(1, =15 =
(vg, v ¥)ex+8 = (vgrv*, 1)-B-s where f = (v, v*).x, for any ve@, and
assume vgv® central in G. Thus wvv* is central for every v e @, whence
v* = v~! for every element v of the semisimple part of G. But v —> o1 is
not an automorphism on the semisimple part of G. It follows that @ is a
torus.

Now G is a torus T™. As @ is abelian, Lemma 4.4.1 gives ulu®’ =
= u*y~*" for every ue@. This lifts, by analyticity, to the universal covering
group R™ of @; in vector notation, we have an orthogonal linear trans-
formation &« of R™ such that (« 4 I)(x® — I) = 0, because «?(@) — % =
= (%) — «®(%) for every % e R”; it follows that «? =1 on R", whence
«? =1 on (. This shows that G is generated by its sub-tori G and G’,
where @' is the identity component of {h e G:h* = h} and G" is the identity
component of {heG:h*=h"1}. Let c¢=p(1,y(1) =p(l,g9), s0o ¢c=
o(h,y(h)) for every he@G. Given h' eG’, we choose heG' with h? =P/,
and note that ¢ = g(h,y(h)) = o(h,gh™) = o(h? g) = o(k',g). It follows
that any minimizing geodesic in G from 1 to g is orthogonal to G’ et 1,
whence ¢ ¢ G’. Similarly, given A’ ¢ G', any minimizing geodesic in G' from
k' to g is orthogonal to G' at h', whence gh'-'eG". Thus @' c G, so
G =@". Now we see h* =h~! for he@; it follows that y(h) =gh for
h € @, and the Theorem is proven. Q.E.D.

4.5. CLIFFORD translations as left translations

4.5.1. Theorem. Let G = A X G, X ... X G, be a compact connected LIk
group where A 1is a torus and the G, are simple, and let I' be a group of
Crirrorp translations of G. Then I' is conjugate vn I(G) to a group of left
tramslations of G.

Proof. It follows from Theorems 4.3.3 and 4.4.2 that I' is a subgroup of

the group I' (@) of Theorem 4.2.4; the result now follows from Theorem 4.2. 4.
Q.E.D.

4.5.2. Corollary. Let I' be a group of Crirrorp translations of a compact
connected Lig group G which is either centerless, simple or simply connected.
Then I is conjugate in I(G) to a group of left translations of G.

For @ has the form required by Theorem 4.5.1.

4.5.3. Corollary. Let I" be the group of deck transformations of a Riemannian
covering w: G— N where G is a compact simply connected Lie group. Then N
18 Rigmanyian homogeneous if and only if I' is a group of Crirrorp translations

of Q.

6 CMH vol. 37
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Proof. If N is homogeneous, then I" is known to be a group of CLIFFORD
translations [20, Th.2]; as = is a universal covering, hence normal, we prove
the converse by assuming I' to be a group of CLIFFORD translations of @,
and finding a subgroup B of I(G) which centralizes I' and is transitive
on G [20, Th.1]. Since G is simply connected, Corollary 4.5.2 shows that we
may assume I to be a group of left translations of G'. Let B be the group of
all right translations of G. Q.E.D.

4.6. Symmetric spaces as group spaces

4.6.1. We wish to consider the possibility of putting a 2-sided-invariant
metric on a LiE group G which is not compact. If G is connected and is a
covering group z:G—>H of a compact Lie group H, then G carries a
2-sided-invariant metric such that = is a RiEMANNian covering, and the uni-
versal covering group of G is a product of compact simple groups and a vector
group. This is the only possibility:

4.6.2. Lemma. Let G be a connected Lie group. Then G admits a 2-sided-
invariant metric®) if and only if the Lie algebra & is a direct sum of compact
simple ideals and an abelian ideal, and G 1s a Rigmannian symmetric manifold
i any 2-sided invariant metric.

Proof. G has a 2-sided-invariant metric if and only if ® has a positive
definite Ad(G)-invariant bilinear form. ® has the form, as constructed in
§ 4.1.3, if it is a sum of compact simple ideals and an abelian ideal. If & has
the form, then ® is a reductive Lir algebra, so ® =0,®... @6, O U
where the (&, are simple ideals and U is an abelian ideal; now each &, is
compact because the form is definite. The last statement by observing that,
if G is endowed with a 2-sided-invariant metric, then there is a RIEMANNian
covering n: G — H where H isa compact LIE group. Q.E.D.

4.6.3. Theorem. Let I" be the group of deck transformations of @ RiEMaNNian
covering w: G — N where G is a simply connected L1z group in 2-sided-invariant
metric. Then these are equivalent:

(1) N 18 a Rigmannian symmetric manifold.

(2) N s a Lie group and 7w : G — N s the universal covering group.

(3) G has a discrete central subgroup B such that I' is conjugate in I(G)
to the group of left translations of G by elements of B.

Proof. The equivalence of (2) and (3) is clear, and Lemma 4.6.2 shows that
(2) implies (1). Thus we need only prove that (1) implies (3).

3) positive definitite, of course.
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Now let N be RieEmanNian symmetric. Under CARTAN’s symmetric-space
decomposition, ¢ = 4 X G, X ... X G, where A4 is a vector group R™ and
the @, are compact simple groups. I' is a group of CLIFFORD translations
of G, whence every yeI' has form y, X y,, 7, being a CLIFFORD translation
of A and vy, being a CLIFFORD translation of ¢' =G, X ... X G, by Co-
rollary 3.1.4. Now I = {p,:y eI'} is a discrete subgroup of 4 acting by
left translations, by [20, Th.4]. Thus we need only prove that Iy = {y,: yel'}
is I(G')-conjugate to a group of left translations of G’ by central elements of
G’ . In other words, we may assume that G is compact and simply connected.

Now assume G compact and simply connected. Using Corollary 4.5.3, we
may assume that I consists of left translations of ' by elements of a discrete
subgroup B. Thesymmetryto N at z(1) lifts to the symmetry s of G at 1,
whence s normalizes I'. Now b e B gives (b, 1) € T(G) with s-(b, 1).s7! =
= (1, b), so we have b’ ¢ B such that b'g = gb for every g ¢ G'. This shows
that B is a discrete normal subgroup of G ; it follows that B is centralin G.

Q.E.D.

5. CLIFFORD translations of spaces with simple group of isometries
5.1. Symmetrie spaces with simple group of isometries

Let M be a compact connected simply connected irreducible RiEMaNNian
symmetric manifold. M is of type (1) if I (M) is not simple; CLIFFORD
translations of these spaces were considered in § 4. We will now assume I,(M)
simple and study the CLIFFORD translations of M. For the most part, it turns
out that I' c I(M) is a group of CrLiFFoRD translations of M if and only if
I” centralizes I,(M), and, in any case, M /I" is RiEMANNian homogeneous if and
only if I' is a finite group of CLIFFORD translations of M.

The case where M is a sphere S*! has been treated [20; 21] in full. We
take the field F = R,C or H of maximal real dimension r =1,2 or 4
which divides n,n =rm. M = S8"1 is viewed as the unit sphere in a left
HERMITIAN vectorspace V of dimension m over F.If I' is a subgroup of
I(M), then these are equivalent:

(a) I' is a discrete group of CLIFFORD translations of M.

(b) M/I" is RiEMANNian homogeneous.

(c) I' is conjugate in I(M) to a finite subgroup of the multiplicative group
F' of unimodular elements of F, F' acting on M by scalar multiplication.

The finite subgroups of F’' are well known. As M/I' is RIEMANNian sym-
metric if and only if I' ¢ {4 I} (acting on V) [22, § 16], we can easily find I’
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such that M/I" is RiEMANNian homogeneous but not RTEMANNian symmetric,
provided that =»-1 is odd.

b.2. CLIFFORD translations and inner automorphisms

5.2.1. Lemma. Let K be a compact trreducible group of linear transforma-
tions of a real vectorspace V, and let 0 # x e V. Then the orbit K (z) does not
lie in a half-space.

Proof. Let § be a half-space of V. This means that we have a basis
{¢;} of V such that § = {Za,¢,:a, = 0}. Now let H be the hyperplane
{Z'a;é;:a, = 0} associated to § . The “center of gravity*)” (k(z)du(k) of

K

K on z (u is normalized Haar measure on K) is a K-invariant element of
V, hence 0 by irreducibility of K.

Now suppose K(x) c $. K(x)¢ H by irreducibility, so we may replace
z by a K-image and assume z = X;¢é, with ,>0. Given y =
2y,é,¢ K(z), we have supposed %, = 0. Thus z, > 0 contradicts
[ k(z)du(k) =o0. Q.E.D.

5.2.2. Theorem. Let M be a connected Riemannian homogeneous manifold,
and suppose that:

(a) The connected linear isotropy subgroups of 1(M) are irreducible on the
tangentspaces of M .

(b) Bpel(M) centralizes I,(M),qg e l(M) has a fixed point on M, and
y = gB 18 a Crirrorp translation of M .

Then y = f, t.e., g = 1.

Proof. As g has a fixed point, 9 is a CLIFFORD translation by hypothesis
and S is a CLIFFORD translation because it centralizes a transitive group
I, (M) ofisometries of M, it follows that # and y are isometries of the same
constant displacement 6 = 0. If 6 =0, then y =f =g = 1. We assume
b>0.

Now suppose g % 1. As g has a fixed point, judicious choice of = ¢ M
gives us the condition 0 < g(Bx, yx) <& on the distance, for any &> 0.
Furthermore, 82 and yz each lies on the ‘“sphere’’ of radius & about =z.
Thus we may choose x e M with fx # yx but p(fz,yx) so small that (1)
there is a unique minimizing geodesic exp(tX) (0 < ¢ < 1, X in the tangent-
space Mpg,) from Bz to yz, and (2) given a minimizing geodesic o ()
0=t=<1) from z to fz, the angle between ¢'(1) and X is at least z/2.
Now make a choice of o(¢), let H be the hyperplane o'(1)* in Mg,, and
let $ be the half-space <(¥,o'(1)> <0 in Mg,.

4) This concept was brought to my attention by R.F.Williams.
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As f centralizes I (M) and I,(M) contains the connected isotropy sub-
group K of I(M) at x, it follows that K is the connected isotropy sub-
group of I(M) at Bx. Let K, X = {k, X :ke K} be the orbit of X ¢ Mg,
(recall our choice of x) under the linear isotropy action of K at fz. Now
ke K gives (1) ky k™ = kgk—f is a CLIFFORD translation of displacement b,
(2) kx =, kfxr=px and kyzx =rkykz, and (3) o(fz,yx) =
= o(kpx,kyx) = po(fx,kyx). Thus k, X €. It follows that K, X c §,
which contradicts Lemma 5.2.1. We conclude that ¢ = 1. Q.E.D.

5.2.3. Corollary. Let M be a compact connected Riemannian homogeneous
manifold of Euirer-Poincart characteristic y(M) 5~ 0 such that the connected
linear vsotropy subgroups of I(M) act irreductbly on the tangent-spaces of M,
and suppose that Y(M) = U f;+I,(M) where f; centralizes I,(M) (this is
automatic if I,(M) admits no outer automorphism). Let I' be a group of CLIFFORD
translations of M. Then I'c {f;}, I centralizes I ,(M), and M|I' is a
Rizmannian homogeneous manifold.

Proof. x(M) # 0 implies [19, Th.4] that every g e I,(M) has a fixed point
on M, and that I'n I,(M) = {1}. The Corollary now follows from Theorem
5.2.2. Q.E.D.

b.2.4. Corollary. Let M be a compact comnected simply connected Riz-
MaNnNian symmetric manifold with X,(M) simple, but with I,(M) not of type
A,(n>1),D,(n>3) or Eg. Let I' be a group of Crirrorp translations of M .
Then I' centralizes Iy(M) and M|I' s a RiemanNian symmetric manifold.

Proof. Lett K be the isotropy subgroup of ¢ = I,(M) at pe M, andlet s
be the symmetry to M at p. Conjugation by s is an inner automorphism of
G, for our hypotheses ensure that G' has no outer automorphism, whence
K contains a maximal torus of G. Thus y(G/K) £ 0. K acts irreducibly
on the tangentspace M, because M is irreducible. The other hypothesis
of Corollary 5.2.3 is satisfied because G has no outer automorphism, so I
centralizes G = I,(M) by that Corollary. Thus M/I" is symmetric. Q.E.D.

5.3. Fixed points and symmetries
We will use a result of J. DE SIEBENTHAL [18, p.57]

Let G, be the identity component of a compact Lig group G, x G, and T
a maximal torus of the centralizer of x in G. Then every element of the com-
ponent z-Q, of x is ad(Gy)-conjugate to an element of x-T

to show that certain components of certain I(M) contain no element without
a fixed point, thus containing no CLIFFORD translation of M.
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b.3.1. Lemma. Let s be a symmetry of a compact connected RIEManNian
symmetric space M. Then every element of s«X,(M) has a fixed point on M .

Proof. s is the symmetry at p e M. Let T be a maximal torus of the iso-
tropy subgroup K' of I(M) at p. K’ and the centralizer of s in I(M)
have the same identity component. Thus pE SiEBENTHAL’S Theorem shows
that every element of s-I,(M) is conjugate to an element of s-7 < K’. The
Lemma follows. Q.E.D

5.3.2. The proof of Lemma 5.3.1. proves

Lemma. Let M be a compact connected Riemannian homogeneous manifold,
K’ the isotropy subgroup of (M) at pe M, ke K' and g e k-I,(M). Suppose
that K' contains a maximal torus of the centralizer of k in 1(M). Then g has
a fixzed point on M .

b.3.3. Lemma. Let M be a compact connected irreducible Riemannian sym-
metric manifold such that a connected isotropy subgroup of I(M) admits no outer
automorphism. Let y be an isometry of M which has no fixed point. Then

y e Lh(M).

Proof. 1(M) =1 (M) U s-1,(M) by §2.4.4. The Lemma now follows from
Lemma 5.3.1. Q.E.D.

b.4. Rank and imbedding of symmetric spaces

b.4.1. Let M be a connected RtEMANNian symmetric manifold, G = I,(M),
K the isotropy subgroup of ¢ at zeM, and ® = K 4+ P the Carran
decomposition. Every subalgebra of & contained in P is abelian because
[P, P]~ P = 0, and is contained in a maximal such subalgebra. The maxima
among the subalgebras of ® contained in B are called Carran subalgebras
of (6, o), are mutually conjugate under Ad(K)|y, and thus all have the
same dimension; this common dimension is called the rank of M. A CARTAN
subalgebra of (®, o) contains a line and is contained in a CARTAN subalgebra
of ®; thus 1 <rank. M <rank. ®.

5.4.2. E. CARTAN has given a map of M into G which we will find useful
for providing geometric interpretations of M. Given ge (@, define g*=
= o(g~1). As ke K gives kk* = 1, this definesamap f: M—>@G by f(gK) =
= gg*, where M is identified with G/K. The image of f is P = exp(B), and
f: M—P is a covering with finite fibre K /K where K, = {ge G:0(g9) = ¢].
If @ is compact, we can endow G with a 2-sided-invariant RIEMANNian metric
such that P is a totally geodesic submanifold and f: M — P is a RIEMANNian
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covering; then f is G- eqmvarlant G actlng by isometries on P by 7t,(p) =

= gpg*. If we write M as G/K where @ is the universal covering group of
®, and if M is compact and simply connected, then K equals the fixed point
set of ¢ on G and the map corresponding to f is an isometry.

5.5. CLIFFORD translations and symmetric quotients
We have reached the goal of § 5:

b.5.1. Theorem: Let M be a compact connected simply connected irreducible
Riemannian symmetric manifold with I,(M) simple, and let I' be a group of
Crirrorp tramslations of M. If I' is finite, then M|I" is a Riemannian homo-
geneous manifold. If M is not an odd dimensional sphere, a space SU (2m)/Sp(m)
with m > 1, a complex projective space of odd complex dimension > 1, or a
space SO(4n + 2)/U(2n 4+ 1) with n >0, then I' is finite and centralizes
I,(M), and M/I" is a Riemannian symmetric manifold; the spaces excluded in
this statement have finite groups of Crirrorp tramslations such that the quotient
18 Riemannian homogeneous but not Riemannian symmetric. If M is not an
odd dimensional sphere or a space SU (2m)/Sp(m) with m > 1, then I' is finite;
the spaces excluded in this statement have one parameter groups of CLIFFORD
translations.

Proof. Let G =I,(M) and let K be the isotropy subgroup at ze¢ M.
By Corollary 5.2. 4, we need only check the cases where @ is of type 4,(n >1),
D, (n > 3) or K. As the statements are known for spheres ([20; 21]; recalled
in § 5.1), E. CARTAN’s classification [9] shows that we need only check the
cases (AI) SU(n)/SO(n) with n > 2, (AIl) SU(2#)/Sp(n) with » > 1,

(AIII) SU(p + ¢q)/{SU(p + ¢) ~ [U(p) x U(g)]}

with pg>1, (DI)SO(p+ ¢)/S0(p) X SO(g) with p=2,9=2 and p+g>4
(this need only be checked when p + q is even, i.e., when SO(p + ¢) is of
type D), (DIII)S0(2#)/U(n) with n>1, (EI) E¢/ad (Cy), (EIL) Eg/d;%x 4,,
(EIII) E¢/Dy; X Tt where 1T denotes an r-torus, and (EIV) Eg/F,.

5.5.2. If G is a compact matrix group, then & is a Lik algebra of real or
complex matrices and B = -Real.trace (XY) is positive definite Ad(G)-
invariant bilinear form on &. Thus B is proportional to the KiLLing form
of ®, P = KL relative to B where & = K + P is a CArTAN decompo-
sition, and we may take any positive multiple of the restriction B|g for the
RiemaNnNian metric on M.



88 JosErE A. WoLF

5.6.3. M = SU(n)/SO(n). As in §5.4.2, M can be represented as the
symmetric matrices in SU(z). SU(n) acts by g:x— gx’g, K is the iso-
tropy subgroup of G at I, and o(g) = g!.

If n is odd, then G = SU(n) and K = S0(n), and I(M) =G wvs-@
because K has no outer automorphism. If » is even, then G = SU(n)/{+ I}
and K = 80 (n)/{£ I}; then I(M) =G vs:Gvx-Gvsx-G where

&:x—>azxta

for some a e U(n) of determinant — 1. In either case, s: z—z~1. We will
use @' to denote G if n isodd and G v -G if n iseven; I(M) = G vs-G .

Let E,; denote the n» X » matrix with 1 in the (7, )-place and zeros
elsewhere. Then ® has a basis {X,,, Y,,,Z,} where X, =K, — E,; for

l1si<j=n, Yp=V—1H&,+E,) for 1Su<v<n, and Z, =
=V-1({FE, —E, .., for 1 Se<n. {X,} is a basis for & and
{Yyo, Z,} is a basis of . Now

g = diag. {exp(l/:__fal), ..., exp (V—1a,)} eSU(n)

with | a; | small and Xa, = 0 gives as distance o(I,g(I))? = Zai. It fol-
lows that we may take the distance on M to be given by o(z, y)? = ZaZ where
yz has eigenvalues exp(2V/— 1a,) with Za;, =0 and |a,| < n.

Let g = diag. {exp(l/:l_ a),..., exp(V—1a,)} represent an alement
of I'~ @' with the a; chosen to minimize Xa2. Then ¢ = o (I, g(I))? = ZaZ,
and ¢ = go(x, g(x))2 for every zeM. If we take =z = diag. {}}), —1;
1,..., 1},____1_3}18n g(z)-x = diag. {exp (V' — 1 (a, + a,)), exp (1/— 1(a, + a,));
exp (2 V_1a,,..., exp(2V —1a,)}, whence a2+ a2 = }(a, + a,)? it
follows that a, = a,. Similarly, a; = a,; thus g is scalar. It follows that
I'~ G’ is represented by scalar matrices, and is thus central in G'.

I'~ 8:G is empty by Lemma 5.3.1. Let y =sgel'~sx-G, and let g also
denote the matrix in a-SU(n). 9* = sgsg = ‘g9 liesin I'~ @, and is thus
represented by a scalar matrix ¢I. Now g = cg, whence g = ¥(!g) = *(cg) =
= c?¢; thus ‘g=+g¢g. If g =g, then g = *hh' e M for some heSU(n),
and z = h'h e M; y(x) = s(*h*hAh*A ) = s(*hh') = h'h = x. Thisis
impossible because 3 has no fixed point; thus ¢ = —g. That is impossible
because det.g = — 1. We conclude that I'~ sx-G is empty.

We have proved that I' is a central subgroup of G'; in particular, I" cen-
tralizes I,(M).

5.6.4. M = SU(2m)/Sp(m). M can be viewed as the skew (= antisym-
metric) matrices in SU(2m) and we assume m > 1 because SU(2)/Sp(1)
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is a single point. G = SU(2m)/{4+ I} acts by g: z—>gx’y and K =
O—I,,, g’")GM. (M) = G vs-@
because K has no outer automorphism, and s:z —»Jxt-*J; thus s = Jux
where «:x—>2"!, and conjugation of G by « is the operation of inverse
transpose on representing elements of SU(2m).

I'c G by Lemma 5.3.1; we will see that every element of I" is represented
in SU(2m) by a matrix conjugate to some diag. {¢';a,...,a}. For as in
§ 5.5.3, one can check that the distance on M is given by ¢(z,y)? = 4 Za?

Sp(m) /{4 I} is the isotropy subgroup at J = (

where — yax has eigenvalues exp(2 V-1 a;,) with |a;| =xn. Let ypel’
and conjugate it so that y is represented by a diagonal matrix (uv 0 )

with O wy
w = diag. {exp(V — 1 u,),...,exp(V — 1u,)}
v = diag. {exp(V' = 1vy), ..., exp(lV — 1v,)}

for minimal |wu;|; then ¢ = o(J,y(J))? = Zuj. The number ¢ does not

depend on our choice of conjugate of y; conjugating by diag. {( O 1) ’

—10

1,...,1} if follows that (uw; — w,)* = (v, — vy)?. Similarly, (u, — u,)? =
= (v; — v,)* for every ¢ and j. Another conjugation (exchanging the j**
and (m 4 j)™ basis vectors) interchanges v, and — v,, resulting in
(v, — v;)? = (u; — u;)? = (v; + v,)> whenever ¢ = j. This proves that at most
one of the v, is nonzero, so we may assume v, =v, = ... =v, = 0, and
it follows that %, =43 = ... = u,, and %, — u, = + »,. This proves that
the matrix representing y is conjugate to some diag. {a’;a, ..., a}.

If I' is cyclic, choose a generator y, andlet L be the connected centralizer
of y in G. If y is not central, then G'/L is complex projective space P2™m-1((C)
of odd complex dimension. It is known, and not difficult to check by counting
dimensions, that K acts transitively on G/L. Thus G = KL, which implies
G = LK, so L acts transitively on G/K = M. If I is finite, so M/I" is
a manifold, then L induces a transitive group of isometries of M/I", and
M/I'" is RtEmaNNian homogeneous.

The argument above is valid even if I" is not cyclic, provided that the image
of I' in the adjoint group of SU(2m) is cyclic. For then I' is generated by
central elements of G and at most one other element y. Thus we need only
prove:

Lemma. Let I' be a finite subgroup of SU(k), k> 2, in which every element
ts  SU(k)-conjugate to some diag.{a';a,...,a}. Then the image of I' in
ad (SU(k)) is cyclic.
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Proof. Let B:SU(k)— ad (SU(k)) be the projection. We will first prove
that every abelian subgroup of §(I") is cyclic. For this, it sufffces to show that
B(I') has no subgroup which is the product of two eyclic groups of prime order
p. Let A be such a subgroup; we will derive a contradiction.

If p is prime to k, then it is easy to find elements y and é in B = -1(4)
such that the group A4 generated by y and J is mapped isomorphically
onto 4 by B. 4 cannot act freely on the unit sphere in C*¥ because it is
abelian and finite but not cyclic; thus 4 has an element I with an eigen-
value 4 1. Now we may assume that J has an eigenvalue -+ 1. Changing
orthonormal basis in C¥, we may assume that & = diag. {a/;a, ..., a} and
that either y = diag. {6'; b, ..., b} or y = diag. {b,b'; b, ..., b}; this is pos-
sible because y and 0 commute, and because each is the product of an element
of I' with a scalar matrix. If ¢ =1, then o' =det.d=1 and 6 = I;
thus @ %1 and o' = 1; it follows that p 4 2. Now b % b’ because p is
prime to k, det.y = 1 and y hasorder p; as p 7% 2, so dy and dy? each
has precisely two distinct eigenvalues, the second possibility for the form of
y is eliminated and we have y =diag. {0';b,...,0}. If ¢ = exp(2x V— 1/p),
this implies that A consists of matrices diag. {¢¥%; ¢?,..., ¢’}, whence 4
contains nontrivial scalar matrices. That is impossible because A4 has order

prime to k. Thus A cannot exist.
If p divides k, we define

e = diag. {exp(2aV — 1/k), ..., exp(2n l/j—l—/k)} e SU (k)

and we choose elements y and § in B = -1(4) which map onto generators
of 4. As B(y) and B(J) commute, we have dyd—' = ye* for some integer
. Looking at eigenvalues and using k> 2, we see that yd = dy. Thus the
subgroup 4 of B generated by ¢ and ¢ is abelian. We may also assume that
y and & were chosen of prime power order; then A is a p-group. 4 is not
cyclic because it has the noncyclic group A as a homomorphic image; thus 4
does not act freely on the unit sphere in C*, and it follows that A4 has an
element 7 £ I which has -+ 1 for an eigenvalue. As before we may assume
7 = diag. {1; @, ...,a}. v has some order ¢ = p® because 4 is a p-group.
As p divides k, p is prime to £ — 1; thus det. 7 74 1. This contradicts the
existence of 4.

We have proved that every abelian subgroup of g(I") is cyclic. Now suppose
that S(I') has elements f(y) and f(J) such that

B(d)-B(y)-B(d)~ = B(y) # B(y)

for some integer r. Then 8yd—' = 9"« for some scalar matrix

o = diag. {a, ..., a}.
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We may assume y = diag. {b'; b, ..., b}; thus k> 2 implies b'7a = b’ and
b'a = b. This contradicts B(p)" % B(y). We conclude that §(I") cannot have
a subgroup X with generators x and y satisfying a relation of the form
xyx~l = y" # y. As every abelian subgroup of g(I") is cyclic, the odd Sylow
subgroups are cyclic and the 2-Sylow subgroups are cyclic or generalized
quaternionic (see [19]). A generalized quaternionic group being a group of the
form E above, every Sylow subgroup of g(I") is cyclic. It follows that B(I")
has generators x and y satisfying a relation zyz! = y" (see[19]); thus
y(I") is commutative. This proves that g(I") is cyclic. Q.E.D.

5.0.0. M =8U(n =p+q)/{SUR)~ [U(p) X U(g)]} with pg>1. M is
the GrAssMANN manifold of (complex) g¢-planes in C* and is usually viewed
as the coset space U(p + ¢q)/U(p) X U(q). If ¢ =1, then M is the com-
plex projective space P?1(C) of (complex) dimension p =n — 1. In some
orthonormal basis {e¢;} of C*, K is the isotropy subgroup of G = SU(n)/sca-
lars at the g-plane = = e, A€, ;3A... Ae, spanned by the last ¢ basis
vectors. K ~ {U(p) X U(q)}/scalars and thus has outer automorphisms: only
k—‘k if p #£q; k—'k", exchange of the two factors U(p), and their
product, if p = ¢q. Let «:y—>y be the transformation of M resulting from
conjugation of C over R extended to C” by means of {e;}, and let
B:y—>yt if p=gq. It follows that I(M)=Q@va-G if p#q, and
IM)=GvxGop:QoPu-Gif p=gq. If p=gq, f commutes with « and
centralizes ¢, whence I'~(G v f-G) c {1, 6} if p =gq, by Theorem 5.2.2,
and I'~ G = {1} in any case.

Let y=agel'~x-G@. Then 9* =agag ="'9g7'¢g =1, so ’g~'g is repre-
sented by a scalar matrix cI; the matrices *g = cg, whence

g="9) ="%(cg)=c%, 80 c*=1and ‘9=49.

If g=", then g = exp (V:_f Z) with Z real symmetric. There exists
h e 80 (n) with AZh! diagonal; it follows that d = hgh~' is diagonal. Then
haogh = haoh*hgh™ = h*hod = xd has e A...Ae, as a fixed point,
contrary to hypothesis on y. In other words, g = — ’g. Thus we can find

0
1 th —— —
h e SU(n) with hgh_J-—(_ImO

th-lagth = th*ahhgth = hthad = aJ,

”‘) where n = 2m.

so y is conjugate to «J. If p or ¢ is even, then one easily produces a

P+

fixed point for «J; thus p and ¢ are odd. If 1<g=m = 5

80

q=2u-+1 with 0<u and % 4 2 <m, then we define
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y = 61 /\ em+1 /\62 /\em+2/\ LR /\eu/\em+u /\em

2= €m41 ANEERWA /\em+u—1 A €mtu /\em+u+1 /\em+u+2

and check that y = xJ gives

‘})(y) = el/\em+1/\ e /\eu /\em+u /\eZ'm
Y(@) = A epa N Ney1 Alpipi Ay Alyiy ANeyro

resulting in o (2, y(2))2 = 3 o(y, y(¥))?> # 0. This contradicts the hypothesis
that y is a CLIFFORD translation; thus ¢ = 1 if ¢ <p. We have now proved
that I'~ x+@ is empty unless M is complex projective space P2™-1(C), and
that any element of I'~ x-G is conjugate to «J in that case.

Let p=¢q andlet y = fagel'~ f+G. Then y? = fagfag = fPagag =
= xgug = ‘g7'g = 1 1is represented by a scalar matrix, and an argument
above shows that ¢ =4 %. If ¢ = — ¢, then we may assume g =J as
above, and a fixed point for y is given by e A... Ae,; thus g =7 and
we may assume (as above) that g is diagonal. Examining ¢-planes spanned by
subsets of {e,}, ¢ is odd because y hasno fixed point and then ¢ = 1 because
v is a CLIFFORD translation. We have assumed pg > 1 because

U2){U(1) x U1)}

is a 2-sphere; thus I'~ fu+G is empty. In particular, I" cannot meet both
-G and «-G.

We have proved that I'= {1} or I'c {1, 8} if M is not an odd dimen-
sional complex projective space. In that case, then, I' centralizes G. If M is
an odd dimensional complex projective space, and if I' does not centralize @,
then we have shown that I'= {1,xJ}; the centralizer of xJ in G =
= SU(2m)/scalars is Sp(m)/{1}, which acts transitively on M, so M/l
is RIEMANNian homogeneous in any case.

5.5.6. M = SO(2n)/U(n) with n> 2. M is the space of unitary structures
on R2" compatible with a given EUCLIDEAN structure. G = S0 (2n)/{+1},

K = U(n)/{+ I}, and the symmetry s = -+ diag. {(_(1) (1)) e (__(1) (1))} .
The only globally defined outer automorphism of K extends to G, and is
induced from conjugation by @ = 4 diag. {1, —1;...;1, —1}. I(H) =

= @ v a-G where conjugation by « is conjugation by . This is inner on G
if and only if n is even. Thus I" centralizes G by Corollary 5.2.3 if n is
even.

Now suppose that = is odd; then I(M) = 0(2n)/{d I} with « and «a
identified. Let 1 £y € I'; then y is represented by a matrix of square + I
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and determinant — 1; using the fact that y isnot conjugate to s or to a, it follows

that y is conjugate to some -+ (Iz”"’__ 7 ) with v odd and v <n. Let p be

the point at which K is isotropy; if v = 3, it follows that
4 diag. {1, — 1;1,...,1} and 4+ diag. {1, — 1,1, — 1,1, —1;1,...,1}

move p the same distance because they differ from a conjugate of y by an
element of K. This is easily seen impossible; thus » = 1 and the connected
centralizer L of I' in G is the SO(2n — 1) acting on the first 2n — 1
coordinates. It is well known that K is transitive on the sphere SO (27)/L;
thus KL = . This proves LK = G, so L is transitive on M, and M/I
is RteEMANNian homogeneous.

5.0.9. M =80(p + q)/SO(p) X SO(¢) with p even, g even, p=2,
g=2 and p+ ¢g>4. We set aside the case p =4 =¢q for §5.5.8. M is
the GrassMANN manifold of oriented g¢-planes in an oriented R™ where
n=2m=1p-+q. 0(n) actson M in the obvious fashion with kernel {4 I}.
G = S0(n)/{d I} and we define G' = O0(n)/{d-I}. «eI(M) is defined by
x — — x (opposite orientation); if p =gq, then pgeI(M) is defined by
x— xt with z+ oriented so that =z Ax+ gives the orientation of R™.
« centralizes G' and commutes with £, B centralizes @, and it is not
difficult to verify from the following paragraph that ¢gfg= = B« if ge@
has determinant — 1.

K = {S0(p) X S0(9)}){+1I}. If p #gq, then the only outer automor-
phism of K which extends to ¢ isinduced by, say, + diag. {—1; 1,...,1}eG".
If p=gq, there is this automorphism, the interchance of factors S0 (p)
induced by g, and their product. The only other possibility, in view of our
exclusion of p = 4 = ¢, would be from triality automorphism on a factor
S0(8) of K (excluded because triality is not well defined on S0(8)) or a
permutation of factors SO(3) of a factor SO0(4) of K (excluded because it
couldn’t extend to @). Thus I(M) =G vx-G if p+£¢q, and I(M) =
=G vaG vp-G vpa-G if p=gq.

Both p and ¢ being even, rank. K =rank. @ and I'~ G = {1}. If
I'cG@vx-G when p#q and I'cGvxGopf-Gvpfx-G when p=gq,
then I' centralizes I,(M) = G by Theorem 5.2.2; we will see that this is the
case. If not, then we would have y = dgel' with de{l,x} if pF#gq,
6e{l,n,B,xp} if p=g¢q, and det.g=—1. If 6 is f or «f, then

? = «, using Theorem 5.2.2, and it follows that g is conjugate in G to

+ (I""” I ) with » odd. A short calculation shows then that ¢ cannot be
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a CLIFFORD translation because ¢ > 1. Nowlet 6 = «. 9* = dgdg = #¢g*> =
=g¢g*=41, so g>=1 because det.g = — 1. Conjugating by an element of

(', we may assume g = j;( ) in an orthonormal basis {e,} with % and »

-

odd; this comes from conjugation of y because & is central in I(M). It is
easy to choose ¢ of the e, where the number of subscripts j> » is even;
these e; span a fixed point for ¢ on M. g # 4 I now contradicts Theorem
5.2.2; thus I'cGvua-G if p#q and I'cGvou:-Gup-GuapB-G if
p = q. If follows that I' centralizes in I,(M).

5.5.8. M = S0(8)/S0(4) x SO(4). The situation is much the same as in
§ 5.5.7, except that the triality automorphism of G = S0(8)/{+ I} induces
additional automorphisms of K. Retaining the notation of §5.5.7, let G”
be the subgroup G' v oG’ v .G vxf-G" of I(M); I(M) has an element =
of order 3 such that conjugation by 7z is the triality automorphism of @, and
induces an outer automorphism of K not induced by an element of G". The
group of outer automorphisms of K is isomorphic to the symmetric group
on 4 letters, being the group of permutations of the 4 local factors SO(3) of
K = {80(4) x SO0(4)}/{+ I}, and thus has order 24; it follows that I(M) =
=@" vt.@" v 2@ and has 24 components. In view of § 5.5.7, we wish to
show I' ¢ G"; it will then follow that I' centralizes G. As 7 has order 3,
it suffices to show that no element of I" has order 3. This will follow from:

5.6.9. Lemma. Let y be a self-homeomorphism of M = S0 (8)/S0(4) x SO (4)
of period 3. Then y has a fixed point on M.

Remark. The idea of the proof is to calculate the LEFSCHETZ number
L(y) = X (— 1)! trace. y,, where y, is the linear automorphism of H’(J/; R)
induced by y, and use the LEFscEETZ Fixed Point Theorem, which says that
v has a fixed point if L(y) # 0. By means of the Hirsca formula it is easy
to see that (b; = dim. H/ (M; R)) by =0b,4=1,b,=0b3, =3, bg=14, b,=0
if > 16, and b; =0 if %40 (mod 4). Now 9 = 1 implies that y; has

cos(2nd) sin (2m9)> each v
—sin (22d) cos(2md) )/’ i
is a direct sum of matrices (1) or R(1/3). Thus trace.y, = trace.y;4 = 1,
trace. y = 4, + 1 or — 2, and trace. y, = trace. y;, = 0 or 3. It follows
that L(y) = 0 if and only if trace.y, = 0 and trace.ys = — 2, i.e,, if

and only if y, is similar to (R(I/ %) 1) and yg is similar to (R(I/ 3) R(1 /3))

C.T.C.WALL has kindly shown me that y; has an eigenvalue - 1; it follows
that L(y) £ 0, so 9 has a fixed point on M. This is a consequence of:

order 3 or 1, whence, if we define R(¥) =
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5.56.10. Lemma (C.T.C. WALL). Let & be a self-homeomorphism of M =
= S0 (8)/S0(4) x SO (4) such that some power of & is homotopic to 1, and let &g
be the induced linear transformation of H8(M; R). Then &g has an eigenvalue + 1.

Proof. Let L = S0(8) and U = S0(4) x S0(4), and choose a maximal
torus 7' of L such that 7' ¢ U ¢ L. The WEYL groups W, and W, act
on the classifying space Bp, hence on H*(B,; R). H*(B;; R) is a poly-
nominal ring on 4 generators x,; of degree 2. It is well-known to follow from
[1, Prop.30.1] that H*(L/U; R) is isomorphic to the quotient of the ring I,
of Wy-invariant elements of H*(Bj,; R) by the ideal I} generated by the
W p-invariant elements of degree > 0. I, is generated by

2 2 2 2 .
x] + x5, v, %y, x5 + xf and x3x,;

I7is generated by X, a2, X, _; 23a?, Z;_; ; a2 af o} and x, @, 2, 7,; it follows that
H*(M = L/U; R) is the graded algebra on generators a = x,%, + %3z,,
b= xx, — 23274 and ¢ = 2% + x5 of degree 4 with relations a? = b = ¢?
and abc = 0. Thus H?(M;R) has an additive basis {1} if j =0, {a, b, ¢}
if j =4, {a* ab,bc,ca} if j =8, {a3b%¢%} if j = 12, {a*} if j = 16, and
zero otherwise.

Now observe that, for y = a, b, or ¢, H*(M; R) is spanned by elements z
such that 22 = y2. We will prove: If yeH*(M; R) such that H*(M;R) s
spanned by elements z with the property that 2* = y*, then y s a nonzero mul-
tiple of a, b or c. To see this, let y = Aa 4+ ub + vc, and suppose that
z=oa -+ Bb+ yc with y2 =22, Then 2+ pu*+ ¥ =0o%+4 24 9%, Au=
=ouaf, v =ay and uv = By. It is now easily checked that the elements z
span H* (M ;R) if and only if precisely one of A, u,» is nonzero.

Suppose that #» is an automorphism of H*(M; R). The preceding para-
graph shows that #(a) is a nonzero multiple of a,b or ¢. Thus 7(a)? = xa?
with « > 0. If % is of finite order, this implies 7(a)? = n(a®) = a?, whence 7
has an eigenvalue + 1 on H®(M; R). The Lemma is now proved by taking
7 to be the automorphism of H*(M; R) induced by &. Q.E.D.

5.6.11. M = SO(p + ¢)/SO(p) x SO(¢) with p odd, p odd, p> 2 and
q>2. M is the GRASSMANN manifold of oriented g¢-planes in an oriented
R™, where m = 2n = p + ¢. 0(m) acts effectively on M by isometries, so
G=80(m),d =0(m) and K = SO(p) x SO(¢). As p and ¢ are odd,

the symmetry s = (_I”I) e@,8¢ G, whence G' =G vs-G. If p#gq,
then K has no outer aut(;morphism and I(M)=@'. If p=gq, then the
only outer automorphism of K is the exchange of the two factors S0 (p); it

then follows that I(M)= G v B-@ where g: M - M by z—>2zt. zt is
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oriented such that x A x+ gives the original orientation of R™. B centralizes
G'. As p=gq isodd, wehave x A v+ = — zt Ax; thus 2= — [ «G".

The L1t algebra ® has basis {X,;},; ;< Where X, =E,; — E;, and
the subalgebra & corresponding to K has basis

{X i:i} 1<i<i<p v {X ii} p<i<j<m

The KrLring form on & is proportional to the positive definite form B(X,Y)
= — % trace(XY), for both are Ad(G)-invariant forms on ®. Using B for
the metricon M, {X,;},-;<p<j<m 1S an orthonormal basis of . It follows that
e(en A - Ney, (cosdyee; +sindyee,) A... A (cosdyre; + sin dyep ))? =
= X9} if |9, <n and if the ¢, together with those k, for which
sin 4, % 0, form a set of distinct indices.

Let g e G’ = 0(m) be a CLIFFORD translation of M. Then g e S0 (m) by
Lemma 5.3.1. Thus g can be conjugated in @' and we can assume ¢ =
diag. {R(%),..., R(¥,)} where 0 =9, < ... <&, < x and where R(J) =
(__ :i(;sg ZIOI;Z) . Let p=2u—1 andlet x =e¢,;A... Ae,,. Then g(x)=
(— sin 9, €9, 1 + COS Dye) Alsuis A+ .. A&y, giving o(z,g(x))2 = 92, so ¢
is of constant displacement ¢,. Thus, permuting basis vectors, we see
Hh=730=...=479,; let ¥ denote the common value of the #;; 0 <4 <& and

g = diag. {R(&), ..., R(§)}.

If g were 1, i.e.,1f M were an odd dimensional sphere, we could say nothing
more about g; that is why the odd dimensional spheres are the most complicated
GrassmMany mamnifolds from the viewpoint of Crirrorp translations. As ¢> 1,
we have y = e, AegAesAegN ... Negae M. g(y) = (cos Fee; + sin d-e) A
(cos P+eg3 + sin Feey) Aes Aeg A ... ANegriA(cos Deey o + sin dee, 5). If
sin ¢ £ 0, this would give p(y,g(y))? = 39* 5% ¥, which is impossible
because g is of constant displacement #. Thus sind =0, so g=+1. It
follows that I'~ G’ < {£ I}. Thus I is centralin G if p #q.

If p=g¢q, suppose that yel'~ f:.G', say y =f8g with ge@'. y? =
= fBgfg = P2? =—g*c '~ G, s0 g =+ 1. g = — I would imply that we

could conjugate y and assume g = ((I) _g”) , whence y would have a fixed
P
point e, 1 A... Aey_, on M. Thus g2=1 and we may assume g =" " I) .
4+t

We define z=eA...A\e, and y = (e, + e, ) A...Ale, +e,) e M. If
r—p=u=0, then y(x)=-¢e, 1 A... €3, and y(y) == (g —e,44)
Ao ANy —epru) A€yt + €prutri) Ao Ale, 4 €5,), whence o(z, y(2)) =
p(7/2)? and o(y,y(¥))? = u(xw/2)?. Thus p=wu and g = I. Similarly, if
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it —p=v=0, then p=v and g = — I. Thus y = 4 8. It follows that
I'c {+ 1,4 B}, and consequently centralizes @.

5.6.12. M = E¢/Dy x T'. Here we need only know [11, § 90] that I(M)
has exactly two components. The EULER characteristic y (M) is the quotient
of the order 27.3%.5 of the WEYL group of E4 by the order 27.3.5 of the WEYL
group of Dy x T*. Thus y(M) = 27, so x(M/I') = 27/(order of I') because
M— M|I' is a covering. Thus the order of I' divides 27. But I'~ G = {1}
because rank. G = rank. K, whence the order of I' divides the order 2 of
I(M)/G. 1t follows that I' = {1}, which is central in I(}).

5.6.13. M = Eg/A; x A,. Here again we must know [11, §90] that I(M)=
=G vx-G. @ =ad(Eg), seK, and we may assume that K v «+K is the iso-
tropy subgroup of I(M).

Conjugation by o« induces an outer automorphism of K; we must check
that it induces an outer automorphism of G. If x induces an inner auto-
morphism of @, then we have a ¢ G which induces the same automorphism
of G, and thus commutes with s. As the universal covering E; — G has
multiplicity 3, we can take s’ ¢ Eg over se(@, and cube it if necessary, to
ensure that 2= 1. We define B’ = {g e E¢:[8', g] = s'gs'g~" is central in
Es}. Now suppose geB',h=1[s,g],h %1. Then s'g= hgs', whence
g = 8's'g =s'hgs’ = hs'gs’ = hhgs's’ = h*9, so h =1 because E; has
center cyclic order 3. Thus B’ is the centralizer of s’ in E;. As E; is simply
connected and s’ has order 2, it follows [11, § 101] that B’ is connected (also,
see [6, Prop. 3.11]). B’ is the full inverse image of the centralizer B of s in
G; B is thus connected. This implies a ¢ K, which is impossible because o«
induces an outer automorphism of K. It follows that « induces an outer
automorphism of G = ad (Eg); this proves that the centralizer of x in G is
of rank 4.

As A4, has no outer automorphism, &« must centralize a torus 7" c 4,,
and « must induce an outer automorphism of A;. Thus « centralizes a torus
T3 c A;. It follows that K contains a maximal torus 7%.7" = T% of the
centralizer of « in (. By Lemma 5.3.2, every element of «-G has a fixed
point on M, and I' c G. But every element of G has a fixed point because
rank. G = rank. K. Thus I' = {1}, which is central in I(M).

5.6.14. M = Eq4/(F, or ad(C,). @ = E4 and K is either F, or ad(C,) =
= Sp(4)/{+ I}; I(M) =G vs:G because s8¢ G and K has no outer auto-
morphism. Thus I'c ¢ by Lemma 5.3.1.

Let A be a connected subgroup of type 4, X 4; in E4 [4, p.219]; replacing
A by a conjugate we have sds! = A. Here s is the symmetry at x e M;

7 CMH vol. 37
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it follows that N = A (x) is a connected totally geodesic submanifold of M
(and thus RiEMaNNian symmetric) and that the restriction a— a|, defines a
homomorphism f: 4—I(N). f(4) =L,(N) because A is connected and semi-
simple, and because f(A4) induces every transvection from z along N. Let
D be the center of Eg; D is cyclic of order 3, acts freely on M, and is con-
tained in A. It follows that f(D) is a central cyclic subgroup of order 3 in
L(N).

Let B be the kernel of f. As B c K, rank. B < 4; thus B is discrete
or of type A,, and I (N) is either of type A, X 4; or of type A4;. This
implies [9] that the universal RiEMANNian covering of N is a product N, X N,
where N, is a single point or a sphere 82, and where N, is a complex GRASS-
MANN manifold, SU(6)/S0(6) or SU(6)/Sp(3). f(4d ~ K) is the isotropy
subgroup of I,(N) at =z, and has rank < 4; thus N, is not a complex
GrassMANN manifold. Looking at the various possibilities, now, we see that
f(D) is the center of I,(V).

Let geA be a CLIFFORD translation of M. As N is totally geodesic in
M, f(9) is a CrirForD translation of N. If N, = SU(6)/S0(6), then it
follows that f(g) is central in I;(N), and we conclude that f(g) e f(D). This
implies that ¢ = dk with d ¢ D and k ¢ K; now g e D by Theorem 5.2.2.

Suppose that N, = SU(6)/Sp(3). The projection of N, into N is one to
one because I,(N) has a central element of order 3. Thus N, = A;(z) is a
totally geodesic submanifold of M; we have a projection f': 4—I(N,) given
by restriction; f'(4) = I(&V,), f (D) is the center of I,(N,), and f'(g) is a
CLirrorD translation of N,. I (V,) is isomorphic to SU(6)/{+ I}; making
the identification and viewing SU(6) as acting on C€®, §5.5.4 provides an
orthonormal basis of (¢ for which f'(g9) = 4 diag. {a’; @, ..., a}. This choice
of orthonormal basis of (® amounts to a choice of maximal torus in I;(,),
which in turn is a choice of maximal torus 7% in the A; factor of 4 such
that 7% c T¢ where 7 is a maximal torus of 4 which we may assume to
contain g. If be@ normalizes 7'®, then it follows that f (bgb') = 4
4 diag. {a,...,a; a';a,...,a}.

Let T be the Lik algebra of the torus 7' = 7'® chosen above. Eg has a
subgroup of type Dy X 1" in which 7' is a maximal torus. In particular, T
isasum U4+ B + W of 2-dimensional subspaces, and G has elements
and v which normalize 7', such that ad(u)|, and ad(v)|g are the identity
transformations, and ad(u)| g, and ad(v)|y,q are — I. We can make
a choice X of U,V or U + B such that Y = X ~ I* has the property:
2 <dim. 9 < 3; if y is the corresponding element, %, v or uv of G, then
f'(ygy™?) =+ diag. {a,...,a;a’;a,...,a} implies a=a’. Thus f(g9)ef' (D),
and, as with the other possibility of Ny, geD.
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Let yeI'. Then ye@, so y =hgh™ for some heG and some geAd.
g is a CLIFFORD translation of M, and we have just seen that this implies
geD. Now y =g is central in G. Thus I is central in I,(M).

5.5.15. The statement of Theorem 5.5.1 has now been verified for every
compact connected simply connected RIEMANNian symmetric space with
simple group of isometries. Q.E.D.

6. The main theorems
6.1. CLIFFORD translations and homogeneity

Our main result, an immediate consequence of Theorem 3.3, Corollary 4.5.3
and Theorem 5.5.1, is:

Theorem: Let I' be the group of deck transformations of the universal Riz-
mannian covering w: M — N of a complete connected locally symmetric Rig-
mannian manifold N. Then N is a Riemannian homogeneous manifold if and
only of I' is a group of Crirrorp translations of M .

6.2. Symmetry of locally symmetric homogeneous spaces
From Theorems 3.3 and 5.5.1 we have:

Theorem: Let N be a connected locally symmetric Riemannian homogeneous
manifold such that, in CARTAN’S symmetric space decomposition of the universal
Riemanwian covering manifold of N, none of the compact irreducible factors is
a group manifold, on odd dimensional sphere, a complex projective space of odd
complex dimension >1, SU(2m)/Sp(m) with m > 1, or SO (4n + 2)/U(2n + 1)
with n> 0. Then N s a Riemannian symmetric manifold.

As we have seen, this theorem does not remain true if we drop any of the
restrictions on the factors of the universal covering manifold of N.

6.3. CLIFFORD translations and symmetry
From Theorems 3.3 and 5.5.1, or from Theorems 6.1 and 6.2, we have:

Theorem: Let I' be the group of deck transformations of a universal Rig-
Mannian covering m: M — N of a complete connected locally symmetric Riz-
mannian manifold N, and suppose that none of the compact trreducible factors
in CARTAN’8 symmelric space decomposition of M 1is a group manifold, an odd
dimensional sphere, a complex projective space of odd complex dimension > 1,
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SU@2m)/Sp(m) with m > 1, or SO(4n + 2)/U(2n 4+ 1) with n> 0. Then N
18 a Riemannian symmetric manifold if and only if I' is a group of CLiFForD
translations of M.

6.4. The fundamental group of a symmetric space

Theorem: Let N be a Rigmannian symmetric manifold. Given x e N, the
fundamental group =, (N, ) is abelian.

Remark. My original proof depended on a reduction to the case where N is
locally irreducibile and then on the results of §3-5. The proof given below is
due to H. SAMELSON; it is a considerable improvement.

Proof. It suffices to prove that every element (ex, (XN, x) can be represented
by an arc of a closed geodesic y, through z. For then the symmetry s, reverses
orientation of y, and consequently induces an automorphism {— {~* of , (N, ).
If the transformation a —a—! of a group A4 is automorphism, then 4 is abelian.
Thus 7, (N, ) will be abelian.

In order to represent (ex, (N,z) by a closed geodesic, we first represent it
by a geodesic arc 6, of minimal length L, based at z. If 7 is the free homotopy
class of {, then homogeneity of N shows that L, is minimal for the length of
a closed curve representing 7. If 6, had a corner at w, then rounding that
corner would give a representative of % of length less than L,, which is im-
possible. Thus §, is an arc of a closed geodesic y, through z, and the Theorem

is proved. Observe that this paragraph is equivalent to [20, Th. 2].
Q.E.D.

The Institute for Advanced Study



Locally symmetric homogeneous spaces 101

REFERENCES

[1] A. BorgL, Sur la cohomologie des espaces fibrés principaux et des espaces homogénes de groupes
de Lie compacts, Annals of Mathematics, vol.57 (1953), pp.115-207.

[2] A. Borger, Topology of Lie groups and characteristic classes, Bulletin of the American Mathe-
matical Society, vol.61 (1955), pp.397-432.

[3] A. BOREL, Lectures on symmetric spaces, notes, Massachusetts Institute of Technology, 1958.

[4] A. BoreL and J. DE SIEBENTHAL, Les sous-groupes fermés de rang maximum des groupes de
Lie clos, Commentarii Mathematici Helvetici, vol.23 (1949), pp. 200-221.

[6]1 R. BotT, An application of the Morse theory to the topology of Lie groups, Bulletin de la Société
Mathématique de France, vol. 84 (1956), pp.251-282.

[6] R. BorT and H. SAMELSON, 4 pplications of the theory of Morse to symmetric spaces, American
Journal of Mathematics, vol.80 (1958), pp. 964-1029.

[7] E. CARTAN, Les groupes projectifs continus réels qui ne laissent invariante aucune mulsiplicité
plane, Journal de Mathématiques pures et appliquées, vol.10 (1914), pp.149-186; also,
Oeuvres Complétes, part. 1, vol.1, pp.493-530.

[8] E. CARrTAN, Sur une classe remarquable d’espaces de RiEMANN, Bulletin de la Société Mathé-
matique de France, vol.54 (1926), pp.214-264; also, Oeuvres Complétes, part.l, vol.2,
pPp. 587-638.

[9] E. CARrTAN, Sur une classe remarquable d’espaces de RIEMANN (suite et fin ), Bulletin de la
Société Mathématique de France, vol.55 (1927), pp.114-134; also, Oeuvres Compldtes,
part 1, vol.2, pp. 639-660.

[10] K. CArTAN, La géométrie des groupes simples, Annali di Matematici, vol.4 (1927), pp. 209-256;
also Oeuvres Complétes, part.1, vol.2, pp. 793-840.

[11] E. CArTAN, Sur certaines formes riemanniennes remarquables des géométries a groupe fonda-
mental simple, Annales Scientifiques de 1’Ecole Normale Supérieure, vol.44 (1927), pp.
345-467; also, Oeuvres Complétes, part 1, vol.2, pp. 867-990.

[12] E. CARTAN, Groupes simples clos et ouverts et géométrie riemannienne, Journal de Mathé-
matiques pures et appliquées, vol.8 (1929), pp.1-33; also, Oeuvres Complétes, part.l,
vol. 2, pp.1011-1044.

[13] K. CarTAN, Sur les domaines bornés homogénes de I’espace de n variables complexes, Abhand-
lungen aus dem Mathematischen Seminar der Hamburgischen Universitét, vol.11 (1935),
pp. 116-162; also, Oeuvres Complétes, part.1, vol. 2, pp.1259-1308.

[14] A. FROLICHER, Zur Differentialgeometrie der komplexen Strukturen, Mathematische Annalen,
vol. 129 (1955), pp.50-95.

[156] F. GANTMACHER, Canonical representation of automorphisms of a complex semisimple Lie
group, Recueil Mathématique Moscou (= Math. Sbornik), vol.5 (1939), pp.101-144,

[16] F. GANTMACHER, On the classification of real simple Lie groups, Recueil Mathématique
Moscou (= Math.Sbornik), vol.5 (1939), pp.217-249.

[17] G. pE RHAM, Sur la réductibilité d’un espace de RTEMANN, Commentarii Mathematici Hel-
vetici, vol.26 (1952), pp. 328—-344.

[18] J. DE SIEBENTHAL, Sur les groupes de Lie non connexes, Commentarii Mathematici Helvetici,
vol.31 (1956), pp.41-89.

[19] J.A.WoLr, The manifolds covered by a Riemannian homogeneous manifold, American Journal
of Mathematics, vol.82 (1960), pp. 661-688.

[20] J. A. Wour, Sur la classification des variétés riemanniennes homogénes @ courbure constante,
Comptes rendus de I’Académie des Sciences & Paris, vol.250 (1960), pp. 3443-3445.

[21] J.A.WoLr, VINCENT’s conjecture on CLIFFORD translations of the sphere, Commentarii Mathe-
matici Helvetici, vol.36 (1961), pp.33—41.

[22] J.A.WoLr, Homogeneous manifolds of constant curvature, Commentarii Mathematici Hel-
vetici, vol.36 (1961), pp. 112-147.

(Received February 23, 1962)



	Locally symmetric homogeneous spaces.

